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INITIAL VALUE PROBLEM OF HIGHER 
ORDER INTEGRO-DIFFERENTIAL 

EQUATIONS 

EL-Sayed, A.M.A. 

1. Introduction 

Let X be a Banach space, f (t) be a continuous function in X , and 
(Aj(t) ,t E I ,j 1,2,"', k) be a family of bounded linear operators 
defined on X , such that for h (t) E X we have the relation 
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w here N j, j = 1, 2, ... , k are positive constants. Consider now the higher 
order differential equation 

Dkx(t) = ε Aj(t)Dk-jx(t) + f(t) (1.2) 

with the initial data 

DJx(t)lt=o = 9j ,j = 0,1,2,'" k - 1 (1.3) 

where D = dj dt. The initial value problem of different forms of higher 
order differential equations has been considered in [1 ], [2], [4] and others. 
Herein the initial value problems (1. 2) and (1.3) are cons1dered in X , the 
existence, uniqueness and smoothness of the solution are proved and the 
application of higher order integro- differential equations is given. 

2. Solution of the problem. 

By using the same argument as in [1] and [2], the following lemma can 
easly proved. 
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Lemma 2. 1. Let Vj(t) = Dk-jx(t) , theπ the initial value problem (1.2) 
and (1.3) can be transformed to the one 

dV(t) 
피E- = A*(t)V(t) + F(t) (2 .1 ) 

and 
Vo = (Vl씨2 ，'.' ， Vk)= (9k-l ,9k-2 ," ' ,9o ) (2.2) 

where V(t) = (Vl(t) , .. ', Vk(t)) , F(t) = (J (t) , 0, 0," ' , 이 and 

A1(t) ... ... .. . ... Ak(t) 
1 0. . ...... . 0 

A*(t) = I 0 1 0 . .. ... 0 I (2.3) 

0 1 0 

is a k x k matrix, and denotes the transpose of the matrix. It is clear‘ that 
A * (t) for each t E 1 is a bounded linear operator deβned on the Banach 
space X* of column vectors V , therefore [3J ψe have the followi때 theorem. 

Theorem 2.1. If 9j E X ,j = 0,1,2,"., k - 1, then there exists one and 
onlν one solution 

x(t) E X and Dkx(t) E X 

of the initial value problem (1.2) and (1 .3). 

Proof From the properties of A*(t) , F(t) and Vo, we can deduce that ([3] 
and [5]) there exists one and only one solution of (2.1) and (2.2) , this 
solution is given by 

V(t) = U(t ,O)Vo + l t 

U(t ,s)F(s)ds (2 .4) 

and satisfies 

IIV(t)11 ~ eatll Vo l1 + 활(t-s) IIF( s) Ilds (2.5) 

w here {U (t , s)} is the semigro때 of linear bounded operators generated by 
A* in X'‘, and a is a positive constant. Now from (2 .4) and (2.5) we deduce 
that V(t) E X* from which we get x(t) = Vk(t) E X. Differentiating (2 .4) 
we get 

dV ( t) A * 1 ,\ TT 1 , f"\ \ T T ... 1 , \ , r 
파E- = A*(t)U(t, 0)% + F(t) + A A*(t)U(t, s)F(s)ds 
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which proves that DV(t) E X “, from which we deduce that Dk x(t) 
DV1(t) E X 

3. Integro-differential equations 

The resu1ts of the previous section apply to Volterra and Fredholm 
equations as well. 

Example 1. Consider the equation 
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(3.1 ) 

with the initial data (1.3) , where (Bj(t) , t E 1, j = 1,2,' . . ,k) is a fam.ily 
of bounded linear operators defined on C(I). Let 

Aj(t)x(t) = 1a
t 

Bj(s)x(s)ds (3.2) 

then we get 

IIAj(t)x(t)11 ~ T I1 Bj(t)llll x ll ~ Nj ll x ll (3.3) 

where Il x ll = maXtEI Ix(t )l. Therefore from theorem (2.1) the initial value 
problem (3 .1) and (1.3) has a unique solution x(t) E C(I) and Dkx(t) E 

C(I) 

Example 2. Consider the equation 

Dkx(t) = 點bkj꽤Dk-jX(s)ds + j(t) (3 .4) 

with the initial data (1.3) , where Kj(t ,s) E L2((a ,b)x(a ,b) ). Let 

Aj(t)x(t) = l b 

Kj(t ,s)x(s)ds (3.5) 

then we get 

IIAj(t)x(t) 1I 2 ~ IIx l121b l b 

IKj (성)1 2 ds dt (3 .6) 

~ Nj ll x ll2 

where II xl 12 = J: Ix(tWdt (3 .7). Therefore from theorem (2.1) the initial 
value problem (3 .4) and (1.3) ha.s a unique solution x(t) E L2 (a , b) and 
Dkx(t) E L2(a , b) 
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