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Estimation for Functions of Two Parameters in the

Pareto Distribution
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ABSTRACT

For a two-parameter Pareto distribution, the uniformly minimum variance un-
biased estimators(UMVUE) for the function of the two parameters are expressed
in terms of confluent hypergeometric function. The variance of the UMVUE is also
expressed in terms of hypergeometric function of several variables. UMVUE’s for
the rth moment about zero and several useful parametric functions, and their vari-
ances are obtained as special cases. The estimators of Baxter(1980) and Saksena

and Johnson(1984) are special cases of our estimator.

1. Introduction

The two-parameter form of the Pareto distribution has the density function

given by
A9 201 i 2> X >0,0>0

f(z:6,2) = {0’ / g oo (1.1)
where positive constants § and A are a shape parameter and a scale parameter,
respectively. The Pareto distribution has been found to be suitable for approximat-
ing the right tails of distribution with positive skewness. It has also been found to.
adapt to several socio-economic, physical and biological phenomena. Johnson and
Kotz(1970) have given a brief description of most of the research work published
up to 1970. Like$(1969) derived the uniformly minimum variance unbiased esti-
mators(UMVUE’s) of the two parameters in Pareto distribution, and subsequently

a simplified derivation and the variances for the UMVUE’s of the two parameters
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were given by Baxter(1980). Saksena and Johnson(1984) showed that the maximum
likelihood estimators are jointly complete, and they obtained the best unbiased es-
timators of the two parameters and the variances of these estimators.

In this paper, we consider a more general class of UMVUE for the function
of two parameters in the Pareto distribution, and then obtain the variance of the
UMVUE for the function of two parameters. We note that the estimators of Bax-
ter(1980) and Saksena and Johnson(1984) are special cases of our estimator. In
section 2 a general result concerning the expectation of a certain class of function of
the complete sufficient statistics is proved, and then the UMVUE’s of the rth mo-
ment of the Pareto and Power-function distributions are obtained as a special cases.
Furthermore, UMVUE’s are obtained for several other parametric functions. The
variances of the UMVUE’s for several useful parametric functions are also obtained

as a special case.
2. UMVUE for the function of two parameters

A random variable X is distributed as the Pareto with density function (1.1),
denoted by X ~ P(},9). A

Let the random variables X, X,,...,X,, be independent and all having the
distribution(1.1). Epstein and Sobel(1954) proved the following;

Proposition. Let B = min(X;,X,...,X,) and 4 = n/} " log(Xi/B).
Then B ~ P(\,nb),T = 2nf/A ~ x3,_,, and they are independent.

The sufficient statistic for (A,6) is (B, A), and Like§(1969) derived the
UMVUE’s of A\ and 6 in terms of B and A. A simplified proof of the above
proposition together with a compact derivation of the estimators was given
by Baxter(1980). An alternative proof of the proposition was also given by
Malik(1970). The statistic (B, A) is a set of jointly complete sufficient statistic
(see Saksena and Johnson(1984)).

Theorem 1. For any real numbers a, 5,7, and §, and any integer n > 2
such that n —f — v —1 > 0 and né > a, the UMVUE of A*87(8 — 6)? in the Pareto
distribution(1.1) is given by
_ TI'(n-1)

n-p-7-1)

U, B“(A/n)f’“{lm(—ﬂ;n —B—y—1iénjA)
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_ 4]
(n—B-7v-1A

1F1(—ﬂ;n—ﬁ—7;5n/A)} (2.1)

where 1 Fi(a; b;z) is a confluent hypergeometric function.

Proof. A pair of jointly sufficient statistic for (A, ) is (B, A), which is also
complete, and hence, an unbiased estimator expressed as a function of (B, A) has the
uniformly minimum variance. Therefore we shall try to find an unbiased estimator
of A*67(8 — 6) by B*G(A; ). Since A and B are independent and B ~ P(A,nf),

the function G is determined by the condition

nfA
nd — a

E[B°G(4;9)]= E[G(4;6)] = X°07(0 — 6)P, (nb >a).

Since T = 2n8/A ~ X2, _,,
BG40 = [ 6o
ON=Tm o1 ), ST e
=87(6 — §)F — 29"‘1(9 - 6)/’ -
n

The function G can be obtained by the inverse Laplace transform; with the aid of
4.18 in Oberhettinger and Badii(1970), the result is

1
(n=B-7-1)

G(% 6)t""2 =(n — 2)!{ T "I Ry (=i~ B -y — 1;6t)

_ %m__lﬂ_j{_)t"—ﬂ“”“llFl(—ﬂ; n—B-1; 5t)}
forn—p—v>1
Hence,
- _‘”7 —parf-fin=b- 5n/A)}

forn—fg—v>1.
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This completes the proof.

Next we consider the variance of the UMVUE U,, for the parametric function
A*§7(6 ~ 6)# in the Pareto distribution (1.1).

