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1. Introduction 

Using the concept of Prugovecki [10] and Lumer [6], Nath [9] introduce 
what he called generalized semi-inner product spaces , and studied strong 
topologies on these spaces. On the other hand Ambrose [1] introduced 
and studied a special class of Banach algebras called H* - algebras whose 
underlying spaces are Hilbert spaces. Later on, Husain and Malyviya 
[4] replaced the Hilbert space structure in H* -algebras by a more general 
structure called semi- inner product space and they obtained a new class of 
algebras called semi-inner product algebras. This concept led Husain and 
Khaleelulla [5] to define the concept of a generalized semi- inner product 
algebra and they obtained certain results on such algebras. 

Using this concept and the concept of Elsayyad [3], we introduce, in 
the present paper, the concept of a generalized semi- inner product algebra 
of type (p) and study strong and weak topologies on such algebras which 
make them locally convex as well as locally m-convex. 

2. Preliminaries 

Definition 2.1 [8]. Let E be a vector space. We define a m며) [. , .] 
ExE • k satisfying the following conditions: 

(S1) [x+ ν ， z ] = [x ,z] + [ν ， z]， x ， ν and z E E. 
(S2) [Àx , ν] = À[x,y], À E k. 
(S3) [x꾀 > 0, if x ￥ O. 
(S4) I[x ， ν]| < [z ， z] ￡ [ν ， ν]띈 ， 1 < p < ∞ 

Received J anuary 13, 1987 

45 



46 Mohammed A. Abohadi 

Then [. ,.] is called a semi-inner product of type (p) on E , and E , equipped 
with the map [.,.], is called a semi-inner product space of type (p) (ab
briviated as s.i. p. space of type (p) 

Remark 2.2. If p 2, this concept is called semi- inner product space 
which is due to Lumer [6] (abbriviated as s.i .p.space). 

Remark 2.3. Nath [8] proved that a s.i .p space of type (p) becomes a 

normed space under ||z|| = [I, x1 ￡ and a normed space can be made into 
s.i.p. space of type (p). 

Definition 2 .4 [2]. A normed algebra E is a normed space with is also 
algebra such that 11때 11 ~ Ilxllllyll for all x and y E E. 

Definition 2.5 [7] . Let E be an algebra. 
(a) A subset V of E is called an idempotent if VV c V 
(b) A subset V of E is called m-convex (multiplicatively convex) if V 

is convex and idempotent. 

Definition 2.6 [7]. A locally convex algebra is an algebra and a Haus
dorff locally convex space. 

Definition 2.7 [7]. A locally convex algebra is called locally m-convex 
algebra if there exists a neighbourhood basis of consisting of m-convex 
sets. 

Definition 2.8 [5]. A vector space E is called semi- inner product alge

bra (abbriviated as s.i .p. algebra) if 
(i) E is a normed algebra, 
(ii) E is s.i .p. space with the same norm as that of normed algebra 

Definition 2.9 [3] . A vector space E is called semi-inner product algebra 
of type (p) (abbriviated as s.i.p. algebra of type (p)) if 

(i) E is a normed algebra, 
(ii) E is s.i. p. space of type (p) with the same norm as that of normed 

algebra. 

Remark 2.10. In [3], E was assumed to be complete 

3. Generalized Semi-Inner Product AIgebra of Type 
(p) 
Definition 3.1 [5]. A vecotr space E is called a generalized semi-inner 
product algebra (abbriviated as g.s.i .p. algebra) if 
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(Gd E is an algebra 
(G 2 ) there is a subspace M of E which is s샤. algebra, 
(G 3 ) there is a set L of linear multiplicative operators of E satisfying: 

(i) each member of L maps E into M , 
(ii) if Tx = 0 for all T E L , then x = O. 

We denote a generalized semi-inner product algebra by the triple (E , L , M). 

R emark 3.2. Every s.i.p. algebra is a g.s .i .p. algebra, with M = E and 
L = [1], 1 the identity operator on E. 

Definition 3.3. A vector space E is called a generalized seml-mner 
product algebra of type (p) (abbriviated as g.s.i.p. algebra of type (p)) if 

(G1 ) E is an algebra, 
(G 2 ) there is a subspace M of E which is 센p. algebra of type (p) , 
(G 3 ) there is a set of linear multiplicative operators on E satisfying: 

(i) each member of L maps E into M , 
(i i) if Tx = 0 for all T E L , then x = 0 

We de!lote a generalized semi-inner product algebra of type (p) by the 
triple (E , L, M). 

Remark 3.4. Every s.i .p. algebra of type (p) is a g.s .i .p. algebra of type 
(p) , with M = E and L = [1], 1 the identity operator on E. 

Remark 3.5. The example which was given in [5] and [9] is incorrect 
because the operator TP-l is not linear. 

Remark 3.6. It would be interesting to find a non-tri vial example of a 
g.s .i .p. algebra of type (p) which is not s .i .p. algebra of type (p). 

