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ON THE UNICELLULARITY OF 
VOLTERRA-TYPE INTEGRAL OPERATORS 

Joo Ho Kang 

1n this paper we are going to study the unicellularity of Vo1terra- type 
operators. We know the Volterra operator is unicellular, and there are 
several approaches to prove it, for example, in [1] and [5]. One of the 
approaches is using the Titchmarsh convolution theorem, a simple proof 
of which can be found in [4]. The unicellularity of the Volterra oper따or 

and the Titchmarsh convolution theorem are proved independently. But 
in [3], Kalish showed that the above two statements are equivalen t. We 
will consider a certain kind of Volterra-type operator and the general
ized Titchmarsh convolution theorem. We will show the unicellularity of 
this Volterra- type operator by using the Titchmarsh cùnvolution theorem 
and then prove the generalized Titchmarsh convolution theorem using the 
unicellulari ty. 

Definition 1 [5]: A Volterra-type integral operator on L2 [O , 1] is an op
el'따or A of the form (A f) (x) = J; J( (x , t)j(t)dt , where J( is any square
integr‘ able (with respect to area measure) function on the un피11비i 

i i엽s ca떠lled its k‘e밍rn‘'ne리1. The 、Vo이lterr、ao야perato아rVi엽s obtained 、whe히n the ke밍rr‘.'ne리 
J( i얘s the constant function 1 on the unit square. Explic디itμly’ the 、Vo이lterra 

operator is defined on L2 [0 ,1] by (V f) (x) = Jox j(t)dt. 1n pa퍼cular ， we 
want to consider a kind of Volterra-type integral operator on L 2 [0, 1] by 
giving two functions in L2 [0 , 1] , 

Definition 2. Let ω(t) and q(t) be in L2 [0 , 1]. We denote the Volterra
type operator defined by (Vq ，ω f) (x) = q(x) Jox j(t)w(t )dt for j E L2 [0 , 1] 
by Vq,w. The kernel is J( (x , t) = X[O ，zl(t)q(x)ψ(t) on the unit square 
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Theorem 3 . For a Volte때 type integr，α1 operator ì~ ，w) let Q(t) = J~ q(s) 
ψ(s)ds) then (~꾀ω )(x) = (l/(n -l)!)q(x)JoX(Q(x) - Q(t))n-lf(t)ω (t)dt. 

The kernel is J{μ(x ， t) = (1 /(n - l)!)q(x)X[O ,x](t)(Q(x) - Q(t))n- lω (t) . 
{Here J Vq~，ψ means the n- th poψer of Vq，ψ Q7ld K￠ψ denotes the Volterra 
kern el 0 f the operator 1낌J 

Proof We proceed by induction on n. For n = 1, (Vq ，ψ f) (x) = q(x) J; f(t) 
ψ(t)dt ， i.e. , J{q ，ω (x ， t) = q(x)x[O;x] (t)w(t). \Veassumel떠，w(x ， t) = (1/(η -
l)!)q(x)X[O뇌 (t)(Q(x) - Q(t)t-1ω (t). Then by using integration by parts. 

(~찮1f)(z) = (ljL%，ψf) (x) 

= (1/(η - l)!)q(x) foX (Q(X) - Q(t))n띠 wf) (t)ψ (t )dt 

= (1/(η -l)!)q(x) foX(Q(x) - Q(t))π-lq(t)ψ (t) 

[fot f( s)ψ(s )ds ]dt 

= (1띠1/비/μ(n - 1내낸1 )!)얘q이#뼈(야여z야례)끼川[( -1/바씨/n씨n띠)(Q(x) - Q띠Q(t)에t)시t fot함함t바퍼1(μs)ψ (s샤)d 

+ fox지(1띠U바씨/미n미셰빼)(뼈(Q(x예z야) - Q(t)t f(t)w(t )dt] 

= (1/η!)q(x) fox(Q(x) - Q(t)tf(t)ψ ( t)dt 

Hence, .F당，1U(z ， t) = 에세이x)x[띠](t)(Q(x) - Q(t))nw(t) 

For 0 < a < b < 1, L2[a , b] means the closed subspace of L2[0 , 1] 
consisting of functions vanishing a.e. on the complement of [a , b]. Let f 
be in L 2 [0 ,1]. The support of 1 is the complement of the largest open 
subset of [0, 1] space w-here f = 0 a.e .. It is denoted by supp f. For each 
a E [0 ,1], L2[a, 1] is invariant under every Vo1terra-type i따egral operator 
A. A well-known fact is that every invariant subspace of L2 [0 , 1] under the 
Vo1terra operator V is one of the L2[a , 1], 0 ::;a ::; 1; i.e. V is unicellular. 

Now we will consider the unicellularity of Vq ，ψ • The proofs follow a 
strategy first used by Kalish in [3] for the Volterra operator V. We prove 
a lemma that transforms a problem about invariant subspaces to a problem 
of cyclic vectors. 

