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ON JOINT SPECTRA OF ELEMENTS

IN A C'"-ALGEBRA

YOUNGOH YANG

1. Introduction

In [5], Harte introduced the joint spectrum of an n-tuple of elements
in a unital Banach algebra and studied the spectral mapping theorem. In
[3], Fujii and Lin introduced the normalized topological divisors of zero
and some characterizations of normal approximate spectra. Motivated
by results in [5], [6], we shall introduce several joint spectra of an n-tuple
a = (al,"" an) of elements in a unital C*-algebra A, and investigate
the relations among these spectra, and the numerical range in this note.

Throughout this paper, all algebras will be over the complex field C.
Algebras are assumed to have an identity e.

2. Relations among joint spectra

We will make use of the notion of 'joint spectrum' (but omit the word
'joint') as it was introduced for example by Harte [5].

DEFINITION 2.1. Let A denote a unital nonned algebra. H a
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(aI, ... , an) E An is an n-tuple of elements of A, we call

n

a/Ca) = {A E en : e </:. L A(aj - Aj)} the left spectrum of a,
j=l

n

a/Ca) = {A E en : e </:. L(aj - Aj)A} the right spectrum of a,
j=l

a(a) = a/Ca) U a/Ca) the spectrum of a,
n

L(a) = PEen: inf '" lI(aj - Aj)xll = O}
xEA L..J

IIxll=1 j=l

the left approximate point spectrum of a,
n

R(a) = {A E en: inf '" Ilx(aj - Aj)1I = O}
xEA ~

IIxll=1 ]=1

the right approximate point spectrum of a.

These spectra are natural generalizations from the case n = 1, and so
inherit many of the properties of the spectra of a single element as we
now recall from [3], [5], [7].

For a = (al, . .. ,an) E An, we say that .~ belongs to LR(a) if there
exists a sequence {yd of unit elements in A such that (aj - Aj )Yk ---t 0
and Yk(aj - Aj) ---t 0 as k ---t 00 (j = 1, ... , n).

The following lemma follows from the definitions;

LEMMA 2.2. For a fixed n-tuple a = (al, ... , an) of elements in a
unital normed algebra A, let fa and 9a be two functions on en defined
by

n

and
n
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Then
(1) ,\ E L(a) if[ fa('\) = 0, and ,\ E R(a) iff 9a('\) = O.
(2) fa and 9a are continuous. In fact we lIave

111

In what follows, unless exception is noted, A denotes an abstract C*
algebra with identity e. IT there is no ambiguity, we shall writeL: for

L:j=l'
DEFINITION 2.3. a = (al, ... ,an) E An is called a jointly normalized

topological divisor of zero, briefly, JNTDZ, if there exists a sequence
{x d of unit elements in A such that a j x k -t 0 and aj x k --+ 0 as k -t 00

for j = 1, ... ,n. For a fixed a E An, we define N(a) = {A E en :
a -,\ is a JNTDZ}.

It is obvious that LR(a) ~ L(a) n R(a).

THEOREM 2.4. For a = (al, ... ,an) E .Itn, N(a) ~ L(a) n R(a) ~
L(a) U R(a) = O"(a).

Proof. This follows from the definitions and Lemma 2.3 [7].

It is known that O"l(a) = L(a), O"-y(a) = R(a), and O"(a) are nonempty
if a = (aI, ... , an) E An is a commuting n-tuple [5]' [7].

COROLLARY 2.5. For a = (al, ... ,an) E An and'\ E en,
(1) ,\ E O"(a) iff fa(A) = 0 or 9a('\) = 0, where fa and 9a are as in

Lemma 2.2.
(2) ,\ E N(a) iffpa('\) = 0, where

(3) ,\ E LR(a) iff qa('\) = 0, where
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(4) H a is a commuting n-tuple, then N(a), L(a), R(a) and LR(a)
are alh:ompact subsets of (T(a).

Proof. (1), (2) and (3) are obvious.
(4) To show that L(a) is closed in (T(a), we observe that if Ai- L(a), then
any pEen with y'nIA - pi < fa(A) is not in L(a) because 0 < fa(A)
J1i!A - p \ ~ fa (p) by the above Lemma. This shows that L(a) is in (T(a)
and hence compact. Similarly, R(a) is compact. As for N(a) and LR(a),
we have Pa(A) ~ ny'nlp - AI +Pa(P) i.e., \Pa(A) - Pa(p)1 ~ ny'nIA - pi
and similarly Iqa(A)-qa(P)1 ~ ny'nIA-pl. The same argument as above
shows that N(a) and LR(a) are compact.

COROLLARY 2.6. For a fixed A = (AI, ... , An) E en, the following
sets are closed in An.

{a E An: inf L lI(aj - Aj)xll = O},
xEA

IIxll=1

{a E An: inf L IIx(aj - Aj)1I = O},
xEA

IIxll=1

{a E An: a - A is a JNTDZ}, and the set of all a E An such that there
exists a sequence {yk} of unit elements in A satisfying (aj - Aj )Yk -+ 0
and Yk(aj - Aj) -+ 0 for j = 1, ... ,no

THEOREM 2.7. (1) Ha = (aI, ... , an) E An is an n-tuple ofhyponor
mal elements, then N(a) = L(a) ~ R(a) = cr(a).

(2) Ha = (al, ... ,an) is an n-tuple of normal elements, then O'(a) =
L(a) = R(a) = N(a).

