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On the Radon-Nikodym Derivative
of a Measure Taking Values in a Dual Banach Space

JAE MYUNG PARK

ABSTRACT. In this paper, we give the Radon-Nikodym deriva-
tive of a measure taking values in a dual Banach space.

Let X be a Banach space with dual X* and (2, %, 1) a finite mea-
sure space. If f: 2 — X* is bounded and weakly measurable, then it
can easily be shown that for every E € I, there exists 2} € X* such
that for every z € X,

ob(a)= [ 4o fdn

and for every E € I, there exists 3™ € X*** such that for every
m** E X**,

=g (z*™) = /};:1:** o fdu.

‘The element 7} is called the weak* integral of f over E, denoted
by (w*) — [g fdu, and z3™* is called the Dunford integral of f over
E, denoted by (D) — [ f dp.

In the case that (D) — [ f du € X* for each E € I, then f is called
Pettis integrable and we write (P) — [ f d instead of (D) — [ f du
to denote the Pettis integral of f over E.

For a subset A of X*, we denote the weak* closed convex hull of A
in X* by @* (A).

We are now able to prove the mean value theorem for the weak*
integral.
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LEMMA 1. Let f : 2 — X* be weak* integrable with respect to p.
Then for each E € ¥ with u(E) > 0,

5 (@)= [1n) em @),

PROOF: Suppose there is a set E € ¥ of positive y-measure such

that —d= ((w*) — [5 fdu) ¢ @ (f(E)).
By the Hahn-Banach theorem and the fact that (X*, weak*)* = X,
we can select ¢ € X and real a such that

L%/;iofdy<a§§:of(w)

for all w € E. Integrating over E yields

/:iofdu<au(E)§/a“cofdu,
E E

a contradiction. This completes the proof.

The following theorem was proved by Bator in [1].

THEOREM 2. [1]. Let X be a Banach space and (2, %, u) a finite
measure space. Suppose f :  — X* is bounded and weakly measur-
able. Then f is Pettis integrable if and only if for every z** € X**,
there exists a bounded sequence (z,) in X such that both of the
following hold;

(1) &, o f converges a.e. to z** o f, and

(2) &n ((w*) = [5 fdu) converges to z** ((w*) — [ f du) for ev-
ery E € ¥.

We get the following theorem from Lemma 1 and Theorem 2.

It gives the necessary conditions on the range of a dual Banach
space valued function that will guarantee that function to be Pettis
integrable.

THEOREM 3. Let X be a Banach space and (2, L, 1) a finite mea-
sure space. Suppose f : £ — X* is bounded and weakly measur-
able. Then f is Pettis integrable if for every z** € X**, there exist a
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bounded sequence (z,) in X and a measurable set A of measure zero

such that
(1) &, o f converges to z** o f on Q2 — A, and

(2) f(2 — A) is weak™ closed and convex.

PROOF: For z** € X**, let (z,) be a bounded sequence in X
and A be a null set that satisfy the conditions (1) and (2). By
Theorem 2, it suffices to show that £, ((w*) — [5 f du) converges to
z** ((w*) — [ f dp) for every E € .

If 4(E) = 0, then (w*) — [ fdu = 0 and the convergence holds
trivially. :

Let E be a measurable set of positive measure. With the help of
Lemma 1, we have

ey (= [ 1) = sy (0= [ 1)

€ @" f(E - A) Co™ f( - A).
By the condition (2), we have
@Y f( - A) = f(2 - 4)

and
1

55 ()= [ 1) e ro- )
By the condition (1), #, ((w*) — [ f dp) converges to

(W)_ / fd“)_

LEMMA 4. Let f : @ —» X*, (Q,%, ) a finite measure space and
v: Y — X* a u-continuous vector measure.
Then the set

H::{xeX::EofeLl(u)and:i:ou(A):/iofdyforAEE}
A
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is weak* sequentially closed in the subspace X of X**.
PROOF: From the definition of H, it follows that

(1) / 10 fldu < ||#]| [v]|(A) for A€ T and s € H,
A

where ||v|| denotes the semivariation of v.

Suppose that {z,} is a sequence in H such that Z,(z*) — &(z*)
for z* € X*. By the Uniform Boundedness Theorem, sup{||Z.|| : n =
1,2,...} < co. Hence, by (1) and the p-continuity of ||v|| “(EI)ILO J4|En0

~ fldp = 0 uniformly in n € N. Since £, 0 f — Z o f on (, it follows
from Vitali’s convergence theorem that & o f € L1(p) and

/:iofdp:lim/ Epo0 fdp=limg, ov(A)=Fov(A)
A " Ja "

for A € £. This yields z € H.

The next corollary now follows quickly in the same manner as the
proof of Lemma 4.

COROLLARY 5. Let f: Q — X* (Q,%, u) a finite measure space
andv : ¥ — X* a u-continuous vector measure.
Then tle set

K = {:1;** e X*™: $**Of & L](/L)

and
m"’*ou(A):/:c**ofduforAEE}
A

is weak® sequentially closed.

With the help of Lemma 4, we get the weak® integrable Radon-
Nikodym derivative of a measure v : ¥ — X*.

THEOREM 6. Suppose f : @ — X* is such that £ o f € Ly(u) for
all z € M where M is a weak* sequentially dense subset of X, and
v:YX — X* is a vector measure with

:?:ou(A)=/§:ofdp for Ac L andr € M.
A



RADON-NKIODYM DERIVATIVE 67

Then f is weak* integrable and v(A) = (w*) — [, fdu for A€ X.

PROOF: Since #ov(A) = [, Zofduforz € Mand A € T, Fov < p
for all z € M. Since M is a weak™ sequentially dense subset of X,
Zov L pfor all z € X, and hence v € p. By Lemma 4, M is weak*
sequentially closed and so M = X. Hence we have that

:i:ou(A):/f:ofdu for every z € X. .
A

This implies that f is weak* integrable and v(A) = (w*)— [, f du for
Ael.

With the help of Corollary 5, the next corollary follows in the same
manner as the proof of Theorem 6.

COROLLARY 7. Suppose f : @ — X* is such that z** o f € L1(p)
for all z** € M where M is a weak* sequentially dense subset of X**,
and v : ¥ — X* is a vector measure with

a:*"‘ou(A):/a:**ofdu for A€ ¥ and z** € M.
A

Then f is Pettis integrable and v(A) = (P) — [, fdu for A€ X.
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