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A NECESSARY CONDITION FOR THE LOCAL SOLVABILITY
OF THE SYSTEM OF THE LEWY TYPE VECTOR FIELDS

Q-Heune Cuor, Tacksun June aNp Jonesik Km

0. Introduction

Treves [8], dealed with the local solvability of the overdetermined
system of the following Mizohata type vector fields in an open subset
of Rmi1

©.1) K=-2 k(e )2, j=1,,m

ot; 77 ou’ o
with analytic coefficients and satisfying Frobenius condition, and shows
that the necessary and sufficient condition for the local solvability is
Condition (P). (cf. Treves [8])

But for the local solvability of the system of the Lewy type vector
fields defined in an open subset contained in an analytic manifold Q of
dimension 2m+1, of the type

(0. 2) Lj=~a—a_—+zj(t, ¥, u) ?@—-, _7:1, cecy m(m22), ijtj-l"iyj,

Z; 7
t=(t, **, tp) ER™ y= (91, **, ¥m) €ER™ u& R}, with analytic coefficients,
the sufficient condition is known only when Q is the hypersurface of
C=*1, of the form 9= {(zy, --*, 2 w) ; w=ut+id(2, E, u), ¢ is real valued,
analytic function}. This sufficient condition is Y(1) condition which
measures the convexity of the domain Q in terms of the Levi form (cf.
Airapetyan and Khenkin [1], and Folland and Kohn [3]).

This condition, however, is quite abstract and needs a concrete
interpretation. Moreover, even if this sufficient condition is satisfied,
the concrete integral representation of the local solution of the equation

0.3 Lju=f;, j=1,,m (m=2),
is unknown.
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In this paper our goal is to show that condition (P) is necessary
for the local solvability of the system of the Lewy type vector fields
0.2).

1. Basic concepts and main results

Throughout this paper Q denotes an analytic manifold of dimension
2m+1, countable at infinity. Here analytic means real analytic, and
complex analytic means holomorphic. An abstract analytic CR structure
of codimension one is the datum of an analytic vector subbundle 7" of
the complex tangent bundle CTQ submitted to the following three
conditions:

(1.1) [T,T]cT, i.e., the commutation bracket of any two
analytic sections of T over an open subset of Q is a section of T
over that same subset;

(1.2) TNT={0} (T is the complex conjugate of T);
(1.3) the fiber dimension of T over C is equal to m.

An abstract CR structure is the structure which is obtained if we
replace analytic by C* in the above definition. Let T be the orthogonal
of T in the complex cotangent bundle CT*Q for the duality between
tangent and cotangent vectors. Then the fiber dimension of T is equal
to m+1. Note that (1.2) is equal to

1.4 CT*Q=T"+T.

Let Q@ be any open subset of Q. A C! function (resp. a distribution)
f in @ is called an analytic CR function (resp. an analytic CR distr-
ibution) if Lf=0 whatever the analytic section L of T over &. The
differentials of the analytic CR functions are sections of 77. The abst-
ract analytic CR structure is locally integrable if at any point p of Q
there are m+1 germs of analytic CR functions whose differentials at
2 are linearly independent (and thus make up a linear bas15 of T',)
(for the definitions see [5] and [7]).

Now, assume that we are given an abstract analytic CR structure T
on an analytic manifold Q of dimension 2m+1 (m>2). Let U be an
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open neighborhood of an arbitrary point » of Q in which there are
(real) local coordinates ¢, -, £y, 1, ***, Ym>» # and m-+1 analytic CR
functions 2, -*-, 2,,, w such that

(1,5)  z=tjt+iy; (i=+/—1, j=1,-, m,m>2);
1.6) w=utid@, v,
¢ real value, ¢(0,0,0)=0, 4,6(0,0,0)=0,
and of course, ¢ analytic in U. Actually we may even assume
a.mn $(0,0, 2) =0.