Lemma 4. 11 the onlν invariant subspaces for Vq ，ψ are L2[a , 1L 0 ::; a::; 1) 
then f is cνclic for Vq，ω whenever 0 E supp f. 
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Proof Assume that the only invariant subspaces for Vq ，ω are L2[α ， 1 ]， 0 ::; 
a ::; 1. If J E L 2 [0 , 1] and 0 E supp J , then span{J, Vq ，ψJ， "'} = L 2 [0 , 1], 
since the subspace span{J, Vq，ψJ， .. . } is invariant under Vq,w ' 

Corollary 5. Vq ，ψ is unicellμlar， theη J is cyclic Jor Vq ，ψ ’ 뼈enever 0 E 

supp J 

We will introduce some notation. [Vq ,w] stands for the statement that 
the only closed Vq ，ψ invariant subspaces of L2[0 , 1] are the spaces L2[a , 1], 
o ::; a ::; 1. That is, [Vq ,w] denotes the statement of the unicellularity of 
Vq ，ω. [과 ，w] stands for the generalized Titchmarsh Convolution theorem: 
If J and 9 are in L 2 [0 , 1], 0 is in supp J , and if J 0 9 = 0 a.e. on [0 ,1], 
then 9 = 0 a.e. on [0 ,1], where J 0 9 = q( x) J; J(x - t)g( t)w( t)dt. In case 
q(t) and ω (t) are both equal to the constant function 1 on [0 , 1], [T] will 
denote the usual Titchmarsh Convolution theorem given by substituting 
L1 [0 , 1] insteadof L2 [0 , 1] in [Tq ,w]' 

Theorem 6 . 1fω(t) 싫 noη-vanishing a.e. 0π [0 ,1], and q(t) is C07따nuoμs 

on [0 ,1] and ηon-vanishing on [0 ,1], then [Vq ,w] implies [Tq ,w]' 

Proof Assume that f and 9 are in L 2 [0 , 1], J 0 9 = 0, and 0 E supp f. 
Then by Lemma 4, f is cyclic for Vq，ψ· 

Case 1. J and 9 are continuous on [0 ,1]: From the assumption , 
f 0 9 O. If e is the constant function 1 on [0 ,1], then Vq ,wf e 0 

f and (Y:꾀:.nJ) 0 9 = (e n 0 J) 0 9 = en 0 (J 0 g) = 0 for all n. So, 
q(x) g(Vq~，ψ f) (t)g(x - t)ψ(t)dt = 0 in [0 ,1] for all n. Let x = 1. Then 

o = q(l) 1\많J) (t)g(l - t)ψ(t)dt 
((Vq~ψ J) (t )， q(l)g(l - t)ψ (t) > L2 [O,l] . 

So, q(l )g(l - t)ψ(t)~(1깡:.nf) (t) for all n. Since f is cyclic for Vq ，ω ， q(l ) 
g(l - t)ω(t) = 0 a.e. on [0 ,1]. But q(t) # 0 and ψ(t) is non- vanishing 
a .e. on [0,1]. Hence g(t) = 0 a.e. on [0,1]. [Tq ，ψ] is true for all continuous 
functions f and g. 

Case 2. J and 9 are in L2 [0 , 1]: If f 0 9 = 0 on [0 ,1], then 0 = 
e 0 e 0 f 0 g. So, (e 0 J) 0 (e 0 g) = 0 a.e. on [0,1]. But e 0 f and e 0 J 
are continuous and 0 E supp (e 0 J), since ψ(t) is non-vanishing a.e. By 
case 1, e 0 9 = 0 a.e. on [0 ,1]. Since q(t) is non- vanishing on [0 ,1] and 
ω(t) is non-vanishing a.e. on [0 ,1], g(t) = 0 a.e. on [0 ,1]. 

Theorem 7. 1f q( t) and ω(t) a1'e positive a뼈 coηtinuous on [0 ,1]; then 
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f is cyclic for Vq，ψ 뼈enever 0 E supp f. 

Proof Since Vq ,w is quasi-nilpotent [2], (1 - a Vq，ωt 1 exists for all a ￥ O. 
By Theorem 3, 

[(1 - aVq,w)-l](x) 

= ε an(~~wJ) (x) 
n=O 

=f(x)+a 흘 an- 1 (1싸 1)!)q(x) 1x
(Q(x) - Q(t))채”삐빼ψ미뼈(“t) 

= f(x) + aq(x) 1x 
ea(Q(x)-Q(t)) f(t)ψ(뼈 

Now we assume 0 E supp f for f E L 2 [0 ,1]. We want to show f is 
cyclic for Vq，ψ on L 2 [0 , 1]. Suppose g~ ~~wf for all n = 0,1,2, . ". Then 
g~(l - aVq ,wt1 f for all a ￥ O. For all a ￥ 0, 

o = ((1 - aVq ，ψt1 f , g) L2 [O ,l] 

= 1
1

[(1-a Vq，ψt 1 f]( X )g( x )dx 

a얘11

니내펴q이따(야I낀)(1
x e얀씬@이(띠Q찌야(x)←-Q(t때Q이야째(t떠땐tη) 