Proof. (1) a - A is hyponormal iff a is hyponormal. Thus in order
to show that N(a) = L(a), it suffices to show that if 0 E L(a), then
o E N(a). Since ajaj ~ ajaj for j = 1, ... ,n and A is a C*-algebra,
(ajYk)*(ajYk) ~ (ajYk)*(ajYk) for any bounded sequence Yk EA. Then

forj = 1, ,n, lIajYkll2 ~ lIajYkll2 since (ajYk)*(ajYk) is positive. Thus
for j = 1, , n, ajYk -+ 0 imply ajYk -+ O. Hence 0 E N(a).

(2) The proof follows from Lemma 2.3 [7] and (1).
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THEOREM 2.8. Let a = (al, ... ,an) E An satisfying the relation
ajbjaj + aj + aj ~ 0 for some n-tuple b = (bI, ... , bn) of seHadjoint
elements (j = 1, ... , n). H Vk E A is any bounded sequence, then for
j = 1, ... , n, the relation ajVk -t 0 implies that ajVk -t 0 as k -t 00.

Proof. Let us write Pj = aibjaj +aj + aj ~ 0 and let ajVk -t 0 as
k -t 00 (j = 1, ... , n). Then for j = 1, ... ,n, (Pj - ai)Vk -t 0 as k -t 00.

But then

and

This shows that PjVk -t 0 and hence ajVk -t 0 as k -t 00.

COROLLARY 2.9. Let a = (aI, ... ,an) E .4n.
(1) H Re a = (Re al, . .. , Re an) ~ 0, then ajVk -t 0 iff aiVk -t 0 for

any bounded sequence {Vk} in A.
(2) HA E a(a) and Re(a - A) ~ 0, then A E N(a).

For x E A let x -t Tx be a faithful *-representation of A on a Hilbert
space H. The closed numerical range W (x) of x is defined by W (x) =

W(Tx ) = the closure of the usual numerical range of the operator Tx ,

i.e., the closure of {(Txl,j) : I E H, 11111 = I} which is compact and
convex. Let us denote by :E the set of all normalized states of A, (i.e.,
the set of all linear functionals P on A such that p(e) = 1 and p(x· x) ~ 0
for all x in A). It is known that W(x) 2 Sp(x), the spectrum of x E A
in general, but W (x) = conv Sp(x) = the convex hull of Sp(x) whenever
x is normal ([8] Theorem 8), and W(x) = :E(x) = {p(x) : p E :El for
any x EA ([1] Theorem 3).

THEOREM 2.10. The following statements are equivalent.

(1) AEL(a) (AER(a».
(2) There does not exist c > 0 sucb that

~(aj - Aj)*(aj - Aj) ~ c

(~(aj - AJo)(aj - Aj)'" ~ c).
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(3)
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oE W(2::)aj - Ajr(aj - Aj»

(0 E W(L(aj - Aj)(aj - Ajr»·

(4) There exists p E L such that

LP«aj - Aj)*(aj - Aj» = 0

(.Lp«aj - Aj)(aj - Aj)*) = 0).

(5)

L(aj - Aj)*(aj - Aj) is singular in A

(L(aj - Aj)(aj - Aj)* is slllgular in A).

(6) There exists a sequence {Xk} of unit elements in A such that

lim (" /I(aj - Aj)xkll) = 0
k-+(X) L.J

n

Proof. Put c = .L(aj - Aj)*(aj - Aj).
j=1

(1) ===} (2). Suppose that there exists a real number c > 0 such that
e;::: c. Using a standard argument, it follows that there exists an element
b in A for which be = e and therefore L A(aj - Aj) = A.

(2) ===} (3). By a faithful *-representation x ~ Tx , there does not
exist c > 0 such that

Since both operators on the left sides are positive, it follows easily that
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(3) ====} (4). As W(x) = 2:(x) by a previous remark, 0 E W(c) iff
there exists p E 2: such that p(c) = O.

(4) ====} (5). As W(x) = conv Sp(x) whenever x is normal, 0 E Sp(c),
and hence c is singular in A.

(5) ====} (6) and (6) ====} (1). These follow from Lemma 2.3 [7].

COROLLARY 2.11. Fora = (al, ... ,an ) E An and'x E en, tbefollow
ing statements are equivalent.

(1) ,X E a(a).
(2) Tbere does not exist c > 0 such that eitber

"'(a· - 'x·)*(a· - ,X-) > c or "'(a' - 'x·)(a· - ,X-)* > cL...J J J J J - L...J J J J J - .

(4) Tbere exists p E 2: sucb tbat eitber

or
LP«aj - 'xj)(aj - 'xj)*) = O.

(5) Eitber 2:(aj-'xj )*(aj -'xj) is singular in A or 2:(aj -'xj)(aj -'xj)*
is singular in A.

(6) Tbere exists a sequence {xd of unit elements in A such tbat

eitber lim ('" lI(aj - 'xj)xkll) = 0 or
k-+oo L...J

Let L(H) denote the algebra of all bounded linear operator on H and
/\, denote the ideal of compact operators on H. Let 7r be the canonical
homomorphism from L(H) onto the Calkin algebra L(H) / /\'. If T =
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(T1 , ... , Tn ) is an n-tuple of operators on H, then we write 1r(Tj ) = tj,

the coset containing Tj for each j = 1, ... , Tl.

COROLLARY 2.12. For an n-tuple T = (T1 , ••• , Tn ) of operators on
H, the following statements are equivalent.

(1) AE eTe(T), the joint essential spectrum of T.
(2) There does not exist c > 0 such that either

(3) Either

where We(T) denotes the essential numerical range ofT.
(4) Either

(5) There exists a sequence {x k} or unit vectors in H with x k -+ 0
weakly such that either

lim (" IICTj - Aj)xkll) = 0 or
k-HX' L...J

lim C" IICTj - Aj)*xkll) = o.
k-+oo L...J
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