We shall always assume that the coordinates and CR functions (1.5),
(1.6) all vanish at the point p. Henceforth we refer to it as the
origin. It is convenient to assume that

1.8 U=B,XJ,

where B, is the open ball {(¢, y) €R%=; +/|z|2+][5]|2<7s}, and J an
open interval in the real line containing the origin. We shall also
assume that the closure of U in Q, Cl U, is compact.

We shall denote by Z the mapping

(t, Y u) l_)Z(t’ ¥ u) = (21, **%s Xy w(t9 Y, u))

from U to C=*!, The image w(U) is the union of a collection of
intevals {ug} XI(ug),uo=J where I(uy) is the image of B, via the map
@, y)I—¢(t, y,up). Of course I(xug) is always an inteval containing zero,
but otherwise fairly arbitrary. In particular it is reduced to zero when-
ever ¢(t, s uO) =0.

Note that dz; (j=1,+:,m), dw make up a linear basis of T, at
every point p of U, and that dz;,dz; (j,%=1,-,m), dw make up a
linear basis of CT;Q at every point p of U. In U the abstract analytic
CR structure T is generated by m analytic vector fields L;, j=1, -, m
(m>2), such that

(1' 9) LJZkZLJwZO, j, k:l, cee, M.
If we further require
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(1.10) L;z,=0d;; (Kronecker’s index), j, k=1, -, m,

the L; are uniquely determined, since dz, -+, dz,, d%, >, dZ,, dw
span the whole cotangent space CT,Q at every point p of U. We have

A1) Li=2+4 B, =L m, g=ttivy

7T 0z;
Of course,
Aj: ———quE]/ (1 +i¢u) ’

where subscripts mean differentiation. Note that, by (1.9), we have
Ljw=L; (w+w) =L; (2u) :211', i.e.,

(1.12) y=tLm.

Introducing the vector fields

. —11 Jp— 0 ~a_ =3 KL
(1.13) Ly=w; Ew and M,-—-—a;j——{—;zj o =1, -+, m,
where ui=—igz;/ (1+id,),
we have

(1- 14) MJEEZMJw:O: szkzajky if j: k:]-’ TTeym,

(1.15) Loz=0, k=1, -, m,
Low:L

Thus Ly, -+, Ly, Ly, My, +++, My, is the basis in CT,Q (p€U), dual of
the basis dzy, -+, dzm, dZy, -, dZ,, dw of CT,0.
From (1.9)-(1.10), (1.14)-(1.15) we have, in U,

(1.16) (L;, LyJ=[L;, M;]=[M;, M, ]=0,

j: k:‘O’ 1, e, 1, l’ m:]-s tec, M.
These commutation relations are equivalent to the equations

1.17) LjAy=Lyl;, Ljpp=MpA;, M;p=Mypy;,
if j, k:]" ...’ m’
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1.18) Ljw'=LoAj, Mjw.'=Loyj, j=1, -, m.

If Fis a C! function in U, we have
dF=3,L;Fdz;+ 3 MsFdzy+ LoFdw.
J= =

We shall need the results from [7] concerning the solutions of the
homogeneous equations

(1.19) Lik=0, j=1,-,m.

We restate the main theorems of [7]. Set U’=B,.XJ!, with 0<r/ <
r, and J’ an open interval whose compact closure is contained in J.

Tueorem 1. Let h be a continuous solution of (1.19) in some open
neighborhood of Cl U’. Then h is the uniform limit, in Cl U’, of a
sequence of polynomials, with complex coefficients, in Z(¢,v,u).

Tusorem II. Let h be a distribution solution of (1.19) in some open
neighborhood of CLU’. There are, then, an integer q=>0 and a C!
solution of (1.19) in a neighborhood of ClU’,f, such that

h= (iéMHLz)af.

Combining Theorems I and II we see that any distribution solution
of (1.19) is the limit, in the distribution sense, in U, of a sequence
of polynomials in Z(z, y, z).

Note that % is constant on the fibers of the map Z in U’, that is,
on the set

{(t,y, )€U ;5 Z(2, 3, u) =2},
for any given point 2o in C”*!. Because of the peculiar from of the
map Z (see (1.5), (1.6)), we need only consider the fiber of w,
which is given by
{(t, Y u) el » U=1uy, ¢(t7 s uO) :‘Uo} ’ ”o‘l‘i’l’OEC,
and which can thus be identified to a subset of the ball B,.

