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ON INJECTIVITY PRESERVING MAPS
AND INJECTIVE ELEMENTS ON B(H) *

DONG-YUN SHIN+, SA-GE LEE+ AND CHANG Ho BYUN'*

O. Introduction

Many people has studied the theory of injective operator spaces([l],
[2J e.t.c. ).

In this paper we give examples of injectivity preserving maps on B(H),
study related operator spaces and injective operators. In section2, we
show that on B(H) *-operation and transpose map are injective but
not 2-injective for dim H ~ 2. In section3, we define extremely injective
space and show that for rank 1 projection p, pB(H) is a maximal injective
operator space and a C*-algebra A is extremely injective if and only if
dim A ::; 2. In section 4, we show that for a finite dimensional C*-algebra
A, an element x E A with IIxll=l is injective if and only if x is unitary,
for a seperable Hilbert space H , an invertible element x E B(H) with
Ixl=l, x is injective if and only if x is unitary and for a C*-algebra A, if
x E A is an isometry, then x is left injective.

1. Preliminaries

We let M n be the space of complex n x n matrices and B(H) be the
bounded operators on a Hilbert space H. M n has the canonical basis
{Eij } where Eij is the matrix with 1 at (i,j) position and zero elsewhere.
A linear subspace E C B(H) is said to be an operator space.

Given operator space E, Mn(E) = E ® A1n denotes the vector space
of n x n matrices with entries in E.
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x \By = (~ ~) E Mn+m(E).

Identifying Mn(B(H)) with B(Hn),Mn{E) can be regarded as an
operator space of B(Hn). Let E C B(H) and F C B(K) be operator
spaces and </> : E ---7 F a linear or conjugate linear map. We define the
map </>n : Mn(E) ---7 Mn(F) by </>n((Xij)) = (</>(Xij)) for (Xij) E Mn(E).
We write, 1I</>lIcb = sup{lI</>nll : n EN}, where 11</>11 = sup{II</>(x)1I :
x E E,lIxll = I}. We call </> completely bounded if 1I</>lIcb < 00, and </>
completely contractive if 1I</>llcb ~ 1.

Let E be an operator space. E is said to be an injeetive operator space
if for every operator space F, every operator subspace Fo of F and every
completely bounded linear map </> : Fo ---7 E, there exists a linear map
'l/J : F ---7 E such that 'l/JIFo = </> and 1I'l/Jllcb = 1I</>lIcb.

It is well known that B(H) is an injeetive operator space for arbitrary
Hilbert space H. A linear map </> : B(H) ---7 B(H) is called a completely
contractive projection if 1I</>lIcb ~ 1 and </>2 = </>. Let E C B(H) be an
operator space. An E-projection of B(H) is a completely contractive
projection </> : B(H) ---7 B(H) such that </>(x) = x for all x E E.

Let H be a Hilbert space and let {ei hE! be a fixed orthonormal basis
for H. For each ~ = L: aiei E H we set ~ = L:aiei E H. For each
x E B(H) and ~,1J E H, we define 8(x) and T(X) by < 8(x)~ I TJ >=
< xTj I~ > and < T(X)~ 11J >=< Tj I x~ >, respectively. For each x, yE
B(H), IIxlI = 118(x)1I = IIT(x)lI, 8(xy) = 8(y)8(x), 8(x)* = T(X) = 8(x*),
and T(XY) = T(X)T(Y). But 8(x) and T(X) depend on orthonormal bases.

2. Examples of injectivity preserving maps on B(H)

THEOREM 2.1. Let E C B(H) be an operator space. Then E is
injectiveifand only ifthere is an E-projection </> such that </>(B(H)) = E.

Proof. Combining Theorem 3.1. and Corollary 3.3([6]) completes the
proof.

DEFINITION 2.2.. Let E C B(H) and Fe B(K) be operator spaces.
A map </> : E ---7 F is an injedivity preserving map if</>(Eo) is injective
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whenever Eo is an injective subspace of E. We say <p is n-inj ective
if <Pn is an injectivity preserving map and completely injective if <P is
n-injective for each positive inter n.

THEOREM 2.3. Let E C B(H) and Fe B(K) be operator spaces and
<p : E -t F be a completely contractive linear map which has completely
contractive inverse. Then <p is completely injective.

