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Second Order Derivations on (7n[0,1]

Dal-won Park

ABSTRACT. Let Df : Cn[0,1] —► M be a second order deriva­
tion from the Banach algebra of n times continuously differen­
tiable functions on [0,1] into a Banach Cn[0, l]-module M and 
let D be the primitive of D1. If D1 is continuous and 刀'(之) lies 
in the 1-differential subspace, then it is completely determined 
by D{z) and P'(之) where z(t) = 0 < t < 1.

1. Introduction
Let Cn(I), I = [0,1] denote the algebra of all complex valued func­

tions on I which have n continuous derivatives. It is well known that 

Cn(I) is a Banach algebra under the norm

에"=꼐 則 

k=0

whose structure space is I. A Banach Cn(I)-module is a Banach space 

M together with a continuous homomorphism p : Cn(l) ——> B(M). 

A derivation, or a module derivation of Cn(I) into M is a linear map 

D : Cn(!} ——> M which satisfies the identity

D(fg) = p(f)D(g) + p(g)D(f),f,geC"(!).

The continuity ideal for a derivation D : Cn(I) ——> M is

2(D) = {f E Cn(I) | p(f)D(y)is continuous}.

We use the notation

MnM = If e C"GO I f(j)W = o；j = o, 1,..., 쏴.
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The?e are precisely the closed ideals of finite codimension contained in 

the maximal ideal Mn,o(<o) of functions vanishing at to. In 1974 Bade 

and Curtis [1] proved that there exists a finite set F = {Ai, A2, • • •, Am} 

in I such that

「1호iMi,n(수) C %D) C n꼬！Mn,o(사).

The hull F of 3(D) is called the singularity set for D. If D : (7n(/) —> 

Af is a derivation, we have

刀6>(之)) = P(p'(2))刀(2：),P € P,

where P is the dense subalgebra of polynomials in 之. If Z) is con­

tinuous, it is completely determined by this formula. Thus a con­

tinuous derivation D is uniquely determined by the vector D(z)[2]. 

We need to define the notion of the ^-differential subspace of a Ba­

nach (7n(I)-module, a concept first introduced by Kantorovitz who 

named it usemisimplicity manifold” [3, 4]. Let M be a Banach Cn(I)- 

module. The ^-differential subspace is the Wk of all vectors m such 
that the map p ——> P(p')m is continuous on P for the Cn—허"1 (I) 

norm. We quote the following results from [5]. If P(之) 6 Wi, then 

D = E + F where E is continuous and F is a singular derivation (i.e 

F(z) = 0).

THEOREM 1.1. p ——> />(?(*))m is continuous for the Cn(I) norm 

on P if and only if p —> p(p(+『))m is continuous for the (7서너(1) 

norm on P, (i,j = 0,1,2, … ).

THEOREM 1.2. Let M be a Cn(I)-module with k-differential sub­

space Wk- Form G Wk (0 < A: < n), we define |||m|||k = sup{||p(p)m|| | 

||p||n—< 1}. Then

(1) ||m|| < |||m|||0 < |||m|||i < < |||m|h，forme Wk,

(2) Wk is a Banach space under the norm ||| • |||胃,

(3) Wk is a Cn(I)-inodule and there exists a unique continuous 

homomorphism

7k : — B(Wk)

such that 7Jt(p)m = p(p)m, m G Wk, p E P,

(4) IfS € B(Wk) and Sp(z) = p(z)S on Wif for some i (0 < i < k), 
then SWk C Wk and ||js|||k < ||이|, where |||이||k is norm of S 

in B(Wk).
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DEFINITION 1.3: Let S is a linear map of Cn(I) into the Banach 

space M. S is separable if there are maps

$1 : C"(I) — [0,oo) and $2 : C"(I) — [0, oo)

such that

||S(/g)|| < 허(/)①2(g)

for every f,g & Cn(I).

