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RIEMANN-STIELTJES INTEGRAL OF FUNCTIONS
OF K-BOUNDED VARIATION

SUNG KI KIM AND JAIHAN YOON

Let {Id be a collection of nonoverlapping subintervals of [a, b] which
covers [a, b]. A function is of bounded variation on [a, b] if V(f) =
sup L:: II(Ii)! < 00 where l(Id = II(Xi-d - I(Xi)l, I i = [Xi-I, Xi]'
Cyphert [1] generalized this idea by considering other functions K on
[a, b]. The introduction of the function K can be viewed as a rescaling
of lengths of subintervals of [a, b] such that the length of [a, b] is 1 if
K( 1) = 1. In the sequel, we require that K-function have the following
properties on [0,1]:

(1) K is continuous with K(O) = 0 and K(l) = 1,
(2) K is concave and strictly increasing, and

(3) 1
· K(X)_
lm - 00.

I~O+ X

A function 1 is said to be of K-bounded variation on [a, b] if there
exists a positiove constant C such that for every collection {Id of non-

everlapping subintervals of [a, b], L:: II(Id :::; CL:: K( ~~l), where IIn I is
the length of the interval In. The total K-variation of lover [a, b] is

defined by KV(f) = sup EIf~~:~1 , where the supremum is taken over all
"(-2ii-)

{Id of nonoverlapping subinterva1s of [a, b] which cover [a, b]. Since K

is subadditive, every function 1 of bounded variation is of K-bounded
variation and K V (f) :::; V (f). Also 1 has at most a countable number of
points of simple discontinuity [1]. Although functions of K-bounded vari­
ation are not necessarily of bounded variation, they do remain bounded.

Let KBV be the set of functions of K-bounded variation on the closed
interval [a, b] and define for each 1 in KBV

11111" = KV(J) + II(a)l·
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Then 11 • 11 K, is a norm on KBV and KBV is a Banach space under this
norm. Schramm [3] shows the existence of Riemann-Stieltjes integral
of functions of q>-bounded variation. We will show the existence of the
Riemann-Stieltjes integral of functions of K-bounded variation.

For each n, put

L:~ If(1i)1
KV(n f) = sup -=::.::I:......:..;..~~, ""n illL.Ji=1 K( b":'a )

over all collections {Ii} consisting of nonoverlapping n intervals of [a, b]
such that [a,b] = Ui=1Ii. Then

KV(f) = sup KV(n, 1).
n

Let {Ii } ~1 be a sequence of nonoverlapping intervals of [a, b] which
covers [a, b]. We call {ID~1 the decreasing rearrangerent of {Ii}~1

with respect to f if If(1:+1)1 :::; If(1nl for all i.

For the simplicity of notation, we will express K(IIil) = K(~~l).

Define I~(f) = 2:~-1 If(IDI It' 1 th t 'f {I"}
~ sUPn 2:~=:1 K,(II~D' IS C ear a 1 i IS a rear-

rangenent of {Ii }, then
n n

L If(1nl :::; IK,(f) L K(II:!), for all n.
1 i=1

In the sequel, {ID and {JD denote the decreasing rearrangement of
{Ii } and {Ji} with respect to f and g, respectively and ki are K-functions.

LEMMA 1. Let I = {Ii} and J = {Ji} be sequences as above and
f E KIBV, 9 E K2BV. Then for each n, there is k ~ n such that

If(h)g(Jk)1 :::; 2:7=1 K1(IIiI~ 2: K2(IJil) IK,1 (f)JK,2(g).
n

Proof. There is k such that If(Ik)g(Jk)1 is not larger then the geomet­
ric mean of the numbers If(1dg(J1 )1, ... , If(1n)g(Jn )l. Thus we have

1 n 1 n

If(h)g(h)\ :::;(- Llf(Ii)I)(- Llg(Ji)l)
n . n .z=1 1=1

:::; L: K1(IIiD FK2(I JiD IK,1 (1)JK,2(g).
n
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LEMMA 2. Let I and J be sequences as above and f E ~lBV, 9 E
K2BV. Then

t If(Ik)g(h)1 :::; t( L~=l ~l(II~; L K2(IJil) )I
K1

(J)J
K2

(g).
k=l k=l

Proof. Assume that If(h)g(Jk)1 are arranged in decreasing order,
then

If(h)g( Jk)! :::; L
k
K1(1I:I~Fk ~2(IJ:1) I

K1
(J)J

K2
(g).

