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Exponential Asymptotic Stability in Perturbed Systems

SunNG Kyu CHo1 AND CHEONG SoNG CHOI

ABSTRACT. In this paper we investigate the problem of ex-
ponential asymptotic stability (EAS) in perturbed nonlinear
systems of the differential system z’/ = f(¢,z). Also, a simple
method for constructing Liapunov functions is used to prove
a kind of Massera type converse theorem.

1. Introduction

In this paper we study exponential asymptotic stability (EAS) of
the following systems of ordinary differential equation:

(N) g = f(t, .’L‘)

and its perturbed systems

(Pl) y’ = f(ta y) + g(ta y),

(P2) y' = f(t,y) +9(t,y,Ty),

(Ps) y' = f(t,y) +9(t,y) + h(t,y),
(P4) y' = f(ta y) + g(t’ y) + h(ta Y, Ty)

The notion of EAS in dynamical systems was introduced by Elaydi
and Farran [4]. They investigated the properties of EAS dynamical
systems on a compact Riemannian manifold, and gave some analytic
criteria for an autonomous differential system and its perturbed sys-
tem to be EAS.

Brauer[2] examined EAS for the trivial solution y = 0 of (P;1) by
means of the variation of constants formula for nonlinear systems due
to Alekseev. o

Pachpatte[6] obtained an asymptotic behavior of (P;) when the
trivial solution of (N) is EAS.
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Athanassov[1] defined the global exponential stability in variation
(GESV) and then showed that the existence of Liapunov function
when the trivial solution of (N) is GESV. His method of proof is an
adaptation of Theorem 3.6.1 in [5].

The purpose of this paper is to investigate the EAS for the triv-
ial solution of (P3) and (P4) and prove the existence of Liapunov
function when the trivial solution of (N) is generalized exponentially
asymptotically stable in variation (GEASV) [5].

2. Preliminaries

Let the symbol | - | denote any convenient norm on the Euclidean
n-space R™ and the corresponding norm for n x n matrices. We shall
mean by C(R", R) the space of continuous functions from R" into R,
with the sup norm. Let us consider the nonlinear differential system

(N) ' = f(t,z), z(to) = 2o,
where f € C(J x R*,R") with f(¢,0) =0 and J = [0,0) containing
to. If we assume that f has continuous partial derivatives 8f/0z on

J x R™ and the solution z(t) = z(t,tp,z¢) of (N) through (o,z¢) €
J x R"™ exists for t > t9 > 0, then

0
¢(t7 tO’ 330) = a;x(t’th 1130)

exists and is the solution of the variational system

0
(V) 2= -é;f(t,m(t,to,wo))z
such that ®(to,to, Zo) is the unit matrix [5].

First, we need the following Alekseev’s nonlinear variation of con-
stants formula for the perturbed nonlinear system

(P1) y' = f(t,y) + g(t,y)

where g € C(J x R™, R™).
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~-LEMMA 2.1 [5, Theorem 2.6.3]. If 0f/0z exists and is continuous
on J x R", then any solution y(t,to,zo) of (P1) with y(to) = zo
satisfies the integral equation

t
y(ta thxﬂ) = .’E(t, to,.’l?o) + / @(t,s,y(s,to,wo))g(s, y(s,tha:O)) ds
to
for t > to > 0 provided the solution z(t,to,zo) of (N) exists for
t> 10 >0.

LEMMA 2.2 [5, Theorem 2.6.4]. Let 0f/0z exist and be continuous
on J X R™. Assume that z(t,to, o) and z(t,to,yo) are the solutions of
(N) through (to,z0) and (to,yo), respectively, existing for t > to > 0,
such that z,, yo belong to a convex subset of R®. Then fort >ty > 0,

1
z(t,t0,y0) — (¢, 20, 70) = [/ ®(2, 0, 2o + (Yo — 20)) dz| - (Yo — Zo)-
0 .

LEMMA 2.3 [1, Lemma 2.1]. Let D be a convex subset of R", let
To, Yo € D, and let t be such that z(t,ty,zy), (¢,%0,y0) € D. Then

|$(t,to,$0) - x(t,toy yO)l S |.'l,'0 - y0| Sgg |(I)(t7t0’ 77)|
n

We recall some notions of stability.