DermatioNn 1.1. We shall say that the system L= (L4, ---, L,,) satisfies
Condition (P) at a point p of U if there is a basis of neigborhoods
of p in U, in each one of which the fibers of w are connected.
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We shall say that L satisfies Condition (P) in U if it satisfies Con-
dition (P) at every point of U.
We shall be concerned with the inhomogeneous equations

(1. 20) L]h :fj, j:17 Tee,m,

where £}, *»*, fm are C* functions near p, satisfying the compatibility
conditions: '

(]-- 21) LjfE::ka}s 7 k=1, ey m.

We have the following necessary condition for the local solvability
of the system of the Lewy type vector fields (1.20).

TueOREM. Suppose that the system L= (L, ---,L,) (m>=>2) does not
satisfy Condition (P) at the point py of U and that every distribu-
tion solution of the homogeneous equations Lju=0 in U, j=1,:--,m, is
a continuous function.

Then there is a C= function f in an open neighborhood VU of py,
vanishing to infinite order at po such that

(1.22) the functions f;=4;f, j=1,--,m (see (1.11)) satisfy the
compatibility conditions (1.21) in V. Furthermore, given any open
neighborhood WV of py,

(1.23) no distribution 2 in W satisfies (1.20).
The proof of Theorem will be given in Section 2.

We reformulate Condition (P) (cf. Definition 1.1) in the following
manner:

(1.24) Every open neighborhood V,CU of p contains another open
. neighborhood W, of p which intersects at most one connected compo-
nent of every fiber of w in V,.

Indeed, suppose first that V, contains a neighborhood W; of » in
which every fiber of w is connected. Then we can take W, in (1.24)
to be the interior of W,. Conversely, suppose that (1.24) holds; call
W, the union of all the connected components of the fibers of w in
V, which intersect W,.
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We shall reason in (s, y)-space R2™ for a fixed «. We denote by B,
B, B’ three open balls centered at the origin in R?", such that

(1.25) B’cB &B.

We shall look at a real valued analytic function ¢ in B. If A is any
subset of B and ¢ any real number we write

(1.26) AT@={EtEA; 0t y)>c},
A~ (©O={t €A ; ol v)<c,
A ={(t, ) €A ; oz, y)=c}.
In other words A° A*, A~ are the level, superlevel and sublevel sets,
respectively, of the function ¢ in A.
We reintroduce the variable ». If A is any subset of U=B,XJ and
#,v any pair of real numbers, we write

1.27) At (u,v) ={p€ A ; u(p) =u, ¢(p) >},
A= (w,v) ={p€A; u(p) =u, §(p) <d}.
Here At (u,v) or A= (z,v) might be empty, for u&J.

ProrositioN 1.1. Property (1.24) is equivalent to each one of the
Sollowing properties:

(1.28) Every open neighborhood V ,C U of p contains another open
nerghborhood of p, W,, such that, given any pair of real numbers u,v,
W, intersects at most one connected component of V}(u,v), and at most
one of V;(u, v).

(1.29) Every open neighborhood V,CU of p contains another open
neighborhood of p, W,, such that any two points in W,, of the kind
(20, ¥0, #), (t1, y1, %) can be joined by a piecewise analytic curve in Vs
on which u is constant and ¢ monotone.

For the proof see [6].

2. The proof of Theorem

Our starting point will be the hypothesis that Condition (P) is not
satisfied at the origin (cf. Definition 1.1). Actually it is convenient
to make use of the version (1.28) of (P), or rather of its negation.

— 101 —



Q-Heung Choi, Tacksun Jung and Jongsik Kim
Let us for instance assume that the following property holds:

(2.1) There is an open neighborhood VU of the origin, and a
sequence of points in C, z,.i,=u,+iv, v=1,2, -+, converging to zero,
such that any neighborhood of the origin, WV, intersects two
distinct connected components of V*(u,,v,) (see (1.27)) for some w.