Proof. Let N C Mn(E) be an injective opereator space. For every
operator space M, every operator subspace L of M and every completely
bounded linear map 'l/J : L -t <Pn(N), <Pn-1 o'l/J : L -t N is completely
bounded. Hence there is a linear map r : M -t N such that rlL =

<Pn -1 0 'l/J and IIrllcb = II<Pn -1 0 'l/Jllcb = Ih&lIcb. Then the linear map
<Pn 0 r : M -t <Pn(N) is an extension of 'l/J such that II<Pn 0 rllcb = 1I'l/Jllcb.

COROLLARY 2.4. Let E C B(H) and F C B(K) be operator spaces
and <P : E -t F be a linear bijection with 11<pllcb 11<p-1 I1cb = 1. Then <P is
completely injective.

Proof. Put 'l/J = mcb' Then 'l/J-1 = 1I:=~lIcb' By Theorem2. 3, 'l/J is
completely injective. Hence 'l/J is completely injective.

COROLLARY 2.5. Let A C B(H) be a C*-algebra and <P : A -t B(K)
be a *-isomorphism. Then <P is completely injective.

COROLLARY 2.6. Let <P be a *- automorphism on B(H). Then <P is
completely injective.

LEMMA 2.7. Let a: B(H) -t B(H) be a bijection with a oa = id,<p
be an E-projection with <p(B(H)) = E and ',p = a 0 <P 0 a. Then 'l/J 0 'l/J =
'l/J, 'l/Jla(E) = ida(E) and 'l/J(B(H)) = GCE).

Proof. It is an easy compuation.

THEOREM 2.8. Let * : B(H) -t B(H) be the map defined by *(x) =
x* Then * is an injeetivity preserving map.

Proof. Let E C B(H) be an injective operator space. By Theorem 2.
1, there is an E-projeetion <P with <p(B(H)) = E. We denote *(E) = E*.
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Let </>* = * 0 </> 0 *. Then by Lemma 2. 7, </>* 0 </>* = </>*, </>*(x) = x for all
x E E* and </>*(B(H)) = E*. Hence to complete the proof, we must show
that </>* is completely contractive. Let E:'j:=l Xij 0 Eij E Mn(B(H))
and ~ = (6,'" ,~n)t, 7] = (7]1,'" ,7]n)t E Hn. Then < E:'jxij ®

Eij~ I 7] > =< e I E:'j:=l Xij 0 Eji7] > = < E:'j=l Xij 0 Eji7] le>·
Hence 11 E~j=l xij 0 Eij 11 = 11 E~j=l Xji ® Eij 11· Therefore

n n

II</>~( L Xij 0 Eij)1I = 11 L </>*(Xij) 0 Eijll
i,j=l i,j=l

n n

=11 L </>(xij ) 0 Ejill = II</>n( L xij 0 Eji)1I
i,j i,j=l

n n

~II Lxii 0 Ejill = 11 L Xii ~ Eiill·
i,j=l i,j=l

Hence </>* is completely contractive.

REMARK 2.9. *: M 2 ~ M 2 is not 2-injective since *2(aEn + bE12 +
cE14 ) = liEn +bE21 +C~3' Hence * : B(H) ~ B(H) is not 2-injective
whenever dim H ~ 2.

REMARK 2.10. Let A be a C*-algebra. Since A can be embeded
in B(H) for some Hilbert space H, the map * on A is an injectivity
preserving map.

COROLLARY 2.11. Let </> : B(H) ~ B(H) be a conjugate linear, *­
preserving bijection with </>(xy) = </>(y)</>(x). Then </> is an injectivity
preserving map.

Proof. Since * 0 </> is a *-automorphism on B(H), </> = * 0 (* 0 </» is an
injectivity preserving map.

THEOREM 2.12. Let {eil be an orthononnal basis for a Hilbert space
H and 8 the transpose map with respect to this basis. Then 8 is an
injectivity preserving map.