Theorem 1.4. (cf. [6, Lemma 1.1]) Let S : Cn(I) ——> M is 

a separable, let X\ C Cn(I) be a closed subspace on which S is 

continuous and suppose {/n}, {gn} C Cn(I) are sequence such that 

fngn € Xi whenever n / m. Then there is a constant C > 0 such 

that

|pS(/n오n)|| 으 에/n|| ||如||*

2. Second order derivations
DEFINITION 2.1: Let M be a Banach Cn(I)-module. A linear map 

Z)' : Cn(I) ——► Af is a second order derivation if there exists a deriva­

tion D : C"(I) — M such that P(Cn(I)) C 0 and

I기 (fg) =P(f)iy(g) + ji(ffr)D(ff)

+ + p(g)Df(f), f,g € C"(Z),

where 71 : Cn-1(I) —느 B(Wi) is a unique continuous homomorphism 

such that 7i(p)m = p(p)m, m € Wi. We call D primitive of D1.

THEOREM 2.2. Let D1 : Cn(J) ―수 M be a second order derivation. 

Then its primitive is unique.

PROOF: Suppose

7iCf')2>i(g) + 71 ⑴')刀1(/) = 71(/')刀2(9)+ 71(功')刀 2(/),

for /, 우 G Cn(I). Then 刀1(之) = 刀2(2丄 Since

71Cf )Px(z) + PiCf) = 71 Cf') 刀 2(2) + 刀2(/)

刀 i(f) = 刀 2(/),/GC"(I).

DEFINITION 2.3: Let Df : Cn(I) ——> Af be a second order deriva­

tion. The continuity ideal of D1 is defined as

SX(Z>') = {/ € Cn(I) I p(f )£)'(•) is continuous on Cn(/)}.
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THEOREM 2.4. If Dr : Cn(I) ——> M is a continuous second order 

derivation with primitive D, then D그 Cn(I)-- > M is continuous.

PROOF: If fn ——> 0 in Cn(I), then

zfn —> 0 in Cn(J).

I기(2fn) = X')P'(fn) + 71(f；) 刀 (') + Wn)

+ p(fn)D'(z) ——> 0, as n ——> cx>.

Since f； — 0 in Cn-x(I), D(fn) — 0.

COROLLARY 2.5. Let Df : (7n(I) ——> M be a second order deriva­

tion with primitive D. Then

結(!>') C 安(D).

COROLLARY 2.6. Let Dr : Cn(丁) -——> M be a second order deriva­

tion with primitive D. Then hull(安(」D)) C hull(安(Z)')).

LEMMA 2.7. If D : Cn(I) ——> M is a second order derivation with 

primitive D, then

刀'(P)= P(P')刀'⑵ + 71(?")刀(之), P^p-

PROOF: Df(z2) = p(2z)Df(z} + 2Z)(z). Suppose

D'(,") = p{nzn^D\z} + 7i(n(n — l)z—2)P(z),

for some n. Then

P'(z"+i) = P'(zz")

= p(z)P'(z") + £>(z") 十 p(nz—이刀⑵ 十 /心")P'(2)

= p((n + 1)之")1>'(2：) + 7i ((n + l)n^n-1)D(z).
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THEOREM 2.8. Let D1 : Cn(I) ——> M be a continuous second 

order derivation with primitive D. If D'(z) G Wi, then D(z) G W2 

and

刀'(/) = Mf')刀'⑵ + Mf')刀⑵, f e C"(i).

PROOF: Since D'(p) = p(p')P'(之) + 7i(p")P(^), p G P,

P -—허 P(P')刀'⑵

is continuous in Cn(I). So p ——> 7i(p")Z)(/) is continuous in Cn(I). 

By Theorem 1.1,

P(z) G W2.

If pk ——> f in Cn(I), pk € P, then pfk ——> ff in Cn”1(I) and ―> 

f” in Cn“2(Z). By Theorem 1.2, there exists a unique continuous 

homomorphism

p(p)m = 7i(p)m = 72(p)m, m G

Hence

p'Cf)=』뜨。刀'(邵)= Mr)刀'⑵+MT) 刀⑵.

COROLLARY 2.9. Let Df : Cn(I) ——> M be a continuous second 

order derivation with primitive D. If D(z) E W2, then D\z) G W\.

3. The structure of second order derivations
A nontrivial second order derivation Dr : Cn(J) ——> M will be 

called singular if D vanishes on P (equivalently Df(z) = 0).