Thus, the conclusion follows.

Note that if ~ L~l ~l(II:1)L::-1 ~2(IJ:/) = M < 00 then we will
L...J k2 '
k=l

have
00

L If(I~)g(J~)1 ::; MIK1 (J)JK2 (g)·
k=l

By a partition T on the finite sequence I = {I1, ... , In}, we shall mean
a sequence T I = {JI , ... , Jr}, r ::; n where each Ji are the union of some
consecuvtive intervals I:.

LEMMA 3. If f E KIBV, 9 E ~2BV, then

n k

L L If(Ii)llg(h)1
k=1 i=1

where the supremums are taken over all partitions T and Q.

Proof. For a fixed k ::; n, let Tk be the operation defined by

TkI = {II,oo.,h-I, h Uh+I,h+2,oo.,In}

= {I~,I~, ... ,I~- d
=1'.
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Observe that
n
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2:)lf(11)1 + ... + If(Idl)lg(Ji)1
i=1
n-1

::; L(lf(IDI + ... + If(IDI)!g(JDI-lf(Ik+l)llg(Jk)!
i=1
n-1 k

::; L L If(I;)g(Jt) I+ If(Ik+1)g(Jk)1
k=1 i=1

By Lemma 1, we may choose k in such a way that

1 n n-1
If(h+1)g(Jk)1 < (n -1)2 ~ If(Ii)1~ Ig(Ji)1

< I (f)K (g)L Kl(IIiI) LK2(I Jm
- 11:1 11:2 (n _ 1)2

Following the same procedure we see that

n-l k

L L If(IDg( JDI
k=1 i=l

n-2 k "n-2 (I") "n-2 (J")
:s ?; £; If(1i')g( Ji') + I~1 (f)J~2 (g) L...i=1 K1 (~ _~);=1 K2 i

Where I" = {I~', ... , I~_2}' JII = {"J~', ... , J~-2} are sequence of length
n - 2 obtained from I and J by T j 0 Tk. Continuing this procers, we
obtain the desired inequality.

L 4 L 1· L:~-1 11:1 (IIi I) C' 0 d A h
EMMA . et lm L~=1 1I:(IIil) = 00. Iven c > an > 0, t ere

is an 7J > 0 such that 111:1 (f) ::; c for all {Id such that III:(f) :S A and
If(Ii)1 < 7J for all i.

Proof. Let m be so large that
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Choose a positive
t

TJ< -.
2rn

If 1"(f) ::; A, If(Ii )I < TJ for all i, and {In is the decreasing rearrange­
ment of {1i}, then we have for n 2: rn,

n m-I n

L If(IDI = L If(IDI +L IfUDI
i=1 i=1 i=m

If n < rn, then

t IfUDI ::; : ::; L:~=l ;1(11:1)
z=l

Therefore 1"1 (f) ~ t.

We now prove the main result of this paper.

THEOREM 5. If f E "BV, 9 E .,BV,~ (~::, "(II;I~F:='.,(IJ;I))
< 00 and f, 9 have no common discontinuity, then the Riemann-stieltjes

integral J: f dg exists.

Proof. f has only simple discontinuities at t 1 , t 2 , . .• • May assume f
is right continuous at a and left continuous at b. Let

d i = max{lf(ti +0) - fCtdl, If(ti - 0) - f(ti)l, If(ti +0) - f(ti - O)I}·

Given E: > 0, choose 'fJ < E: as in Lemma 4 and A = 2Kl VU). Since

Thus di -t 0 as i -t 00 and hence there is N such that di < ~ for i > N.

(
. L:~l Ka(IJ,,\)

There is Ka x) = xa
(0 < a < 1) such that !~ L:~l K2(IJ,,\) = 00.
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Then we apply again Lemma 4 again, choosing '1]1 such that H"'or (g) <
c/N for any sequence H = {Hd~I with H"'2(g) ~ K2 V(g) and I/(Hi)1 <
"lI for all i. Let D > 0 be less than the minimum distance between two
of the set {a,tt,t2, ... ,tN,b} such that

i) I/(x)-/(y)1 < ¥whenever Ix-yl < Dand [x,y] does not contain
anyoftheti, i=1,2, ... ,N.

ii) Ig(x) - g(y)1 < min{e/N,"ld whenever [x,y] ~ [ti - D,ti + D] for
some i = 1,2, ... , N.