Proof. Let E C B(H) be an injective operator space. By Theorem 2.
1, there is an E-projection </> with </>(B(H» = E. Define </>t(x) : B(H) ~
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B(H) by <pt(x) = B(<p(B(x))). Then by Lemma 2. 7, <pt 0 <pt = <pt, <pt(x) =
x for x E B(E) and <pt(B(H» = B(E). Hence to complete the proof,
we must show that <pt is completely contractive. Let E:'j=1 Xij ® Eij E

Mn(B(H» and ~ = (6," . ,~n)t, 'f/ = 'f/l,'" ,''In)t E Hn. Then

n n

< L B(Xij) ® Eij~ , 'f/ >= L < B(Xii)~i I "li >
i,j=1 i,i=1

n n

= L < Xij'f/i , ~j >=< LXii (8) Ejifi I~ >,
i,j=1 i,j=1

where fi = (fil' ... ,fin)t and ~ = (~1' ... ,~n)t. Hence 11 1:7,j=1 B(xii) ®

Eij 11 = 11 1:7,j=1 Xij ® Eji 11· Therefore

n n

11 <pt n( L Xij (8) Eij )1I = 11 L <pt(Xij) ® Eiill
i,j=1 i,j=1

n n

=11 L <P(B(Xji» ® Eijll = lI<Pn( L B(Xji) ® Eij)1I
i,j=1 i,j=1

n n

::;'1 L B(Xji ® Eij)1I = 11 L Xij (8) Eijll·
i,j=1 i,j=1

COROLLARY 2.13. Let <p : B(H) -t B(H) be a linear *-preserving
bijection with <p(xy) = <p(y)<p(x). Then <p is all injectivity preserving map.

Proof. The same as the proof of Corollaey 2.1l.

COROLLARY 2.14. Let {eihEI be an ortllOIlormal basis for a Hilbert
space H. Let T be a map defined by < T(X)~ I 'f/ >=< fi , ~ > . Then T
is completely injective.

Proof. By elementary caculation, T = * 0 B(= B 0 *). Hence T is
an injectivity preserving map. It is easy to show that the map T n :

Mn(B(H» -t Mn(B(H)) is the map T : B(H ® en) -t B(H ® en) with
basis {ei (8) Ek : i E 1,1 ::; k::; n}. Hence T is completely injective.
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Let H = C 2 with basis {(I, 0), (0, I)}. Then f) : M 2 --+ M 2 is not
2-injective since

f)2( aEn + bE12 + cE14 ) = aEn + bE21 + CE23 •

Let H be a Hilbert space and a = {eihEl and {3 = {JihEI be two
orthonormal basis for H. Let U be the unitary operator with Uei = fi
and f)cx, f)p be the transpose maps with respect to the bases a and (3.
Then

< f),:x(x)ei I ej > =< xej I ei >
=< xU*Ji I U* Ji >
=< UxU* fj I Ji >
=< f)p(U XU*)fi I Ji >
=< f)p(U xU*)Uei I Uej >
=< U*f)p(UxU*)Uei I ej > .

Hence Oa(x) = U*Op(UxU*)U. Therefore 00: is n-injective if and only if
Opis n-injective. Since f) : M2 --+ M2 is not 2-injective, (} : B(H) --+ B(H)
is not 2-injective whenever dim H ~ 2.

If dim H = 1, f) = id. Hence f) is completely injective. Since 0 = *OT, *
is 2-injective if and only if dim H :::; 1. Hence we have shown the following
theorem.

THEOREM 2.15. Let H be a Hilbert space witb basis a = {eil. Tben
tbe following are equivalent:

(1) Tbe map * : B(H) --+ B(H) is 2-injeetive.
(2) Tbe map * : B(H) --+ B(H) is completely injective.
(3) dim H:::; 1.
(4) Tbe transpose map f)a is 2-injective.
(5) Tbe transpose map Oa is completely injective.

COROLLARY 2.16. Let 1> : B(H) --+ B(H) be a conjugate linear, *­
preserving bijection witb 1>(xy) = 1>(y)1>(x) and t/J : B(H) --+ B(H)
be a linear, *-preserving bijection witb t/J(xy) = t/J(y )t/J( x). Tben tbe
following are equivalent:

(1) 1> is 2-injective.
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(2) 4> is completely injective.
(3) dim H ::; l.
(4) 7j; is 2-injective.
(5) 7j; is completely injective.

THEOREM 2.17. Let E c B(H), F c B(K) be operator spaces and
4> : E ---t F be (n+l)-injective. Then cl> is n-injective.

Proof. Let L be an injective operator space contained in Mn(E). We
denote L EB 0 = {x EB 0: x E L,O E B(H)} C Mn+I(E). Then L EB 0 is
injective. Since ePn+I(L EB 0) = 4>n(L) EB 0 is injective, 4>n(L) is injective.

3. Extremely injective spaces

DEFINITION 3.1.. An operator space E is called (finitely) extremely
injeetive if its (finite dimensional) closed subspaces are injective.