DEFINITION 2.4: The trivial solution z = 0 of (N) is said to be
(i) ezponentially asymptotically stable (EAS) if there exist constants
K > 0, ¢ > 0 such that

|z(t,t0, zo)| < K|zo|ec(t ")
for t > ¢ty > 0 and |zo| < oo.
(ii) ezponentially asymptotically stable in variation (EASV) if there
exist constants K > 0, ¢ > 0 such that

IQ(t, to, x0| _<__ Ke_c(tﬁto)

for t > ¢ty > 0 and |zo| < oo,
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(iii) generalized ezponentially asymptotically stable in variation

(GEASYV) if
|®(¢, 0, 20)| < K(to)er i) =2

fort > to > 0 and |zo| < 0o, where K(t) > 0 is continuous on J, p € &
for t € J, and p(t) — oo as t — co. Here p € k means p € C(J,RY),
p(0) = 0, and p(t) is strictly increasing in t € J.

Note that (iii) becomes (ii) when K(t) = K > 0 and p(t) = o,
a>0. .

3. Main results

Brauer (2, Theorem 2] examined EAS for the trivial solution of (P1)
and obtained EAS for the trivial solution of

(P2) y' = f(t,y) +g(t,y) + h(t,y),

where h € C(J x R™,R™) with h(t,0) = 0, as a corollary of his
Theorem 2. We obtain an asymptotic behavior of solutions of (P2).

THEOREM 1. For the system (P;), we assume the following condi-
tions:

(i) lg(t,y)|l = o(lyl) as |y| — O uniformly in t,
(i1) there exists an a@ > 0 such that |z| < a and t € J imply
|h(t,z)| < 7(t), where v € C(J, R) with fooo () dt < 0.
If the trivial solution ¢ = 0 of (N) is EAS, then there exist Ty > 0
and 6 > 0 such that to > Ty and |zo| < é imply every solution y(t) of
(P2) tends to zero ast — oo. '

PROOF: By the assumption |®(t,ty,zo)| < Ke™c(t—t) for some
K>0andc¢>0. Wechoose T >1and é <e. Let Ty > T be so
large that t > T implies

/1 exp[—(c — Ke)(t — s)|y(s)ds < 5(% = 6.

This is possible by the fact

t—o0

t
lim e_“/ e“*y(s)ds =0
1
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[5, Theorem 2.14.6].
Let to > Ty and |yp| < % = §; < 6. Then, by Lemma, 2.1, we have

()| < 12(2, 20, o)l lyo| + t |®(¢, 5,5(s)l lg(s, y(s)) + h(s,y(s))| ds

t
< Klyole=o=1) 4 / Kem =) {ely(s)| + (s)] ds.

to

Thus v
ly(t)|et < Klyol exp(cto) exp[Ke(t — to)]

+/ Ke®y(s)exp[Ke(t — s)]ds

to
by the Gronwall’s inequality. In other words, we have

t

ly(t)| < Ké, exp[—(c—Ka)(t—to)]+K/ exp[—(c—Ke)(t—s)]y(s) ds.

to

This inequality yields

t ' '
ly(t)] < Ké; + K/ exp[—(c — Ke(t — s)]vy(s) ds
1
, )
< Ké + -2' <.

i.e., |y(t)| < € holds on [tg, 00). This implies that the above inequality
is true for ¢t > t. Hence y(t) — 0 as t — oo.

Now, we consider the perturbed system

(P3) y' = f(t,y) + g(t,y) + h(t,y, Tt),

where h € C(J x R*,R™) and T : R" — R™ is a continuous operator.
Pachpatte [6, Theorem 2] obtained an asymptotic behavior of the
system

Y =f(ty) +9(ty, Ty).

As an adaptation of this, an asymptotic behavior of (P3) is obtained.
To do this we need an integral inequality which is a generalization of
Pachpatte’s inequality.
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LEMMA 2. If u(t), a(t), b(t) and c(t) are nonnegative continuous
functions on [0,00) with the property that

to

u(t) <wup + [: u(s)ds + /t a(s)u(s)ds + /t: b(s) t: o(r)u(r)dr ds,

where uq is a nonnegative constant, then

u(t) < uo exp{/: [1 +a(s) + b(s) /tt c(T)dT] ds}.

PROOF: Let
to

U(t)=uo + /; u(s)ds + /t a(s)u(s)ds + /; b(s) /: c(T)u(7) dr ds.

Then u(t) < U(t) and

U'(t) = u(t) + a(t)u(t) + b(t)/t c(s)q(s) ds
< U() + a®)U(t) + b(2) /t o(s)U(s)ds
<U(®) [1 + a(t) + b(t) tc(s) ds] .