Note that (2.1) remains valid if we decrease V. Thus we shall assume
that VC cU=B,XJ, and that V=B, XJ,. Possibly after a change of
subscripts »=1, 2, ---, we select a sequence of open neighborhoods

2.2) W,=B,, XJ,,

with ro>r,\+0,J,=]~r,, r,[, such that, for each v, W, intersects at
laest two distinct connected components of V*(x,, v,), C;, and C,,.

Fix uy in J. Then the number of critical values of the mapping
w(t, y,#) in Cl V that lie on the vertical line Re z,,;—wu, is finite.
Indeed, they are the values of w on the set of points (¢, ,#) inClV
such that

2.3) u=ug, d¢, ,»0(,y,u)=0.

But in the neighborhood of ClV the equations (2.3) define an
analytic set, of which only finitely many connected components inter-
sect the compact set C1 V, and w is constant on each of these compo-

nents. This implies that, for each v, there is v,>v, such that the
fiber of w in ClV,

2.4) FZur)={G »w)eClV; w(,y,u) =2p,=u,+iv,}

intersects both W,NCy,, and W,NC,, and such that z,,,, is not a
critical value of w in Cl V. But then W, must intersect two distinct
components of F(z,.1,). In other words, we may start with the
following hypothesis:

(2.5) There is a totally ordered basis of open neighborhoods of
the origin, W,cW, and a sequence of complex numbers z,,.;, conv-
erging to zero, none of which is a critical value of w(z,5,%) in Cl V,
such that, for each v, W, intersects two distinct connected components
of the fiber F(zy41,).
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For each v=1,2,---, we select a closed disk D,, centered at z,..,,
with radius 4,>>0. In the argument below we shall decrease d, a fini-
te number of times. First of all we select d, small enough that the
following conditions are fulfilled:

(2.6) For each v, D, is entirely contained in the (open) set of
noncritical values of w(t, y,4) in Cl V, and in the interior of the image
w(W,);

(2.7) the projections of the D, into the real axis are pairwise
disjoint.
For each v, let C; and C; denote two distinct compontents of F(2,,1,)

which intersect W,. Possibly after decreasing 4, we may make the
following assumption:

(2.8) There are two analytic submanifolds of dimension two, X}
and Y,;, which intersect respectively C; and C;, and whose closures
are disjoint compact subsets of W,, each mapped diffeomorphically onto
D, by w.

And possibly after some more decreasing of d, we select two open

neighborhoods of C; and C; respectively, in U, 8 and 8;, endowed
with the following properties:

2.9 (Cl ) N(Cl B7)=¢;

(2.10) XFcBf, 2. <pr and the image via w of B, as well as
that of B8,, is exactly equal to Int D,;

(2.11) any connected component of a fiber F(z,,1) of w in C1V
which intersects 8F is entirely contained in 8Z;

(2.12) no two distinct connected components of the same fiber
F(z,.1) intersects either g or §;.

For each v=1,2, ---, let », be a number such that r,<lr,<r,_; and
set W,=B, . XJ,, J,=[-r.,r.]. We cosider a distribution 2 in W, which
is a solution of the inhomogeneous equations (1.20). We shall assume
that the righthand sides are continuous functions in V, and satisfy
(1.21) in V. Furthermore we assume that
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+ o0
(2.13) supp f;<w(0) U U -

We can easily check that the set at the right has an intersection
with Cl V that is closed. Note also that we have

(2- 14) Ljh:0’ j:1’ e, m,
in the set
(2.15) WACI(U ).

We introduce, for each v=1, 2, ---, a closed disk D,, also centered
at z,.1,, with radius d,>>d,, such that the properties analogous to (2.
6), (2.7),(2.8) hold. We call A, the annulus D,\D,.

Note that, by the assumption of Theorem, % is a continuous
function in the set

U,=W,Nw1(4,).
The key to the proof of Theorem 1.1 lies in the following assertion:

(2.16) R is constant on the fibers of Z= (2}, ---, 2, w) in U,.
Proof of (2.16): We note that (2.14) holds in the set

2.1 {Gy9; VIt 12, 4,<|u—2,|<d]}.