THEOREM 3.2. Let pE B(H) be a rank 1 projection in B(H). Then
B(H)p is extremely injective.

Proof. Choose a unit vector Tf in the range of p. For each x, yE B(H),
define 4> : B(H)p ---t H by eP(xp) = XTf and < xp I yp >=< XTf I YTf >,
where < xTf I YTf > is the inner product in H. Then (B(H)p, < I » is
a Hilbert space and 4> is an isometric isomorphism. Let E be a closed
subspace of B(H)p. Then eP(E) is a closed subspace of H. Hence there
is the projection q E B(H) with eP(E) = qH. Therefore E = qB(H)p
and E is injective.

COROLLARY 3.3. Let p E B(H) be a rank 1 projection. Then pB(H)
is extremely injective.

Proof. Since pB(H) = (B(H)p)* and * is an injectivity preserving
map, pB(H) is extremely injective.

LEMMA 3.4. Let x = (Xij) E Mn with Xli = 0 (1 :::; i ::; n),
E=Span{E l1 M n ,x} and 4> : M n ---t E be an E-projection. Then for
i ~ 2, 4>(Eij ) = bijx for some bij E C.

Proof. For i ~ 2, put 4>(Eij ) = L~=l alElI + bijx for some ai, bij E C.
Since 4>(Elk ) = Elk, 4>(Eij + mElk) = 2::~=1 b,Ell + bijx, where b, = a,
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for 1 =I k and bk = ak + m. By elementry caculation, IIEij + mElkll ~
,,11 + m 2 and 1I<p(Eij + mElk)1I = 11 L:~=l b,EIl + bijXIl ~ I bk I =
I ak + m , . This implies VI + m 2 ~ I ak + m I for each m E C. Hence
ak = 0 and <p(Eij) = bijX.

THEOREM 3.5. Let EnMn C E C Mn and dim E = n + 1. Then E
is not injective.

Proof. We can choose x = (Xij) E E with IIxlI = 1 and Xli = 0
for 1 ~ i ~ n. Suppose E is injeetive. Then there is an E-projection
<p; M n ---+ E.

Case 1.
There exist i,j(i =I j) such that XEii =I 0, xEjj =I O. By Lemma 3.4,

<p(Ek,) = bkl for 2 ~ k ~ n, 1 ~ 1 ~ n. For 1 =I i, IIEkl + Elill = 1 and

1I<p(Ekl+ E li)1I = II E li+hlxll ~ II E li+bklxEiill = JI + I bkl12 l1 xEiill2.
Hence bk1 = O. By the same way, bk1 = 0 for 1 =I j. Hence bk1 = 0 for
2 ~ k ~ n, 1 ~ 1~ nand <p(x) = O. It is a contradiction.

Case 2. There is only one i such that XEii =I O. We may assume
i = 1 and X21 =I O. By Lemma 3.4, <P(E22 ) = ~2X. Since <p(En + E22) =

En + b22 X, liEn + E22 11 = 1 and liEn + b22xll = JI + 1~212,b22 = O.
Hence <p(E22 ) = O. We have

liEn + X21E12 - E22 + xll2

=1I(En + X21 E 12 - E 22 + x)*(En + X21E12 - E22 + x)1I

=11 (~ 1 + ~2112 ) 11 = 2.

1I<p(En + X2lEl2 - E 22 + x)1I2

=1I(Eu + X2I E 12 + x)*(Ell + X2lE12 + x)1I

=11 (2 I x
21'2) 11 > 2 + -2IIX2112.X21 X21

Hence <p is not contractive and it is a contradiction. Therefore E is not
injective.
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Theorem 3.5 implies that EuMn is a maximal extremely injective
operator subspace of M n .

COROLLARY 3.6. Let pE B(H) be a rank 1 projection. Then pB(H)
is a maximal extremely injective operator subspace of B(H).

PROPOSITION 3.7. Let E~=l lakll ::; 1 for 1 ::; k ::; m and E
{E~=l h (Ekk + E;:l akIEn+ln+l) : b1, ... , bn E Cl· Then E is in­
jective.