THEOREM 3.1. Let Df : Cn(I) ——> M be a second order derivation. 

If D'⑵ € Wi and D(z) G W2, then

D1 = E1 + F1

where Ef is continuous and Ff is a singular second order derivation.

Proof： We define Ef(f) = 7i(/')P'(z) + 72(/")刀(z), / € C"(I). 

Since D(z) G

D = E + F
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where E is continuous and F is singular. By Theorem 1.2, for f,gE 

Cn(I),

E\fg) = 7i(f 幻 + 가⑵ + 72(/牧 + 2/幻' + fg,f)D(z)

= 7iCf')7i(flO 刀'(之) + 7i(/)7i(fl『') 刀'(之) + 72(/")72(少刀(之)

+ 72(/)7(우")刀(之) + 272(/')72(오)刀(之)

= 71(少{71(/')刀'(흐) + 72(/")刀心)}

+ 71(/){71(/)刀'⑵ + 72(/') 刀⑵ } + 71(으') M/) + 7i(f)E(g) 

= p(f)Ef(g) + 71(f)E(g) + 7i(^W) + MW).

So E' : Cn(I) —> M is a continuous second order derivation with 

primitive E. Then 2기 = Z?' — E1 is singular.

THEOREM 3.2. Let Df : Cn(I) ——> M is a second order derivation 

with primitive D. If D1 = E1 + F1 where Ef is continuous^ Fl is 

singular and Z)'(之) € %, then D(z) G

Proof： By Theorem 2.8, E'(f) = 7i(f')E'O) + 72(/")乃(之), f e 

Cn(I) where E : Cn(I) ——> M is a continuous derivation such that

財 (fff) = P(f)E\9)+ 7i(f')E(g) + 71(/) 乃 (/) + P(9)꾀(/)•

Since Er(z) G Wi, p ——> 72(p")乃(之) is continuous in (7n(I). By 

Theorem 1.1,

E(z) 6 W2.

Since D'(z2) = p(2z)Df(z) + 2刀(之) = p(2z)E'(z) + 2E(z),

D(z) = E(z)eW2.

4. The continuity ideals and ranges of second order deriva­
tions

THEOREM 4.1. Let D1 : Cn(J) ——► M be a continuous second 

order derivation with primitive D. If Z)'(z),D(之) 6 Wk, for some k, 

1 < k <n, then

刀'(f)eM, f g Cn(l).
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PROOF: Since D1 is continuous and Z)'(z) G A = 1,2,... ,n,

D'(f) = 71(/')刀'(z) + 72(/")W0, f e C"(I).

By Theorem 1.2,

7iCf')D'(z),72(r)P⑵ eM.

LEMMA 4.2. Let D1 : Cn(J) ——> M be a second order derivation 

with primitive D. Then D1 is separable.

Proof：

\mfg)\\ = llpCf)P'(g) + 7iCf) 刀 (g) + 7i(g')P(/) + 內)刀'(/)11

< IIpII LflkP'(g)ll +끼M ILfllnPMI

+ 께 7111 에n||P(f)|| + ||p||||g||n||P'(f)||.

Hence

IIP'CMI < C(|Lf||n 十 ||DCf)|| 十 ||P'Cf)||)(||9||„ + ||P(g)|| 十 p'(g)ll)

where C = max{||p||,n||7i||}.

THEOREM 4.3. Let D1 : Cn(I) ——> M be a discontinuous second 

order derivation with primitive D. Then there exists a finite set F = 

{Ai, A2,• • •, Am} in I such that

PI各Mn,n(서) C 安(P').

PROOF: Suppose F =hull(S)(Z)')) is not finite. Then it is possible 

to select a sequence of points {A,} C F such that no Ai is a cluster 

point of F. Also, we may select open disjoint sets Ui and Vi such that 

Xi E Vi C V^~ C l&, i = 1,2,... We can choose fi 6 Cn(I) such that 

fi(Xi) = 1 on VJ and / = 0 on Uf. So ff 오 分(27'). We may select 

unit vectors gn G Cn(I) such that

n||/n||2 < ||P'(/^n)||.

Since fnfm9m = 0 for n 斗 m this contradicts Theorem 1.4. Hence F 

is a finite set.
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