We apply Theorems I, II taking U’=B,.XJ’ to have compact closure
contained in (2.17). According to the assumption of Theorem %
is a continuous function. Therefore we conclude that % is the C! limit
of a sequence of polynomials of Z(z, y,2) in the intersection of (2.17)
with U,. Thus 2 must be constant on the fibers of Z(z, y,«) in that

intersection.
Let us call @ the interior of the subset C of w(U,) such that

(2.18) % is constant on the fibers of Z in w™1(C) N U,.
We have just shown that @ contains the set

(2. 19) zm+IEInt Am IRe Zmi1 8y I>dw
Zmri=u+ivelC
Suppose now that there is a point z°,,, in the boundary of @ with
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respect to A,. We apply once again Theorem I, availing ourselves of
the fact that & is a solution of (2.14) in an open neighborhood of
S*=F(2"»s1)) NCl W,. There is a number 6>>0 such that every point
P*e S* is the center of an open ball with radius ¢ in which & is the
C! limit of a sequence of polynomials in Z(z y,%). Note that the
sequence in question may change from point to point. We may suppose
that the union of all those balls is contained in a compact subset K of
W.(oW,). The restriction of w to K is open, and therefore there
is a clsed disk D* centered at 2',., with the following property:

(2.20) U,NwI(D¥)< {pe W, ; dist (p, S*) <5}.

Let then P;€U, be such that w(p;)={eD* (j=1,2). We can find
;€ 8* such that |p;—p;| <5, and there is a continuous function %; in
{(219 %2y "5 Zoms w) ; w:u+z¢(t: Y, u) ED*s (21, *t% Xy Zt) - (t, Yy, u) S Uv
Nw™(D*)} such that k=A;oZ in the ball centered at p; with radius
0. Moreover, %; is holomorphic in {(zy, -+, 2n, w) ;w=u+id(t, y,u) €
D'*, (2y, 2p0) €U, Nw1(D’'*)}, where D'* is an open disk cont-
ained in D*, also centered at z,.,, and can be selected independently
of the point p; on S*. Let (&;),,,, the restrictions of &; to 2,,.;~plane,
where 2,,,,=u+iv. Note that (%;),,,, is holomophic in D’*. But since
(By) 2y = (h2) 2, in D’*ND, we must have (£)),,.,= (&),,,, in D'*,
and therefore D’*< @, which contradicts the fact that its center is a
boundary point of @. We must therefore have D=A,.

We draw right away a consequence of (2.16). Because of the

validity of (2.8) when D, is substituted for D,, We see that
w(U,)=A, and
Z(U,)={(z1, ***; 2> w) sw=u+i¢(t, y,u) EA,,
(zla T ) = (8, 3, 0) € Uv) -

Therefore there is a continuous function in Z(U,), #, holomophic in
the interior of Z(U,), such that hA=#keZ in U,. Let (&),,,, be the
restriction of £ to the z,.;-plane, z,;=#+iv. Then (%),,,, isa
continuous function in A, and holomorphic in the interior of A,. We
contend that

(2.21) (A).,,, extends holomorphically to the interior of D.
Indeed call 2}, the analogue of X3, (see (2.8)) when D, is substituted
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for D,. Since & is a continuous solution of the system of equtions
(2.14) in some open neighborhood of )., its restriction to 3], is
continuous. Let % be the push forward of the restriction of 2 to X,
via Z; it defines a real analytic function in the interior of {(zy,---,
2oy w)sw=ut+id (&, y,0) €D, (21, >, zmu)EW,NB}.

In some open neighborhood of each point of }}, % is a uniform limit
of polynomials with respect to Z, by Theorem I, as a consequence of
which we see that £ must be holomorphic in the interior of { (21, -
2y )  w=u+@(2,%,u) ED,, (21, -, 2, ) €W,NB}. Then (&),,.,
must be holomophic in the interior of D). Since (1’2),,,_ =), ., in
A,, this proves our assertion.