Theorem 2. For any real numbers «, 8,7, and § > 0,n > 2 such that n— 28—
2y=-1>0,n—8-v—-1>0, 0n > 2a,and 8 > 26, the variance of the UMVUE

U in (2.1) is given by

nl'(n — 1)§28H10(n - 26 — 2y — 1)
{T(n =B —v - 1)}*(6n — 2a)

Var(Um) = )\2"927{

)
{Fa(n—%—?'r—1;—5,—ﬂ;n—ﬂ—7~Ln—ﬂ—v—l;g’b—)

_La2(n—2[3-27)(n—2[3—2'y—1) _ .

‘ n2(n—fB —v—1)262 Fﬁ(”—25—27+1,—ﬂ, 3
86y _20(n-28-2y-1)

n—B_%n_ﬂ”%é’?)* n(n—pB—-v-1)8

)
Fg(n—2ﬂ-27;—ﬂ,~ﬂ;n—ﬁ—7—l,n—ﬂ—7;§,§>}

— (6~ 5)”} (2.2)

where Fj is a hypergeometric function of several variables.

Proof. For some purposes it may be convenient to use Whittaker’s notation.
For § > §, UMVUE U,, in (2.1) can be expressed by Whittaker function as follows;

I'(n-1) e
m = §n=B-7)/2gac g (n+B+7)/2 ,6nf2A
U T(n—fB—~—1) (A/n) e
1 a
X {(5n/A)2M/\hu1_%(6n/A) — P 1)AM,\2,M_%(6TL/A)}
where \; = MEJ'—I),)\Z - %_‘7—),#1 - (_"—f’_;‘f‘ﬂ’ and jip = (n—g—v).
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We must calculate the following expectation;

n — 1)12

% {6E{(n/A)-(n+/3+v—l)ezsn/f‘le1 P (6n/A)}

o?

MECCR )

Mi,,ﬂ,_%(én/A)} _

- E{(n/A)_("+ﬁ+7_2)66"/A

2063
n(n—B—-vy-1)

e«M/A]\/_[AI’m_%(671//1)M,\2’M_15(6n/A)}} .

E{(n/A)—(n+ﬂ+7—3/2)

We start with the formula 7.622.3 in Gradshteyn and Ryzhik(1965);

/0 Iv—le_bIMAlrﬂl_%(alx)' ..-M'\n)ﬂn_%‘(anx)dx
=alt .. akn(b4+ A)TVMI(v + M)
FA(U+M§,UI = AL fn = Ani 2815 2

a an

b+A b+ A

Re(bi%al :t---:t%a,,) > 0,

), Re(v+ M) >0,

where M=p1'+;12 +t pn, A= Sar + 0 tan).
By the proposition, E(B?®) = (6nA2*)/(8n — 2a) for fn > 2« and hence

nl(n — 1)T(n — 28 — 2y — 1)A22g28+27+1
{T(n - B -7 - 1)}*(6n — 2a)
1 56
{Fa(n—Zﬂ—-2’Y—-1;—,3,—ﬂ;n—ﬂ—7_1,n_)3_7__1. )

6’8
a?(n—-28-29)(n~28-2y=1) . .
Ve Fi(n 2=+ L,

66 2a(n - 28 -2y ~1)
n"ﬁ_%"_ﬂ—%é’@)— nn—-B~vy—-1)9

Fy(n=28-23i=B,~fin—f =~ Ln =B -7 5,5 }

E(U;) =

71
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Theorem 3.  For any real numbers «, 3,7, and § < 0,n > 2 such that
n—28-2vy-1>0,n—F—-9—-1>0, 0n > 2a,and § > 26, the variance of the

UMVUE U,, in (2.1) is given by

nl(n —1)§" 27T (n — 28 — 2y — 1)

Var(Unm) = A**8 7{ {T(n—B —7v—1)}*(6n — 2a)(6 — 26)"—26—271

{F_a(n—Qﬂ—Z'y—l;n—'y—l,n—y-—l;n—,@—'y—l,

=4 -8 a*(n—28-2y)(n—-28-2y-1)
"_ﬂ_7_1’9—25’9-25) n¥(n— B —~—1)2(8 — 26)?

F_a(n—Qﬁ—27+1;n—%n~7;n—ﬂ—%n—ﬂ—7;

= = 2a(n—28—-2y-1). .
9—25’9—25) _n(n—ﬂ—’y—1)(0_26)F—5(n_2ﬂ_27’

-6 -6
n—fy—l,n—’)/;n—ﬂ_')/_l’n_ﬂ_7;0_96’9—25)}

—(8—6)* } . (2.3)

Proof. For 6§ < 0, from the well-known relation between ; Fy and M Au(e)s
the UMVUE U, in (2.1) can be expressed by Whittaker function as follows;

From T

I'(n-1) A
= _§)~(n=B=7/2 ga( 4 /pn)(nt+B+7)/2,6n/2A
F(n—ﬁ—’y—l)( ) (4/n)

x {(—5n/A)%M_Ahm_%(—én/A)

Um

- (n—-8 —a'y - l)AM;/\z,ﬂz—%(_én/A)} .