S“oι’ f펴J q이(x찌) fox e암a(띠Q아(x떠z껴)←-Q이(μ에씨t샤씨)) f(에t )uψ띠1)이)끼(t에t)g이(x야)d바td밟x = 0, Let μ띠(x ’껴t ) = Q(x)-Q(t) . 
We will change the variables (x , t) to (μ ， t). Then 

ψ(x)q(x) -ψ(t)q(t) 
å(μ ， t)/å(x ， t) = I UJ\"'~'l \"'J -UJ\J 'l \ oJ 1= ψ (x) q(x) 

Since α(x)q(x) is positive and continous, Q(t) = f~W(X)(l (X )ds is strictly 
increasing. So, it is invertible. Then 

x = Q-1(U + Q(t)) , 

o :::; u :::; Q(l) , 

o :::; t :::; Q-1(Q(1) - u) , and 

o 1Q (뭘lQ-1(Q(1) u) fn)ψ(t)g(Q-1(U + Q(t))) 

x[l/ω(Q-1(μ + Q(t)))q(Q-1(μ + Q(t)))]dtdu for aJl a ￥ O. 
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Hence 0 = 엉-1 (Q(l)-u) j( t)ψ(t)g(Q-l(μ + Q(t))(l/ψ(Q-l(u+Q(t)))dt on 
o :s u :s Q(l). Let s = Q-1(Q(1) - u). Then Q(S) = Q(l) - μ and 0 = 
f; j(t)g(Q-1(Q(1)-(Q(s)-Q(t)))ψ(t)[l/w( Q-1( Q(l) - (Q( s) - Q( t)) )]dt. 
Let h(x) = Q-1(X) and k(x) = Q-1(Q(1) - x) for 0 :s x :s Q(l). Let 
F = U/q)oh and G = (g/ω) 0 k be defined on 0 :s x :s Q(l). Then 
F and G are in L1[0 ,Q(1) ], 0 E SUpp F , and 0 = f; F(Q(t))G(Q(S)
Q(t))q(t)ω (t)dt . Let Q(t) = v. Then W(t)q(t)dt = dv and 0 :s v :S Q(S) . 
80 , foQ( s) F(v)G(Q(s) - v)dv ~ 0 = 염(s) F(Q(s) - v)G(v)dv = F * G. 
By the Titchmarsh Convolution theorem [T ], (see [4]) , G(v) 0 a.e. 
on 0 :S v :S Q(s). But s = Q-1(Q(1) - u) and 0 :S μ :S Q(l). 80 , 
o :S Q(s) :S Q(l). That is , (g/w) 0 k(v) = (g/ω)( Q-1( Q(l) _ υ)) = 0 
a.e. on 0 :S v :S Q(l). 8ince ω is positive, g(Q-1(Q(1) - v)) = 0 a.e. on 
O :S η :S Q(l). Hence g(x) = 0 a.e. on [0,1]. Hence j is cycl ic for Vq ,w 

Theorem 8. Jj q(t) and ω(t) are positive 0π [0 ,1] and coηtinuoμs on 
[0 , 1], theη Vq ，ψ is unícellular. 

Proof Let M be an invariant subspace of L2[0 , 1] for Vq ，ψ. If M contains 
j such that 0 E supp j , then j is cyclic for Vq ，ψ ， so span{j, Vq ，ψj， ... } = 

L2 [0 , 1] C M , i.e. M = L2 [0 , 1] . Else 0 tt supp j for any .f in M. Thus 
there is a f > 0 such that .f 0 a.e. on [0 , a f) for each .f E 11-1. Let 
af = sup{O < a :S 1: j = 0 a.e. on [O ,a)} and if 0: = inf{어 : j E M} , 
then an easy argument shows that 0: > O. Clearly, M c L2[0:, 1], and M 
contains an element 9 such that 0: ε supp g. We wiU show that 9 is cyclic 
for the restriction operator Vq ,wIL2[0:, 1] to conclude that 1,,[ = L2[0: , 1]. 

Let W ( u) = (1 - 0: ) ~ψ(u(l- o:)+o:) and Q(u) = (1- 0:)석(μ(1 - 0:) + 0:), 
for u E [0, 1]. Let Ua : L2[0:, 1] • L2[0 , 1] be defined by 

(Uah)(z) = (1 - Q) ￡ h($(1 - Q) + Q) for z e [0, 1] 

Then it can be easily be shown that U is unitary and that U(Vq ,wIL2[0:, 1]) 
U* = VQ ,w. But Q and W are positive and continuous on [0 ,1], and if 
9 E L2[0: , 1] with 0: E supp g, then Uag E L2[0 , 1] with 0 E supp Uag. 80 , 
by Theorem 7, Uag is cyclic for VQ ,w , hence 9 is cyclic for Vq,wIL2[0: , 1]. 

From Theorems 6, 8 and the Titchmarsh Convolution theorem [T] that 
is proved in [4 ], we have: 

Theorem 9. [j q(t) and ω(t) are positive and continuous) th eη the 
Volterra때'pe integral operator Vq.，ψ is unicellular. Moreoνer) the gener
alized Titchmarsh Convolution theorem is always t1'Ul . 
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