4. Strong Topology 

Definition 4.1. Let (E , L, M) be a g.s .i .p. algebra of type (p) . For each 
x E E , the family of sets 

V(x; 낀， ---, Tn; E) = {y E E; [Tk(y - z) , Tk(y - z)] ￡ < E, 

k 1 ， 2 ， "'， n }야 > 0, T1 ，" ' ， 끄 E L and n 1,2,' ". constitutes a 
neighbourhood basis at x for a topology on E which we call the strong 
topology. 

Lemma 4.2. Each V(O; 되 , ... ,Tn ; é) is circled and convex. 
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Proof Let V = V(O; 좌， ... ,Tn; é). To show that V is circled: Let À E C 
with I시 ~ 1 and x E V. 
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Thus IITk(Àx)11 < é ,k = 1,2,"', n. Hence Àx E V. So V is circled. 
To show that V is convex: Let À E C , 0 < À < 1 and x , ν E V. 

IITdÀx + (1- À)y] 1I = IITk (À x) + Tk[(l - À)ν]11 

IIÀTk(x) + (1 - À)Tk(y) 1l 

< IITk(x)11 + (1 - À)IITk (ν) 11 
< Àé + (1 - À)é = é 

Thus IITdÀx + (1 - À)ν]11 < é ,k = 1,2,"', n. Hence Àx 十 (1 - À)ν E V. 
So V is convex. 

Lemma 4.3. Each V(O; T1 ,' .. ,Tn; ε) ,0 < é ~ 1) is m -coπνex . 

Proof Let V = V(O; T1 ,' .. , 끄;é). Clearly V is convex by Lemma (4.2). 
To show V is an idempotent i.e. VV C V. Let x and y E V , 0 < é ~ 1. 
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Thus Il Tk(xy)11 < é , k = 1,2,"', n. Hence xy E V for all x and ν E V , 
o < é ~ 1. So V is an idempotent. Thus V is m- convex. 

Lemma 4 .4 Let (E , L , M) be a g.s.i.p. algebra oftype (p). If a topology on 
it is iηtroduced in 뼈ichthesetsV(x;T;é) areneighbourhoodsofx ,Vé > 0) 
T E L) then the resμlting topological space is HausdorfJ. 
Proof Here [Tx , Tx] = IITx Il P. Suppose E is not a Hausdorff space. Then 
there exists at least two points Xll X2 E E , Xl =J X2 for which any two 
neighbourhoods have common points. Thus for any two neighbourhoods 
V (Xl; T; ~) and V (X2; T; ~) there exists at least one yn E E such that 

yn E V(Xl; T냄)nV(x2;T냄) 
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8ince the above is true for any positive integer n , it follows that T( Xl -
X2) = 0 which is true for any T E L. Thus Xl - X2 = 0 ; 80 Xl = X2; which 
is a contradiction. 

Theorem 4.5 . Let (E ,L ,M) be a g.s.i.p. algebra oftype (p). Then 
(E , L , M) equipped 떼th the strong topology is a locally convex algebra. 

Proof Nath [9] prove that (E , L , M) is a Hausdor:ff locally convex space. 
To complete the proof we show that for any V(xo x ; 되 " . . ， T，π ; E) , there 
exists V(x; 되，"'， Tn ; 1), 

À = _~.a2C (Àk ), 
l 、κ ‘、 n

사 =[과 (xo) ， 과 (xo)] ￡， 

k = 1,2, .. . ,n; such that 

Xo V(x; Tl,' .. ，끄승) C V(xo쐐，"'， Tn;E) 

Let y E V ( x; T1 , . .. , 끄; 1); Then [Tk (ν-x) ， 과 (ν-x)다 < 1,k = 1,2," ' ,n. 
Now, 

[Tk(zoy - zoz) , Tk(zoy - ZoZ)] ￡ = [과zo(y - $), TKZo(y - z)] ￡ 

[끄 (xo)Tk (ν - z) , E(zo)Tk(y - z)] ￡ 
< 과 (xo) ， Tk(xo)]쉰Tk (ν -x) ， Tk (ν - z)] ￡ 

< 편 = E 

Thus Xoν E V(xox;T1 , . .. ,Tn;E) , for all y E V(x; 괴，" " Tn; 1), and this 
proves xoV(x; T1,"', Tn; 1) C V(xox : T1 ,"' , Tn; E). 
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Similarly, we can show that 

V(텍， ,E; f)$O C V($Zu;진긴;E) 

This shows that (E , L, M) is a locally convex algebra under the strong 
topology. 

Theorem 4.6. Let (E , L , M) be a g.s.i.p algebra of type (p). Then 
(E , L , M) equipped with the strong topology is a locally m-convex algebra. 

Proof Let 

À = .I!l.a~ (샤)，사 = [Tk(zo) ， Tk (zo)] ￡ ， 
i ‘、 r ‘、n

k=l ,2,"', n. 
If À 즈 1, then the 1‘ esult follows from Lemma (4.2) and lemma (4.3). 
If À < 1, then the result follows from lemma (4 .3) , because we can show 
that for any V( xox Tll ... ,Tn ; é) , there exists V( x; T1 , ... , 끄;é) such 
that 

Xo V(x ; Tll ... , Tn ; é) C V(xox ; T1 ," ' , Tr니 다. 