We can now proceed with the construction of the function f in
Theorem.

For each v, we select an arbitrary closed disk D] centered at z,,,, with
radius d:<d,. Let then f be a function holomorphic with respect to
the variables =z, -, 2, and C= with respect to the variable z,.;,
vanishing identically in the complement of

+ oo
{(zls % Ziny w) ; w:u+i¢(ta Y, u) ey D:;
p=1

400
(21, % Xy u) = (t: Vs u) = Wu n w—l( EID:)} ’

and such, moreover, that

(2.22) for every y=1,2, -+, f>0 in the interior of

{(217 ...’ zm’ w) ; w:a+i¢(t’ y’ u)ED:7
(21, 2m ) = (&, y, u) e W, Nw1(d))}.

" Note that (f£),,.,>>0 in Int D] for every v=1,2,---. Then we define
(2.23) f=foZ in VN (+L_Jﬂi/3;L ), f=0 everywhere else.

Cleary f is a function anaytic with respect to the variables #;, y;, *--,
tm» Ym» and C= with respect to the variable z in V\w™1(0), and
vanishes to infinite order on VN w™1(0); thus f&C=(V).

We contend that the assertion (1.22) is correct; it suffices to check
(1.21) in some neighborhood of an arbitrary point of VN (UBY).

There f=f<Z and therefore
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_of ( of __ ([ of .
since L;z;=0;; and L;w=22;. Therefore, if we set

F1=2@f/02n+1), f1=f1°Z, we have:

(2.24) Lif=2;f1-
On the other hand, the commutation relations (1.16) are quivalent to
(2. 25) szk:Lij, j, k:l, R

Combining (2.24) and (2.25) with the equatios

L; (A f) =LA+ A6A; f1,
Lk(ljf) :kaZj_'_ijbfl’ Js k=1, +=e, m,
yields at once

(2. 26) Ly f)=Ly(A;f), j, k=1, -, m.

Next we prove Assertion (1.23).

We shall prove that, given an arbitrary integer v>1, there is no
distribution % satisfying (1.20) in W,.

Observing that the function f used to define f has compact support,
set

ij:f*m*fl (1/272p+1),

where *,,, is the convolution of distributions in z,,;~plane. Note that
¥ is a function holomorphic with respect to the vriables 2y, -+, 2,,, and
C> with respect to the variable z,,; We have

(2.27) v 79

a-z.m-*—l

Set v=%Z in V. We have, in a neighborhood = of (C18) NV,

ov 0v _ )
L]"D: 32, °Z+ ( 3§m+1 OZ) Llw:'z]f:f]’ J:17 cetym,
by (1.12), and therefore, by (1.20), we have, in UN W,
(2- 28) Lj(h—v) ——“0, j:l, .o, m.

We have the right to take U such that it contains the surface 3,
analogous to X3 in (2.8), when D] is substituted for D,. Once again
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by the assumption of theorem we know that 2—v is a continuous
function in some neighborhood of X., and its rescriction to 3}, can
be pushed forward via Z as a real analytic function % in
{(21, ") Zm» w) €EZ(V) ; w=u+id(t, y,u) €Int D,
(zla "%y Zms u) = (t’ y, u) = Wu n ﬂ;‘} -
And again, by Theorm I, we know that the latter is a uniform limit
of polynornials of (zj, -+, 2, 24+1) in the neighborhood of each point
of the set
{(z1, ) Zmyw) EZ(V) 5 w=u+id (¢, v, u) €Int D,,
(21’ "ty Zmy u) = (t: Y, u) ew,n .B:} ’
therefore % is holomorphic in that set. Therefore (%), ,, is holomor-
phic in the neighborhood of each point of IntD. Since (4),_,, can
be extended holomorphically to Int D, the same must be true of
(®) 2,.,- This demands

J;D (77) z,+1dzm+1 = 0, Zmi1=—U +i1),

and therefore, by Stokes’ theorem

JD” (f) z.+1dzm+1/\d§m+1 =0,
which contradicts (2.22).
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