Proof. Define </J : M n+m --. E(cn+m c M n+m) with </J(Ekk ) = E kk +
2::=1 ak/En+kn+k for 1 ::; k ::; n, and <p(Ek!) = 0 for otherwise. Then
</J 0 </J = </J and </JIE = id, and </J(B) = E~=l bH</J(Ekk) for an (n + m)
matrix B = (bij ). Hence 1I</J(B)II=max {lbH! : 1 ::; k::; n} ::; II B II, II</JII =
1. Since E C c n+m

, 11 </J 11 cb = II</JII = 1([4], Theorem3. 8. ). 'l'herefore E
is injective.

PROPOSITION 3.8. Let 0 < a1 ::; a2 ::; ... ::; an be fixed and E =
{E~=l bk(Ekk + akEn+1n+d : bl,~, , bn E Cl· Then Eis injective if
and only if E~=l ak ::; 1 or 1 + a1 + + an-I::; an'

Proof. ({=) Case 1. E~=l ak ::; 1. By Proposition 3.7, E is injective.
Case 2. 1 + a1 + ... + an-I::; an' By elementary caculation, E =

{bn(L E nn + E n+1n+d + E~:: bk(EH - ;;Enn ) : bl, ... ,bn E Cl, and
E is injective.

(=;.) Let E be injective and 1 + a1 + ... + an-1 > an' Since E is
injective, there is an E-projection <p : M n+1 --. M n+1 with </J(Mn+I) = E.
Hence there are complex numbers Cij for 1 :S i,j ::; n + 1 such that
</J(Ekk ) = E~=l Cki(Eii +aiE n+1n+1) for 1 ::; k ::; n + 1. Since </J(Ekk +
akEn+1n+1) = Ekk +akEn+In+1 for 1 ::; k ::; n, </J(En+In+d = ;" (EH +
ak E n+1n+1 - E~=l Cki(Eii + aiEn+In+1)) for 1 ::; k ::; n, and Cn+Ik =
1-:.:"" = -~:" for 1 ::; 1, k(l =1= k) ::; n. Since ICkkl ::; 1 and akCn+1k =
1 - Ckk, Re Cn+1k ~ O. Since E H </J(2Ekk + 2En+In+l - I) = (2Ckk +
2Cn+1k - E~ll Cik)Ekk = {I + (1 - 2ak + E~l ai)cn+1k}Ekk , Re (1 ­
2ak + E7=1 ai)cn+lk ::; 0 for 1 ::; k ::; n. Since 1- 2ak + E?=l ai > 0 for
1 ::; k ::; n, Re Cn+1k = 0 for 1 :S k ::; n. Hence Ckk = 1 for 1 ::; k ::; n
and Ckl = 0 for otherwise. Then </J(I)En+In+1 = E~=l ak E n+1n+1.
Therefore E~=l ak ::; 1.
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Proposition 3.8 implies that for a positive inter n C*-algebra cn is
extremely injective if and only if n ::; 2.

COROLLARY 3.9. Let A be a C*-algebra. Then A is extremely injec­
tive if and only if dim A ::; 2.

Proof. ({=) Clear.
(=?) Case 1. 3 ::; dim A < 00.

Since dim A < 00, A is decomposed into the direct sum A = EBk=l Ak,
where each Ak is isomorphic to the algebra of nk x nk-matrices ([7]'
Theorem 1.11.2.) Hence A is not extremely injective.

Case 2. dim A is infinite.
Since A is infinite dimensional C*-algebra, there is a positive element x
with infinite spectrum ([3], Exersise 6.14.). Choose AI,A2,A3 E Sp(x)
with 0 < Al < A2 < A3. Put Ao = 0 and A4 = 1 + A3. Define Ji(i =
1,2,3,) : [0,00) -t [0,1] with

Ji(A) =

2A - Ai-1 - Ai
A' _ A' for Ai-1 + Ai ::; 2A ::; 2Ai,

1 1-1

2A - Ai - Ai+1
A' A for 2Ai ::; 2A ::; Ai + Ai+! ,

1 - i+1
o otherwise

Then hex) E A,h(x)f;(x) 0 for i =1= j and /la/1(x) + b/2 (x) +
c!J(x)lI=max {Ial, Ibl, lel}. Hence, by the same way in the proof of Propo­
sition 3.8, E = {a/1(x) + b/2 (x) - (a + b)!J(x) : a,b E C} C A is not
injective. Therefore A is not extremely injective.

