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A REMARK ON THE
HARDY-LITTLEWOOD-SOBOLEV-THEOREM

E. G. KwoN

1. In the n-dimensional Euclidean space E™, the maximal function
M f(z) of an integrable function f(z) is defined by

M f(z) = sup

1
r>0 m(B(z,r)) B(z,r) )iy,

where m(B(z,r)) denotes the n—dimensional volume of the ball B(z,r) =
{y € E™;|z —y| < r} and dy = dy;dy; - - - dy,. Also the Riesz potentials
are defined for f(z) and a > 0 by

1@ == [ Wi - vy, we B

with a constant y(a) = /7" “ﬂ%. See [1. p.117].

The Hardy-Littlewood-Sobolev theorem (of fractional integration)
says that if f(z) € L?(E™),1<p<oo,and0<a<n, 1/¢g=1/p—a/n
then

o fllg < Apall£ll5-

Here || f|l, denotes the usual LP(E™) norm of f(z) and A, , denotes a
constant depending only on p and ¢ (and n) [1. p.119]. Compared with
the Bessel potentials, it is known that the Riesz potentials leads to less
favourable behavior as |z] — oo [1. p.131]. Also if f(z) € LP(E™) and
f(z) is continuous in a deleted neighborhood of 0 then by a successive
use of the intermediate value theorem one verifies that

2|z| 2}z
MMﬂmv~[|-¢[luwwwr~@m
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which tends to 0 as |z] — 0. Our question on this point is that how
much the L? behavior of I, f is affected by the decreasing rapidity of
f(z) as |z] — oo or as |z| — 0.

THEOREM. Let1 < p < o0, 0< s<00,and0 < a < B <n. Suppose
that f(x) € LP(E™) and

Fp(z) = esssup|z — yl?|f(z — y)| € L*(E™),

then

(1) 1aflla < CappllFll3 1 F5ll3,
where

(2) d=aff and 1/¢g=(1-86)/p+6/s.

COROLLARY. Let 0 <a<f<n,1<p<oo, ¢(l—5F)=p, f(z)€
L?(E™) and |z|P|f(z)| be essentially bounded. Then I, f € LY(E™).

2. For the proof of Theorem we let

E={z; Mf(z) <oo and Fp(z) < oo}

and
Ha, ) = [Fa(a)/MF(@)]"/7.
Then we divide ||I, f|| into two parts ;

3) I flls = [E \Laf(2)|d2

= + I, f(z)|4d=z
[/2(Z|St(z,f) v/2|z|>t(t,f)]| 7@
= (D) +(II).
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First, to estimate (I) fix z € E such that 2|z] <t = #(z, f). Then since
lz —y| > J%'J if |y| > t in this case, we have

(4)
/ [yl **|f(z — y)ldy < Fﬂ(x)/ ly|~" e — y| P dy
lyl>t [y|>¢

< 2P Fg(z) y|~ P dy
ly|>¢
= 2°(8 — &) twt* P Fy(z).

Here w is the volume of the unit sphere $*~! = {( € E™: |(| = 1}. On
the other hand, if we temporarily set

Qr) =Qr,z) = ! /S"_l [f(z = r{)ldo((),

where do is the element of volume on $™~!, then by use of the integration
by parts we obtain

5)
/ "1 (@ — )ldy
ly]<t

t
= / r—"+°’Q(‘r)dr
0

= ¢~ nto t r)dr + (n — tr—n+a—1 - dr
¢ /0 Q(r)dr + ( a)/o [/kar |f(z y)ldy:'
<a 'nVt°M f(z),

where V is the volume of the unit ball {z; |z| < 1}.
Combining (4) and (5), we can majorize (I) ;

©) (<A1, / Mf(2)10=9) Fy(2)edz,
2|z|<H(z, f)

n s
where A, g = Tlai [—o‘(/- + (2—_'%] .
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3. Next, it is not difficult to see from [1. p.118] that
Cwtagy g M =B) s
[ el g1~y = TG D

Thus,

@ =@y [ [ lyl_"+“lf(x—y)|dyrdx

2|z|>¢
q
<a@ [ By | [ il -y ds
2|z|>t En

== Byanta=p)t | Fple)lal e
2|z{>t

<B!, /;E M f(2)107) Fy(z)*de,

where Ba,ﬂ = 2ﬂ—a7(n — ﬂ)f}/(n +a— ﬂ)“l.
Therefore combining (6), (7), and (1),

[E L f(a)dz < C 4 /E M f(2)10"OFy(2)de,

where Cy 3 = Aqp + Bapg. Applying Holder’s inequality we finally
obtain

(8) 1 afllg < Ca sl MFIIS O Fpll3.

Now the required result follows from the Maximal theorem [1. p.5].

4. Let us see that our exponents condition (2) on ¢ and é are appro-
priate. For the purpose assume (1) and change f(z) with its dilation
defined by 7, f(z) = f(vz), v > 0. Noting that

”Ia(""ff)“q - V_%—‘a”Iaf“qa
o flls = v~ %11 Fllps
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[1. p.118] and
sup |z — y|?|7, f(z — y)| = v P Fy(va) = v Pr, Fy(z),
y
we have by (1),
8 _q _n(i=%) =ns_g, s 5
v L fllg S Cappr™ 7 PIFI TN FSS
for all v > 0. Thus we should have
n
(8) —+a=[—+— n + Bé.
q p

If (8) holds independently of n, then (8) is equivalent to (2).
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