Consequently we have

t 8
u(t) S U(t) L upexp {/ [1 + a(s) + b(s)/ () d'r] ds} .
to to
THEOREM 3. For the system (P3), assume that
(1) 9(t,y) = o(|yl) as |y| — 0 uniformly in ¢,
(i) 1h(t,y, Ty)| < A [lol + e ) w(s)lu(s)] ds], where A €
C(J,R), [° M(t)dt < oo and ¢; > 0.
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Then every solution y(t) approaches to zero as t — oo whenever

z =0 of (N) is EAS.
PROOF: Since
t
y(t,to,y0) = z(t, o, o)+ | B(¢,5,9(3))g(t, y(s))+h(t, y(s), Ty(s)] ds
to

we have
ly(t)| < Kilyole=e1(t=%)

t
+ / Kye==|g(t,y(s)) + h(t, y(s), Ty(s)| ds
to

t
< Kalyole™:0) 4 ey [ o6 9y(o)| d

to

+ [ Cemat-0)(a) {in+ e [ urrlar} as.

to to

Then

t
u(t) =ly(t)|e* < Kilyole*™ +6K1/ e’ |y(s)| ds

to

t
+ Ky ] €1 X(s)[y(s)| ds
to

t
‘K / AGs) [ u(r)esTly(r)) dr ds
to

to

=K u(0) + ¢K; /t u(s)ds + K; /: A(s)u(s)ds

to

+ K, /; A(s) /: p(7T)u(t) dr ds.

0

In view of Lemma 2, we have

u(t) < Kuo exp { /t t [aKl + Ki\(s) + KiX(s) /t u(r) d‘r] ds} .
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This implies that

|u(t) <Kilyo|exp[—ci(t — to)] X

exp { /t t [61{1 + K1 M(s) + K1 A\(s) /t u(r) dr] ds} .

Therefore the right-hand side of this inequality approaches to zero if
K and |yo| are small enough.

Corresponding to the function V € C(RT x R™, R) we define the
total derivative V' with respect to (N) by

Vit ) = limsup L[V (¢ + b,z + hf(t,)) - V(t,2)
h—0+

and if z(t) is a solution of (N) we denote by V'(t,z(t)) the upper
right-hand Dini derivative of V (¢, z(t)), i.e.,

V'(t,2(t)) = limsup %[V(t +h,z(t + b)) - V(t, ).

It is well-known that V(\y(t,2) = V'(¢,2(t)) if V is Lipschitzian with
respect to z. '

Athanassov [1] proved Massera type converse theorem for the kind
of EASV by constructing a suitable Liapunov function. We prove a
converse theorem for GEASV. The technique and results are similar
to those in [1] and [5].

THEOREM 4. Assume that z = 0 of (N) is GEASV. If p'(t) exists
and is continuous on R*, then there exists a function V € C(Rt x
R", R) satisfying

(i) |z| £ V(t,z) < K(t)|z| for all (¢,z) € Rt x R",
(i) [V(t,z)=V(t,y)| < K(t)|lz —yl for all (t,2), (t,y) € R* xR,
(iii) Vin)(t,z) < —p'()V(t,2) for all (t,z) € R* x R™.

PROOF: We define

V(t,z) = sup |z(t + 7, t,z)[ePH =P,
20
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By Lemma 2.2 and the assumption, we have

1
12 (t, o, 20)| < |20 / 1B(2, to, s20)| ds
0

< |$0l}’{(t0)el’(t0)-?(t)_
(i)-
lz| = |2(t,t,2)| < sup |z(t + 7, t,2)|e?FT PO = V(¢ 1)
>0
< K(t)|z|

for all (¢,z) € Rt x R™.

(ii). In view of Lemma 2.3, we have

V(t,2) = V(t,y)] < lo —y| sup |8(t,t0,n)[e?+7 72
n€R"
< K(t)le -yl

for all (t,z), (t,y) € Rt x R". Thus V(t,z) is Lipschitzian in z of
K(t).

From (i) and the uniqueness of solutions of (N), it follows that
V(t,z) is defined on Rt x R™. We must prove that V(¢,z) is contin-
uous.

