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A Note on Total Stability

Yoon-Hoe Gu and Hyun Sook Ryu

Abstract. It is well-known that under suitable conditions, 
uniform asymptotic stability implies total stability. We prove 
this theorem of Malkin by using Liapunov-like functions and 
so our proof is a detailed version of Yoshizawa’s proof.

Duboshin(1940) introduced the concept of stability under constantly 

acting perturbations which is called total stability. Total stability 

means that if the perturbation is not too large wd if the system is 

not too far from the origin initially it will remain near the origin.

The problem of total stability treated in many books by Fink [3], 

Lakshmikantham and Leela [5], Yoshizawa [8] et al. Under a mild 

condition Kato [4] proved that for autonomous or periodic systems, if 

a bounded solution is uniformly asymptotic stable, then it is totally 

stable. Athanassov [2] gave sufficient conditions for total stability of 

sets of a general kind for autonomous systems.

Consider the nonautonomous system

(N) xf = /(i, ⑦), x(f0) = 하o, t0 > 0,

where f : J x Bp Rn is continuous, J is an interval containing 

io and Bp = {x E Rn ： ||께 < p,p > 0}. Here || • || denotes the 

Euclidean norm on 2?n. Let x(t) = x(t,to, ⑦o) be a solution of (N) 

through (io,⑦())• Assume that /(i,0) = 0 for all t € <7, so that x = 0 

is a trivial solution of (N) through (to,0).

The trivial solution a: = 0 of (N) is said to be totally stable if for 

every e > 0 and <o G <7, there exist two numbers 6i = 5i(e) > 0 and 

62 = 62(e) > 0 such that for every solution 

of the perturbed system

(P) 究'= /(i,x)+아(t,x),
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where g : J x Bp — Rn is continuous, the inequality

Ik/wG北o,w)ll < 匕

holds for all t >tQ provided that ||j：o|| < @l and ||g『(f,:z:)|| < @2 for all 

||x|| < e and t E J.

One of well-known results about total stability is the following 

Malkin’s theorem:

If /(/, x) in (N) is Lipschitzian in x uniformly with respect to t on 

J and if the trivial solution ⑦ = 0 of (N) is uniformly asymptotically 

stable, then it is totally stable.

Massera [6] proved this result by use of characteristic exponents 

and. Fink [3] proved by using Gronwall’s inequality. Yoshizawa [8] 

used Liapunov-like functions to prove that result.

In this paper we prove the above result using Liapunov-like func­

tions in several steps and so our approach is a detailed computation 

of Yoshizawa’s method.

The definitions of the various stability concepts and the preliminary 

results about the Liapunov functions are presented in [5] and [7].

THEOREM. For the system (N), suppose that / satisfies

\\f(t,x) - f(t,y)\\ < L(t)\\x - y\\

for (t,：r), (t, y) G J x Bp, where L(t) > 0 is continuous on J with

J L(昌) ds < K\u\

for some constant K. Then the trivial solution x = Q of (N) is totally 

stable if it is uniformly asymptotically stable.

PROOF: By [5, Theorem 3.6.9], there exists a continuous function

V : J x —> 2거" with the properties

(i) <z(||찌I) < V(t, x) < 6(||x||) for some strictly monotone increasing 

continuous functions a, b : [0,p) -나 2거’,
(ii) |V(M) —V(M)| < M\\x-y\\ for (t,x), G Jx where 

스(e), &)appear in the definition of uniform asymptotic stability [5] 

and M is a nonnegative constant,
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(iii)

Z)十 V(t,:z:) = lim sup y-\V(t + h^x + hf(t,x)) — 
A—o+ h

으 _c[V('，찌]

for some strictly monotone increasing continuous function c on [0,p).

We show that ||鉛/刀|| < e for all t > to provided that ||鉛()|| < 6丄 and 

||gr(t, rr)|| < 62 for some 伏 = 5i(6)and 62 = ^2(^)-
Let jpco|| < p/2 < e.

Step 1. ||鉛/十功(')|| < e for io < t < io + with h sufficiently small.

