
JOURNAL OF THE 
CHUNGCHEONG MATHEMATICAL SOCIETY 
Volume 3, June 1990

A Note on Basic Construction and Index for Subfactors

Deok-Hoon Boo

ABSTRACT. The converse of Pimsner-Popa theorem is proved, 
and represent the index [M : N] by finite sum of elements of 
M.

1. Introduction

Let M be a finite factor with normalized trace tr and 2V C M a 
subfactor. In a recent paper [1], V.F.R. Jones considered the coupling 
constant of N in his representation on L2(M, fr) as an invariant for 
N up to conjugations by automorphisms of M. He call this invariant 
the index of AT in Af and denotes it [M : N] and also V.F.R. Jones 
shows that if M is a factor of type 11丄 the index is more than 4 or 
take values 4cos2(7r/n) for n > 3. If this index is finite then the 
trace preserving conditional expectations of M onto 7V, regarded as 
an operator on Z2(M), generates together with M a finite factor Mi 
this factor is called in Jones’ terminology the extension of M by 
and the construction of Mi from M and N the basic construction, the 
pair M C Mi has the remarkable property that [Mi : M] = [M : 7\『]. 

In [3], if AT C M are finite factors with [M : N] < oo, M. Pimsner and 
S. Popa construct the Pimsner-Popa basis and using this represent 
elements of M. In this paper we consider some properties of a pair 
of factors of type II\ with [M : N] < oo and the converse of the 
theorem [3] 1.3 in which Pimsner-Popa basis was constructed and 
representation of elements of M using Pimsner-Popa basis.

2. Basic construction and index for subfactors

Throughout this paper M will be a finite factor with the normalized 
trace tr. We denote ||끼|么 = x € M, the Hilbert norm
given by tr and denote X2(Af,'r) the Hilbert space completion of M
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in this norm. The canonical conjugation of L2(M,tr) is denoted by 
J. It acts on M and L2(M,tr) by Jx = and satisfies JMJ = Af'.

Let N C M will denote a subfactor of M with Im = In and En be 
the unique normal trace preserving conditional expectation of M onto 
N. Then, in fact, is just the restriction to Af C L2(M, tr) of the 
orthogonal projection of X2(M, tr) onto L2(2\『, tr), the closure of 
N in L2(M, tr). The conditional expectation En and the projection 
ejv and the conjugation J are related by the properties;

1) If x € M then x E N and only if e^x = xw
2) e^xe^ = E的幻, x 6 M
3) J commutes with

If M is a finite factor and acts on the Hilbert space H, the Murray 
and von Neumann coupling constant dimyv H is defined as tr([M'f])/ir- 
([Aff]), where tr' be the canonical trace on M1 and 0 / f € 互 and for 
A C [A(\ is the orthogonal projection onto the closed subspace 
generated by A^. It is shown in [4] that this definition is independent 
of ( 쿠 0. For a pair of finite factors N G M V.F.R. Jones defined in [1] 
the index of N in M, [M : 2V], to be the number dim/v/JET)/dincw(方T) 
or equivalently dimjv L2(M,ir). In particular [M : 7V] is a conjugacy 
invariant for 7\『 as a subfactor of M. In the case N C M comes from 
the group construction in [2], for some I.C.C discrete groups Gq C G 
then [M : N] coincide with the index of Go in G. When M is the 
crossed product of N by some outer action of a discrete group 
M = N 乂 K, then [M : N] is just the cardinal of K. The index 
[M : N] has the following properties ([1]);

1. [M : N] = 1 if and only if M = N 사

2. [M:N]>1
3. If N C P C M then [M : P][P :N] = [M:N]
4. [M : 7\『] = oo iff N1 is of type II* iff Mi is of type II*
5. If [Af : 2\『] < oo then M is a finite factor and [Mi : Af] = [Af :

N] _
In basic construction the extension Mi of Af by TV is constructed 

as a factor acting on」L2(Af)• In generally Mi can not act on L2(N) 
but if [M : N] is finite then Mi can act on L2(2\『).

THEOREM 1. Let N C M be Hi factors. If[M:N] is finite then 
there exists a faithful representation of M on L2(N).
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PROOF: Sine이M : N] is finite M' and Nf are finite factors. In 
particular M is a Hi factor acting on L2(M, tr). So there exists a 
projection p in M1 such that tr^(p) = [M : N]^1. Then N and M 
are *-isomorphic to the reduced von Neumann algebras Np and Mp 
respectively. Now

dim JVp(p(L2( Af, tr)) = irj\『/(p) dimjv(L2(Af,Zr))

= 'nm(p)[必 :川]

= 1.

So Np acts standardly on p(L2(Af, tr)). Now let ?r : 7\『 — B(L2(Af, tr)) 
be the faithful representation of 7V, i.e. 7r(x) act as left multiplication 
by x on X2(7V,tr^). Then 7r(7\『) also acts standardly on L2(7\r,try). 
So that Np and ir(N) are spatially isomorphic, thus there exists a 
unitary operator u from p(L2(Af,tr)) to L2(N,trN)such that 7r(x) = 
wz：pU*, x E N. Define= wrpu*, x € Af, then </> is a faithful 
representation of M on L2(N).

Let M be a factor of type II\ and N a subfactor of M. If [M : N] is 
finite then there exists a Pimsner-Popa basis {mi }i 幻幻나4 of elements 
in Af, with n equal to the integer part of [M : 2V], satisfying the 
properties;

a) 乃(mjmk) = 0 if j / A
b) = lifl<J/n
c) j5(m：+1mn>bi) 玄 a projection of trace [M : 7V] — n

Any such family satisfies ;

d) 乞 mwvmj = 1
e) : •지!

f) Every element m in M has a unique decomposition m = 乞 mjj/j 
with yi e N, ?/n+i e BN(m*+1mn+i)2V.