Let 6 > 0 and (¢, ), (t,y) € R* x R". Then

V(E+6,y)—V(t,z)| S[V(E+6,y) - V(i +6,z)
+|V(E+6,2)-V(t+6,2(t+ 8,t,z))|
+|V(t+6,z(t + 6,t,2)) — V(¢ z)|

The first two terms on the right-hand side are small when |y—z| and é
are small because V (¢, z) is Lipschitzian in z for K(t) and z(t+6,t, z)
is continuous in 6.

Let us consider the third term. Since

c(t+6+7,t+6,z(t+6,t,z))=z(t+6+7,t,2),
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we have
V(t+6,z(t+6,tz)) - V(tz)|
=|sup |z(t + 7,t,z)|ePtHT)—P(t+9)
T>6
— sup |z(t + 7,t,z)|ePETT (D)
>0
=la(é) — a(0)},
where

a(6) = sup |z(t + 7, t, ¢ )|eP T PHE),
T>6

Since |z(t + T,t,z)|eP(*+V=P(!) is bounded continuous for all 7 > 0
and so the nondecreasing function a(6) tends to a(0) as § — 0. Hence
the continuity of V (¢, z) follows.

(ii).
1
V('N)(t’ .’L‘) hmsup 5 [sup |x(t +7— t x)lep(t+r)_p(t+h)
—sup |z(t + 7,t, a:)|el’(t+f)—p(t)
720

1
<11)1:n %&P'ﬁ [sup |z(t + 7, x)|eP(t+T)‘P(‘){eP(‘)—p(t+h) 1}

-p'())V(¢, z).

This completes the proof.
Finally, we can obtain the GEASV for (P;) when z = 0 of (N) is
GEASYV by using the following two basic comparison lemmas.

LEMMA 5. Assume that V € C(R* x R", R) is Lipschitzian in z
with Lipschitz constant L. If z(s) and y(s) are differential functions
defined for s > t with z(t) = y(t) = z, then

VIt y(1) < V'(t,2(t) + LIy'(t) — 2'(2)].
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PROOF:
V/(t,(t) Slimsup £V (E-+ ha(t + 1) = V(t,u(0)

+umsup%[va+ hyy(t,h)) — V(¢ + hya(t + B))]

h—0t

<timsup %[V(t + hyz(t + b)) — V(t,2(2))]

+ lim sup lLly(t + h) — z(t + h)|.
h—o+ h

LEMMA 6 (Conti, [1, Lemma 3.1]). Let z(t) = z(t,t0,20) be a
solution of (N) existing for t > t,. Suppose V € C(R* x R", R),
V(t,z) is Lipschitzian in x and V'(t,z) satisfies for all (t,z) € R* x
R,

V'(t,z) < w(t, V(¢ 2)),

where w € C(R*Y x R,R). Let r(t) = r(t,to,uo) be the maximal
solution of the scalar differential equation

u' = w(t,u), u(to)=1uo 20
existing for t > to. Then, for t > t,,
V(t,z(t)) < r(t),

whenever V(tg,zo) < up.

THEOREM 7. Let z = 0 of (N) be GEASV. Assume that in (P1)
the perturbing term g(t,y) satisfies

lgt,y)| < (t,lyl), t21t >0, |yl < oo,

where ¢ € C(RY x R*,R") is increasing in = for t € RY. If the
maximal solution of the scalar differential equation

(S) u' = [-p'(t) + MK (t)u,  u(to) = uo 20,
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where p(t) and K(t) are the functions from the definition of GEASYV,
is GEASV, then every solution of (P1) is GEASV.

PRrROOF: By the assumption, we have
lz(t)] < K(t)ePt)P() ¢t >4 >0, |zo| < o0

for some continuous function K(t) > 0 and p(t) € & with p(t) —» oo
as t — 0o. Then, by Lemma 5,

Vipy(t, 2) < Viny(t,2) + K(t)lg(t, z)|
< =P’V (t z) + K(t)e(t, |2|)
< —P()K(t)|z| + K(t)e(t, |2])

forall t > t; > 0 and |z| < 0.

Let r(t) = r(t,t0,uo) be the maximal solution of (S) existing for
t >t > 0 with |ug| < K(t)|yol, |yo| < oo. Let y(t) be any solution
(P1) existing for t > tg > 0. Then V(tg,y0) < K()|yo| < uo. In view
of Lemma 6, we have V(t,y) < r(t). Thus we have

ly(t)] S V(t,y) < r(d).

Therefore the result follows from the assumption that r(t) is GEASV.
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