Theorem 4.7. Let (E , L , M) be α g.s.i.p. algebra of type (p). Then 
(E ,L ,M) 따th strong topologν is metrizable 텐 there is a countable subset 
ß of L with the follo따ng property: For each T ε L , there exists an 5 E .c 
such that [Tz, TI]i S [SI, Sz] ￡， I E E, 1uheTe ι is the liη ear manifold 
generated by ß. 
Proof It is sufficÌent to show that the family of sets 

{(O; 51 , '. ' ,5n ; 조) ; 511 ... ,é5n , 
n 

k,n = 1,2, - -} 

is a neighbourhood basis at 0 for the strong topology. 
For every T E L , we can find and 5 E .c for which 

V(O; 5; é) C V(O; T; ε) 
、‘ --’ 
/ 

1 , 
i 

/ 
-
-
、

Since IITxl1 ~ 115xll. 
Clearly, we have 5 = À151 + ... + 사5k ， where 51 ,"', 5k E 더 and so, 
Vx E E , 

[SL SI]￡ = ||Sx || = ||(A1S1 + + AKSk)(z)|l (2) 

~ IÀ l 11151xll + ... + 1샤 1115μ11. 
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Thus , if we choose an integer n such that 
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Then x ε 11(0; Sr; *) implies IISrx l1 ::; * < 따디 ， r = 1,2, ' .. ,k. So, (2) 

becomes IISxl1 < f + ... + f (k times) < kf = E. 

So, x ε 11(0; S1; *) n . .. n 11(0; Sk; *) implies x E V(O; S; E). i.e. , x ε 
11(0; s'’1,'" ,Sk; *) implies x E 11(0; S;E). So, 

V(돼 , Sk냄) c 11(0; S;E) 

Using (1) 

11(0; T; E) 그 V(0; S; ε) 

:J V(O; S1 갚) n ... n 11(0 ; 렐) 

V(패 ， Sk; ￡) 

Thus the family {V(0;S1 , ... ， Sk;~): S1 ,"', Sk E ß;k ,n = 1,2," '} is a 
neighbourhood basis at 0 which is countable since ß is countable. Hence 
E is metrizable in the strong topology. 

5. \Veak Topology 

If (E , L, M) is a g.s.i .p. algebra of type (p) , for each T E L and each 
μ E M , we define a linear functional cþ(x; T , u) = [Tx , μ1 on E. Let Fo be 
the family of all such linear functionals. Note that , in general, Fo is not 
a vector space. Denote by F the vector space (over the same field as that 
。f E) spanned by Fo. 

Proposition 5. 1. E and F constitμte a dual pair. 

Proof If cþ( x) = 0, 뼈 E F , then [Tx , μ1 = 0, γμ E Al and T E L. But 
then x = O. (cf. [10]) Con、앙sely， if for a given cþo E F , we have that 
CÞo( x) = 0, γx E E , then cþo is the zero element of F . 

Notation 5 .2. We write (x , cþ ) 二 cþ(x) , x ε E , cþ E F. 
clearly (x , cþ) is a bilinear functional on E and F. 

Proposition 5.3 . E ach cþ E F is continuous on E in the strong topologν. 
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Proof For arbitrary é > 0 we have that 

14>(x; T , u) - 4>(xo; T , u)1 = I[Tx ， μ]- [Tx~ ， μ]1 

I[T(x - xo) , u] 1 

< [T(z - zo) ， T(￠ - zo)]i[μ ， u]똥 <é 

whenever 

[T(x - zo) ,T(z - xo)] ￡ < -주파· 
[u ， μ]τ 

Thus, each 4> E F is a continuous linear functional on E equipped with 
the strong topology. He.nce the continuity of any 4> E F follows. 

Definition 5 .4. The coarsest topology on E for which all the linear 
fun ctional from F are continuous is called the weak topology. The fam
ily of all subsets of E W(x; 4>1" .. , 4>n) = {y E E l 4>k(ν - X)I < 
1, k 1,2,' .. , n }, V4>l' 4>2,' .. ,4>n E F , n 1,2,' .. is a neighbour
hood basis at x. Since F'o generates F , the family of all neighbourhoods 
W(O;u I, T1 , . .. ， 싸，긴) = {x E E: I[Tkx ,Uk]1 < 1, k = 1,2, ... ,n} cor
responding to all Ul ,' . . ， μn E M , 되" .. ,Tn E L , n 1,2,' is also a 
neighbourhood basis at O. 

Remark 5.5. Since E and F form a dual pair, then E is a Hausdorff 
topological space in the weak topology. 

Proposition 5.6 . Let (E , L , M) be a g.s.i.p. algebra 01 type (p) . Then 
(E , L , M) equipped with the weak topologν is a locallν convex algebra. 

Proof It follows from the general properties of weak topologies. 

Acknowledgement. 1 wish to express my grateful thanks to Dr. S. 
M. Khaleelulla and Dr. J. Rizvi for their kind help during the prepa
ration of this paper. 
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