Note that since

xf+g(t)= @)+『 f(s,xf+g(sy)ds +「Fxw

we have, for every i G [to 北0 + 이 with h sufficiently small,

(1) lk/+gG)ll 引:지I + / MOIhv+XOMH" 如

Jto

where 77 = sup{||gf(t, :r)|| : t > 0, ||이| < p}. From the Gronwall’s 

inequality, we obtain

l|z/+@K(IM + M)=

This implies that if t 6 go北0 + h] and ||:t〉o|| < p/2 < 6, then 

||:rj•十g(f)|| < p/2 < e for sufficiently small h.

Step 2. — a；y(f)|| < hr)ekh for to 玄 ' 玄 '0 + A with h

sufficiently small : Since

Xf(t) = Xf(t,t0,X0) = X0+
Jto

we have

II 하/+9(0-⑦/(')ll

= / Lf(M7H7(昌)) — /(…/0))]成 + / 오昌)M
\\JtQ Jto
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Thus

lk/+/<) — ^/(*)ll < [ W)lkj+?(昌) 一 후/0)|1 ds + hr} 

JtQ

for fo <to + h with h sufficiently small. Hence, by the Gronwall’s 

inequality we have

⑵ Ih7+g(t) —x/(t)|| < hTje사1.

Step 3. D+V(t,xf^g(t)) < -c(||：z：/4애(')ll) + c[&“1(4)]: we have

(3) V(t + h$Xf^g(t + h)) — V(t + h^x/(t + h))

<M\xf-^g(t + h) — Xf(t + h)\

if \xf(t + h)| < 6(6〒) and \xf^.g(t + h)\ < 6(6q). (3) becomes

V(t 4~ h, x f十g(j; 十 /i)) — V(t 4- h, x f(t 十 7i)) 으 Mh/qc바1

for sufficiently small A, by Step 2. Thus we have

(4) limsup+ h,xf^g(t + h)) - V(i + h,Xf(t + 九))] 으 Mrj.
유—o+ h

Hence

(5) limsup|[V(i + h,xfH(t + h)) — V( W«))]

유—o+ h

<lim sup Y[V(t + h,xf(t + h)) - V(t,:r/4刀(t))]
유—o+ h

1
+ limsup + h,XfM(t + A)) - V(i + h,xf(t + /i))] 

으—o+ h

으一 c(lk/H(에) + 必可

if |x/+g(')| < 6 for i G [to北o + 씨, by the assumption (iii) and the 

formula (4). Thus in (5)

2거“W，：%/')) < —c(||:r/+g(i)||) + M77

玄 —c(lhz：/M(<)||) + Af@z

으一cdi^+x^iD+crvo].

since ||g(f,a:)|| < @z and by putting 62(e) = ]故[b-X(OL
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Step 4. ||：ry•+乃(<)|| < e for all t > to： We prove by contradiction. 

Suppose that there exists a ti > to such that ||鉛/+우('1)|| > Then 

the exists a <2 with io < #2 < ti such that

lk/+^(<2)|| = e and ||xy4.^(t)|| < e for all t G [to,<2)«

Put V(t) = Vq』, ⑦/”('))• Then by (i)

W2) = 甘(*2, ⑦ZH(<2)) > <lk/H(<2)||)

= a(€)> l

if 4 < a(£). Also, by (i)

V(i0) = V(io^o)<&(|ko||)

< 6(6l) = 6(&”1(4)) = b

if we take 5i(e) = 1 匕 Thus there exists a <3 with .io < <3 < '2 such

that

(6) V(t3)= i and V(i) > 6 for all t € (<3,<2》

By the condition (i), we have

씨k/H('3)||) < V(<3,：rpH7(<3)) = V(<3)= I < b(lk/M(<3)||).

This implies that

“(O 으 IkMgWK a-VOce

since b < a(e).

Now, by Step 3, we obtain

P+V(t3) = limsup 취V(i3 + A) — V(<3)] 

九—0+ h

= limsup ^\V(t3 + h,xf^g(t3 + h)) — V(<3, %•"))] 

휴—0+ h

玄 一c(lk/M(<3)||) + 引시으)] 

<-c[6'1(0] + c[&“1(4)]=0.

It follows that V(t) < V(<3)for all t > <3, which contradicts to (6). 

This completes the proof.

REMARK: Athanassov’s example [1, Remark 3] shows,that the con­

verse of Malkin’s theorem does not hold in general. However, he 

proved a partial converse theorem [1, theorem 3.3] to the Malkin’s 

theorem.
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