= 20n/A ~ x3,_,, and formula 7.622.3 in Gradshteyn and Ryzhik
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(1965), we obtain the second moment of U,
[(n—1)né"\2%(n — 28 — 2y - 1)
{T(n ~ B —7v—1)}%(6n — 2a)(f — 26)72F-27-1
{F_g(n—2ﬂ—27—1;n—7—1,n—-7——1;n—ﬁ—7~—1,

L -8 -8 a?(n—28-2y)(n—28—-2y-1)
n=f-v- ’(9-25)’(9—25)) n?(n — B — v — 1)2(6 — 26)?
F_s(n—Zﬂ*2v+l;n—7,n—7;n—ﬁ—7,n—ﬂ—7;

-6 -6 2a(n—28 -2y —1)
(6 —26) (9—26)) Cn(n—B—~y—1)(8-20)

E(Un) =

F_; (n - 28— 27;

) )
- —vn—p—°9- 17 — P ) ) N
n—y-ln-vn-B-y-ln-fF-vy @25} (6= 23) }
From the theorem 1, 2, and 3, we obtained the UMVUE’s and their variances
for several functions of the parameters 8 and XA in the Pareto distribution.

Corollary. UMVUE’s for several functions of the parameters # and A in
the Pareto distribution (1.1) and the variances of these UMVUE’s are given by the
following; '

(1) The UMVUE of the shape parameter, 6, and its variance are

(n—2)4/n and 6*/(n-3), n>3.

(2) The UMVUE of the scale parameter, A, and its variance are

1 2
B(“W) ey () LR

(3) The UMVUE of the recibrocal of the shape parameter, !, and its variance
are
n 1

m and m, n>2.

{(4) The UMVUE of the reciprocal of the scale parameter, A~}, and its variance

are 1 1
1
14— .

B(+(n—1)A) wd T Tnr e "2




74 Jungsoo Woo and Suk-Bok Kang

(5) The UMVUE of (1/6)" and its variance are

I(n—1) 1{F(n—1)F(n+2r—1)_1} oo

'n+r— )( n/A)" and 6% {T(n+r-1)}?

(6) The UMVUE of the coefficient of variation(CV) of the Pareto distribution,
~3(f — 2)~%, and its variance are

n

mlFl ( ;T 2n/A)

and

1 2 2 1
) n>2-

(n—1)92 23" 5) 98 - 2)’
(7) The UMVUE of CV of the Power-function distribution, §~%(8 +2)%, and its

variance are

Fg(n—}—l

_(—n—«nl_ﬂlFl (—;—;n; —2n/A)

and

%{ nf (9+4) (1) (n+1 n— 1 LN — =N, n;

n—

2 Yot >2
0+4’9'+4) gr2( " '

(8) The UMVUE of /X and its variance are

(n—2)A+1 and 6] n**+n-3 o3
nB " X n(n=3)n+2) [’ ‘

(9) The UMVUE of the rth moment of the Pareto distribution, ., and its variance
are

Br{lFl(l;n ~1;rn/A) —

(;_LﬁZlFl(l;n;Tn/A)}

and

2r g2 n —1- o — .7_: T_
A 9{————(9n_2r)0{Fr(n L1,15;n-1,n 1,9,0)

,,.‘2

+W (n+111nn60)

2r . -2
_%Fr(n,l,l,n ln,ge)} (6 —r) } n>2.
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(10) The UMVUE of the rth moment of the Power-function distribution, u'_,., and

its variance are

r
B—r{lFl(l;n—l;—rn/A)—}—mlFl(l;n;—rn/A)}
and
6? ng"—?
o An—-Ln-=2,n-2in-1n-1
/\2’{(9n+2r)(9+2r)"‘1{F (” R
2
r r r
E, Lin—-1,n—1n,n;
0+2r’0+2r>+'n(n——1)(9+2r)2 (”+ S ki
T r 2r
Fo(nn—2,n—1in—1,n;
0+21"9+27‘)+n(9+2r) (nn " " "

T T —2
— 9.
6+27"0+2r>} @+r7) } n>

3. Discussion

If X has the probability density function(1.1), then logX has a two-parameter
exponential distribution with the location parameter logh and the scale parameter
1/6. The distribution of 1/X is called the Power-function distribution, this is a
special Pearson Type I distribution, and in the case § = 1 this reduces to the
rectangular distribution. The UMVUE’s of the rth moment and CV of X and 1/X
are given in section 2. For the harmonic mean of X, the UMVUE is obtained by
U,. as special case.

We can easily construct in the Power-function distribution the UMVUE’s corre-
sponding to those in the Pareto distribution by using the reciprocal relation between
these distribution, and we also can easily obtain the UMVUE of the scale parameter,
the mean deviation and the rth cumulant(r > 1) in the two-parameter exponential
distribution by U,, and the relation between the Pareto distribution and exponen-
tial distribution, for instance, the UMVUE’s of the scale parameter and the mean
deviation in the exponential distribution are obtained by the UMVUE of the recip-
rocal of the shape parameter in the Pareto distribution, and the UMVUE of the
location parameter in the two-parameter Power-function distribution is obtained by
the UMVUE of the reciprocal of the scale parameter.
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