Let PI = {[x~_I' x~]} ~';I and Pz = {[x~_l' x~]} ~;I be two partitions
of [a, b] with sets of intermediate points QI = {eo and Q2 = {en
respectively, with mesh less than ~. May assume all end points are
different from ti, i = 1,2, ... , N. Define step functions It, and h by

J-(x) = { {/(~n,
z l(eU,

x=a

e~ E (Xi_I,xi]

for i = 1,2. Let P = ([Xk-I,Xk]}k=I be the common refinement of PI
and P2 • Then we have the Riemann-Stieltjes sum of 1 with respect to
9 corresponding to Pi and Qi, i = 1, 2,

ni

5(f, g; Pi, Qi) = L f(e1)(g(xi) - g(X~_I))
i=I
ni

= L Ii(x~)(g(x~) - g(X~-I))
i=I

n

= L li(Xk)(g(Xk) - g(Xk-I)),
k=I

so that

n

5(/, g; PI, Ql) - 5(/, g; Pz , Q2) = L(!t(Xk) - h(Xk))(9(Xk) - g(Xk-I)).
k=1

Let a be the subcollections of P which contain some ti, i = 1,2, ... , N
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and let a' be the subcollections of P which do not contain any ti. Then

IS(j,g;P1,Ql) - S(j,g;P2,Q2)1

::;1 L (!I(Xk) - 12(xk))(g(xk) - g(Xk-l))1
hEu

+ I L (h(Xk) - 12(xk))(g(xk) - 9(Xk-l))1
hEu

where I k = [Xk-l, Xk]

=1 + 11.

From ii) we have that

Ne;
I ::; 2 sup 1f (x) I . N = 2 sup II(x) le;·

Denote by [VI, UI], [V2, U2]," . , [Vs, Us] the intervals in a', ordered from
left to right. To estimate II, we observe that VI = a, Us = b, and
Vi =1= Ui-l if and only if Vi and Ui-I are respectively the right and left
end point of an interval in a. Let h = 11 - 12, and Uo = a. Then

I L (!I(Xk) - 12(xk)(g(xk) - g(xk-I))I
IkEu'

s

=\ L(!I(Ui) - f2(Ui))(g(Ui) - g(Vi))1
I

s s

::;1 L hCud(g(ud - g(Ui-I))1 + IL f3(Ui)(g(Vi) - g(ui-d)1
1 1
s

::;1 L h(Ui)(g(Ui) - g(Ui-I))1 +2 sup If(x)1 L Ig(Ik)1
1 IkEu

s N
::;1 L h(Ui)(g(ud - g(Ui-I))1 +2 sup If(x)\ ;

1
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S I

III = I:l::)h(a) + L!J(Hj))lg(Ui) - g(Ui-dl
i=l j=1

S I

::; 113(a)lIg(b) - g(a)1 + L L 113(Hj)llg(Hi)l·
i=l j=1

By Lemma 3,

s i

:L(I: If3(Hj)l)lg(Hi )1
i=l j=l

::; (1 +I: (L:~=1 ~l(IHil).F~=1 ~2(IHjl)))SUPTH"'1(13)~2V(g).
i=l Z T

But 13(a) = f(6) - f(~D and therefore, by i), Ih(a)1 < ¥ < c. Each
interval of THis of the form [Uj,_l' uj,] for some subsequence io < ... <
it of {1, ... , s}. Then TH"'l (f3) ::; ~1V(h) ::; ~1V(fd + ~1V(f2) ::;
2~1 V(f). Also Ih(Hj,)1 = If3(Ujl)- f3(Ujl-1)1 ::; If3(Ujl)I+lh(ujl-d/ <
ry/2+ry/2 by i), since both h(Ujl) and h(Ujl-l) are differences of values
of f at ~l and ~r where lel- ell < 6 and [eLell ;J tk, k = 1, . .. ,N.
Hence by the Lemma 4, supTH"'l(13) < c and thus

T

We have proved that for any c > 0, there are partitions Pi, Qi (i = 1,2)
such that IS(f, gj PI, QI) - S(f, gj P2, Q2)1 < c. Thus f: fdg exists.
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