THEOREM 3.10. Let E C B(H) be an operator space such that dim
E is at most countable. Then the following are equivalent:

(1) E is extremely injective.
(2) E is injective and for each operator space F and any linear map

<p : F -t E, <p is an injectivity preserving map.
(3) E is injective and for each operator space F of E, and any linear

map <p : F -t E, <p is an injectivity preserving map.
(4) E is injective and for any linear map <p : E -t E is an injectivity

preservmg map.
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Proof. (1) =* (2) =* (3) =* (4). Clear.
(4) =* (1). Let FeE be a subspace. Choose a basis {xihEI of F

and a basis {Xj}jEJ of E with le J. Define a linear map <p : E --t E
by <P(Xi) = Xi for i E I and <P(Xi) = 0 for i E J \ I. Hence F = <p(E) is
injective.

For operator spaces E and F, the set of all injectivity preserving lin­
ear maps <p : E --t F will be denoted by IP(E, F). And #IP(E, F)
denotes the supremum of all dimensions of subspaces of IP(E, F). We
set I P(E) = I P(E, E). In general, I P(E, F) is not a vector space. IT
F is extremely injective or dim E ~ 1, then IP(E, F) is a vector space
but the converse is not known. For an operator space E, I(E) denotes
the set of all extremely injective subspace of E. And #I(E) denotes the
supremum of all dimensions of subspaces of I(E).

Let E and F be finite dimensional operator spaces, let Fo C F be
an extremely injective subspace, let {el, e2, ... , en} be a basis for E, and
let {fl, f2' ... ,fd be a basis for Fo. For 1 ~ i ~ n, 1 ~ j ~ k, define
<Pij : E --t F by <Pij(el) = OilJi. Then {<Pij : 1 ~ i ~ n, 1 ~ j ~ k} is
linearly independent and Span{<Pij : 1 ~ i ~ n, 1 ~ j] ~ k} C I P(E, F).
Hence dim E· #I(F) ~ #IP(E,F) ~ dim E· dim F. In particular,
#IP(E,F) = dim Eo dim F whenever F is extremely injective. Since
EuMn is extremely injective, #I(Mn ) 2': n and #IP(Mn ) 2': n 3

•

4. Injective elements in C*-algebras

For a C* -algebra A and X, yEA, let L:c and R:c be a linear map
defined by LxY = xy and RxY = yx.

DEFINITION 4.1.. For a C*-algebra A, an element X E A is called left
(resp. right) injective if L:c(resp. R x ) is an injectivity preserving map.
An element x E A is inj ective if x is left and right injective.

Obviously a unitary element x E A is injective. Since LxE = (Rx.E*)*
and *-operation is an injectivity preserving map, x is left injective if and
only if x* is right injective.

LEMMA 4.2. Let x = (~ ~) E M 2 and ab =I- 0 Then x is not left
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inJective.

Proof. Put E = {( ~ ~): a, f3 E Cl. Then E is injective. Suppose

x is left injective. Then

Hence there is an LxE-projection </> : M2 -4 LxE. Put </> (~ ~) =

(1 0) (0 0) . (1 0) (a 0)
a a 0 + f3 0 1. Smce </> 0 ±1 = aa f3 ± 1 and
(a 0) . (0 0) (1 0)

11 aa f3 ± 1 11 ~ 1, a = f3 = O. Smce </> a 0 = </> a 0 -

</> (~ ~), </> ( ~ ~) = (~ ~ ), a contradiction. Therefore x is not

injective.

LEMMA 4.3. Let x = (~ ~) EM 2 and ab # o. Then x is not left

inJective.

Proof. By the same method in the proof of Lemma 4.2, it is trivial.

LEMMA 4.4. Let x = (~ ~) E M 2 and lal > 1. Then x is not left

inJective.

Proof. Put E = {(: :): a, bE Cl. Then E is injective. Suppose

x is left injective. Then LxE=Span {( ~ ~), (~ ~)} is injective.

Hence there is an LxE-projection </> : M 2 -4 LxE. Put </>( ( ~ ~)) =

a ( ~ ~) + f3 ( ~ ~). Since <j>( ( k b1 kOa) ) = k</>( ( ~ ~ ) )+

</>((~ ~)) = (k+a)(~ ~) +f3(~ ~),Ikal ~ I(k+a)al for
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sufficiently large k E C. Hence a = O. Since <p (:a ~) (/3 +

k) ( ~ ~) for all k E C, /3 = O. Hence <p (~ ~) = (~ ~). Sim-

ilarly <p (~ ~) = (~ ~ ). Therefore ~ ( ~ ~) = (~ ~) and

<p ( ~ ~) = (~ ~). Then <p (~ ~) = (~ ~). Since 11 (~ ~) 11

= .J2lal and 11 (~ ~) 11 = .)2(1 + lalz, <p is not contractive. It is a con-

tradiction. Therefore x is not left injective.