In Mi {^aie^bi : a,, bi € M} forms a dense subalgebra ([3] 1.2). 
Now we can find more explicite description of M\ using Pimsner-Popa 
basis.

PROPOSITION 2. Let N C M be factors of type III and Mi be 
the extension of M by N. Then M\ = {乞 77血어, 77乃=77乃 | aij G N}, 
where n is the integer part of [M : 2V] and {m, : 1 < i < n + 1} is the 
Pimsner-Popa basis of M over N.
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PROOF: Let x G M- By the property d) of Pimsner-Popa basis 
we have

x = 리 刀⑶乃八乃九추⑦ 으〕= 리

By ([3] 1.2) there exists elements aij of M such that mQxmjeN = 
. So

x =、빼;mje]幻dijej幻m,j.

Since e^xe^ = Ei、j(x)eN for all :r in M by the properties of basic 
construction we have

⑦ =乃川 (어,

Using Pimsner-Popa basis we can see that M is isomorphic as a 
right JV-module with JVn ®\E》v(mn十i)*mn+i)•八『 ([3] 1.4). Now let 
N q Mj, i = 1,2, be factors of type Hi with [Mi : N] = [M2 : N]. 
We consider the question whether M and M2 are isomorphic each 
other as right JV-modules.

Proposition 3. Let N c M『, i = 1,2, be factors of type Hi. If 
[Mi : N] = [M2 : N] and this index is an integer then Mi and M2 are 
isomorphic as right N -modules,

PROOF: Let n = [M : TV], {m, : i = and {m： : i =
1,..., n} be Pimsner-Popa basis for Mi and M2 over N respectively. 
Then by [3] any elements m of Mi, mf of M2 have unique represen‘ 
tations as follows;

m = g]miyi, yi E N

m' =니 & N

Define。(乞까凶) = 匕77心仙, then(/> : Mi -스 W is a surjective N 
module homomorphism. If = 0 then by uniqueness yi = 0.
Thus 싸 is a right N module isomorphism.

In ([3] 1.3) M. Pimsner and S. Popa construct the Pimsner-Popa 
basis and give some properties of the pair N C M of factors with 
[M : N] < 00. The converse of ([3] 1.3) will represent [M : N] using 
finite number of elements of M.
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THEOREM 4. Let N C M be factors of type IIi with [MN] < oo, 
Suppose that there exists a Unite set {mji 玄 j 玄n十 i of elements of M 
which satisfy the followings;

a） EN（mJmk） = 0 if j 手 k
b） EXgmJmjj = 1 if 1 <j < n

c） £hv（m：+1mn+i） is a projection of trace t
d） 乞 = 1

then [M : 八『] = 乞 mjm； = n + t and {mi} is the Pimsner-Popa basis.

PROOF: Let Ml be the extension of M by N and Em be the trace 
preserving conditional expectation of onto M. Then =
[M : JV]—l/Af by （[1] 3.4.1）. So we have

1 = Em （乞mte川m；） = g]mim；EM（eN）

thus [M : 川] = 匕 mim；.
Let p =」E》v（m；：+1mn_|_i）. Since tr is a [M : 7\『厂1 trace on M we 

have
tr（pe사 = [M : 川厂邸八쪼） = [M : 7\『厂’t.

So
/r （으〕E凡（m：mi）el） = （n + t）[M : 川厂1.

Now

tr（E]幻（m；mi）ey） = = ir（miejvm 추）,

so that 

1 = tr （乞 miejym, = tr （우드 乃N（mjmi）e]\『） = （n 十 i）[M : 7\『厂\

By the proof of the previous theorem we can see that following 
corollary which represents index and elements of M.

COROLLARY. Let N C M be III factors. If there exists a finite 
subset {mi} of M such that = 1 then [M : N] = 乞까?끼‘ 
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and every elements of M can be written by the form ^miyi for some 
yi G N.

PROOF: By proof of theorem we have [M : N] = 匕m^mj. Let 
m € Af, then by the equation e^xetq = En(x)^n for all x G Af we 
have

meN = 으] miCArm^mejv =

So that by ([3] 1.2) we have

m = mJZ수 (m；mi)=.

REMARK: Let N G M are III factors with [M : N] < oo. Choose 
a projection e in M with tr(e) = [M : 2V]-1 and let P = {e}f(lN then 
P is a Hi factor and M is an extension of N by P. V.F.R Jones said 
this process the downward basic construction ([3] 1.8). Let p be a 
projection in M and let L = {p}' A N then in generally L can not be a 
factor. If L is a factor then we can see easily [2V : £] = tr(p)-1. Here 
we can consider the following problems concerning basic construction 
and index of subfactors.

1. Let N G M are factors of type II\. Fbr which projection e in 
M, is {e}f n 2V a factor and [2V : P] = fr(e)-1, where P = {e}1 n N?

2. Let N G Mi are factors of type 11가 with [Mi : N] = [M2 : N]. 
Does there exist a *-isomorphism 0 : Mi ― M such that。|內 = id//?

3. Let N G Mi are factors of type Hi with [M : N] < [M2 : N]. 
Does there exist a factor P with N C P C M such that [P : N] = 
[M： 川]?

4. Let Ni C M are factors of type III with [M : Ni] = \M : 此]- 

Does there exist an automorphism(/> on M such that 0 maps N\ onto 
川2?

5. Let Ni G M are factors of type I】\ with [M : N\] < [M : TV』- 

Does there exist a factor P with N2 C P C M such that [M : P] = 
[M : M]?
In fact the problems 2, 3 and 4, 5 are dual each other.
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