COROLLARY 4.5. Let x = (~ ~) E M2 and 0 < lal < 1. Then x is

not left injective.

Proof. Since (~ ~ )

jective.

( ~ ~) (~ ~) (~ ~), x is not left in-

COROLLARY 4.6. Let x = (~ ~) or (~ ~) E M 2 and b =/= o.
Then x is left injeetive if and only if a = 0 and Ibl = l.

Proof. (~) Since a = 0, Ibl = 1, x is unitary and x is injective.
(=*) By Lemma 4.2 and Lemma 4.3, a = O. By Lemma 4.4 and

Corollary 4.5, Ibl = l.

LEMMA 4.7. E = {( ~ ~): a, b, e E C} is not injeetive.

Proof. Suppose Eis injective. Then there is an E-projection <p : Mz ~

M2 with <p(Mz) = E. Put <p (~ ~) = (: ~). Since <p(~ ~) =

( e ~ k ~) and le + kl ~ .)1 + Iklz for all k E C, e = O. Similarly

b = 0 and <p ( ~ ~) = (~ ~) with a + d = 1. Since </> is unital

contraction, <p is completely positive ([4]' Proposition 2. 11). Since <p is
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oompletdy pooitive U =d ocly U ( : ~ ~ ~ ~ : ~~ ~D~ positive

([4]' Theorem 3. 12). Thus (~ ~ 1 ~ a ~) is positive. But

1 0 0 I-a

(

a 0
o a

< 0 0

1 0

o
o

I-a
o

Therefore E is not injective.

o 0)1 0 E M 3 • Then x is not left injective.
o 0

LEMMA 4.8. Let x = (~

(

a b C)
Proof. Put E = { cab : a,b,c E C}.

b c a
tive C* -algebra with dim E = 3, E is injective.
not injeetive. Hence x is not left injective.

Since E is a commuta-

By Lemma 4.7, xEx is

LEMMA 4.9. Let x = :E?=1 AiEii E M n with Al = 1 and Al 2: A2 2:
... 2: An 2: o. Then x is left injective if and only if Ai = 1 for 1 ~ i ~ n
or Ai = 0 for 2 ~ i ~ n.

Proof. ({=) Since x = I or x is a projection of rank 1, x is injective.

( ::::}) Suppose A2 =1= O. Since x is left injective, (~ ~2 ), (~2 ~3 )

and (~ ~2 ~) is left injective. By Corollary 4.6 A2 = 1 and ..\3 = 1
o 0 ..\3

or O. By Lemma 4.8, ..\3 = 1. Simiarly Ak = 1 for 1 ~ k ~ n.

COROLLARY 4.10. Let x E B(H) be a non-zero projection. Then x
is injective if and only if x = I or rank x = 1.
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THEOREM 4.11. Let x E M n with "xlI = 1. Then the following are
equivalent:

(1) x is injective
(2) x is left injective
(3) x is right injective
(4) x is unitary or rank of x is 1.

Proof. (1):=;.(2) trivial.
(2):=;.(4) Since x E M n and Ilxll = 1, there are unitary matrices U and

V, diagonal matrix D = L~=l AkEkk with 1 = Al 2:: A2 2:: ... 2:: An 2:: 0
with x = UVDV*. Since x is left injeetive, D is left injeetive. Hence by
Lemma 4.9, D = Ior D = En. Therefore x is unitary or rank x = l.

(4):=;.(1) For rank x = 1, there are unitary matrices U and V such
that x = U EllV. Hence if rank x = 1, x is injective.

(3) {:} (4) Since x is left injective if and only if x* is right injective
and rank x = rank x*, it is obvious.

LEMMA 4.12. Let H be a separable Hilbert space and x E B(H)
be invertible, {en}~=l be an orthonormal basis for H. Tben there is
an invertable operator y E B(H) sucb tbat xy is unitary in B(H), <
yeklen >= 0 for k < nand < yen I en » O.

Proof. Since x is invertible, {Un} ~=1 forms a basis for H. Let Un =
f3n and al, ... ,an be the vectors obtained by the Gram-Schmidt process.
Then for each n EN, {al"", an} is an orthonormal basis for the
subspace spanned by {f31,' .. ,f3n} and

Hence, for each n there exist unique scalars Cnk such that an = (:In ­

I:~:: Ckn(:Jk. Let U be the unitary operator with U(en) = 11::11" and y
be the operator defined by
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Then xy(en ) = I\(LII,8n - II(LII(Cl n ,81 + ... + cn-I n ,8n-l) = II~:II· Hence

U = xy, x-1U = yE B(H), < yek I en) = 0 for k < nand < yen Ien >=
IIcLII > o.

LEMMA 4.13. Let H be a separable Hilbert space and {en}~=l be an
ortbonormal basis for H. Let x E B(H) be invertible with < xek Ien >=
ofor k < n, < xenlen » 0, Ilxll = 1 and x is left injective. Then x = I.

Proof. Put Pk be the projection with Ran Pk =< ek >, and Ek =
{apI +bpk : a, b E C} for k > 1. Then Ek is injective and xEk is injective.
By Corollary 4.6, < xellel >=< xeklek > and < xellek >= 0 for 1 =1= k.
Similary < unlek >= 0 for k 1= n. Thus x =< xellel > I = I.

THEOREM 4.14. Let H be a separable Hilbert space, and x E B(H)
be invertible with Ilxll = 1. Then the following are equivalent:

(1) x is injective
(2) x is left injective
(3) x is right injective
(4) x is unitary.

Proof. (1 )*(2) Obvious.

(2)=?(4) by Lemma 4.12, there is an invertible operator yE B(H) such
that xy is unitary in B(H), < yeklen >= 0 for k < nand < yenlen »0
for n E N. Obviously < y-1eklen >= 0 for k < n and < y-1enlen » 0
for n E N. Since (xy)*xy = I,y-l = (xy)*x and y-l is left injective
with Ily-11l = 1. Hence by Lemma 4.13, y-l = I and x is unitary

(4)=?( 1) trivial.

Since x is left injective if and only if x* is right injective, (3) {:} (4) is
trivial.

THEOREM 4.15. Let H be a Hilbert space and x E B(H) be an
isometry. Then x is left injective.

Proof. Since x is an isometry, xx* = P is a projection and xH = pH is
closed. Hence there is a unitary v : xH --+ H. Define U : xH EEl xH..L EEl
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xH EB xH.L ---t xH EB xHl.. EB xH EB xH.L with

(

pv 0 0 0)
U _ (I - p )v 0 0 0

- 0 0 xp x( I - p) .
o I 0 0

Then U is unitary in B(H EB H) and U is injective. Let N C B(H) be

injective. Then (~ ~) is injective in B(H EBH). Since U (~ ~) =

(0 0) (0 0).... d M' .. . H . 1fto xN ' 0 xN IS lIlJectIve an x IS InJectIve. ence x IS e

injective.

REMARK 4.16. Let x be an isometry but not unitary. Since xx* is a
projection with rank p = 00 and p ::f I, p is not left injective. Hence x*
is not left injective, that is x is not right injective.

REMARK 4.17. Let A be a C*-algebra. Then A has a unital imbed­
ding in B(H). Hence an isometry x E A is left injective.

PROPOSITION 4.18. Let H be an infinite dimensional Hilbert space
and x E B( H) with finite rank. Then the following are equivalent:

(1) x is injective.
(2) x is left injective.
(3) x is right injective.
(4) rank x = 0 or 1.

Proof. (1)(,*)(2) Obvious.
(2) '* (4) Suppose rank x = k 2:: 2. Obviously rank x* = k. Let

{aI, "', ak} C ker x..L and {SI, ... ,,Bk} C Ran x be orthonormal bases re­
spectly, K =Span {aI, "', ak, 1'1, ... , ,Bk} and p E B(H) be the projection
with Ran p = K. Then pxp = x. Let q be a projection with p :::; q and
rank q = k + 1. Then qxq = pxp and qxq : qH -+ qH is not invertible
and rank qxq = k 2:: 2. Hence qxq is not left injective. Therefore x is
not left injective.
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(4) =} (1) Since rank x = 0 or 1, Ran x and Ran x* are extremely
injective. Hence x is injective. Since x is left injective if and only if x*
is right injective, (3) {::} (4) is trivial.
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