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1.Introduction

The purpose of this note is to sketch how a Radon-Nikodym derivative of the product
measure is represented.

To prove the main result, we will introduce some definitions and theorems. Notations and
definitions used in this note are collected in [1], [2] and [3].

Theorem 1.1 (Radon-Nikodym theorem). Let (X,S) be a measurable space and let p
and v be finite measures on (X,S). If v is absolutely continuvous with respect to p, then
there is an S-measurable function g : X — [0,00) such that v(E) = fE gdp holds for each
E S

The function g is unigue up to p-almost everywhere equality.

In the Theorem 1.1 an S-measurable function g on X that satisfies (&) = [ gdp for
each F in § is called the Radon-Nikodym derivative of v with respect to %, which is denoted
by g—i’—‘.

We now consider the product measure.

Definition 1.2: If (X,,5), #1) and (X3, Sa, 12) are finite measure spaces, then the set
function A, defined for every set £ in S; x S, by

ME) = [ a(Be)dis(a) = [ o Ber)dus(en),
is a finite measure with the property that, for every measurable rectangle 4; x A,,
/\(A1 X Ag) = /‘I(Al) . [12(1‘12)
The measure A is called the product of the given measure p; and py, and is denoted by
A= py X pa;
the measure space (X x X3,S1 X Sa, 11 X po) is called the Cartesian product of the given
measure spaces.

Proceeding by mathematical induction we can define the Cartesian product of finite mea-
sure spaces (X;, Si, ), ¢ = 1,2,...,n, there is one and only one measure g (denoted by
M1 X p2 X oo X pa) on S x - x S such that p(4; x Ay x ... Ay) = []i, pi(Ai) for every
measurable rectangle A; x Aa X .- X A,,.

The classical product measure theorem in [3] extends as follows;
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Theorem 1.3. For each i = 1,2,..., let (X;,S;, p;) be an arbitrary probability space.
Let X = x2,8;, § = x§2,8;. There is a unique probability measure p on S such that
pf{X €S : X1 € Ar,...,Xn € An} = [[ic, pi(4i) for alln = 1,2,... and all A; € §;,
i=12,...

We call p the product of the p;, and write p = [[jo, pi.
2. Main result

Now we need the following lemma,

Lemma 2.1. Let (X1,5:) and (X2,52) be measurable spaces, let py and vy be finite
measures on (X1,51), and let py and vy be finite measures on (X3, S2), if v1 is absolutely
continuous with respect to p; and v, is absolutely continous with respect to pq, then vy X vy
is absolutely continuous with respect to pt; % ps.

Proof: If (11 x 12)(A1 x A2) = 0 for any measurable set 4; x A2 € 51 x S3, then
p1(A1) = 0 or vo(Ag) = 0 for A; € S; and A3 € S3. Hence p1(41) = 0 or pa(A42) =0,

(#1 % p2)(A1 X A2) = p1 (A1) - p2(42) = 0

Therefore v, x v, absolutely continous with respect to uy x ps.

We write v << p if v is absolutely continous with respect to u.

Theorem 2.2. Let (X;,S;) be measurable spaces, let p; and v; be finite measures on
(X:i,Si) where i = 1,2,...,n. If vy << py,v2 << g, ..., Un << pin, then

Vy XV X - XUy << iy X fig X 00 X fiy.

Proof: Clear from the Lemma 2.1.
Now we will show how a Radon-Nikodym derivative of the n-dimensional product measure
is represented.

Theorem 2.3. Let (X;,S;) be measurable spaces, let p; and v; be finite measures on
(X, 8) and vy << py, 1=1,2,...,n.

Then a Radon-Nikodym derivative of the product measure v = vy X vy X -+ X U, with
respect to p = py X pp X -+ X pn is represented by

dlvy X vy X - X vp)  dyy dyg duy
d(py X pra X -+ X pa)  dpy dpy T dpn’
Proof: Since gy X pgg X -+« X g, and vy X vp X -+ X v, are finite measures on

(X1 xXox - x X5, 51 x82%x % 5p)

and vy X vy X+ X, << 11 X f1a X -+ X g1, By the Radon-Nikodym theorem on a product
measure space, there is an S; x S; X -+ - X Sp-measurable function G : Xy X Xa x -+ x X, —
[0, 00) such that

(1/1xuzx---xu,,)(./hxAzx---xA,,)z/ Gd(py X pa X -+ % )

Ay XAgX - XAn
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for 4;€85;,i=1,2,...,n.
On the other hand, since v; << p; for each i, there is a unique S-measurable function g;
such that 1;(4;) = an gidp, for A; € S;,i=1,2,...,n. Hence

(V1 X vy X+ X U,-,)(Al X Az X e X An) = VL(AJ_)Ug(Az) P Un(An)

=/ gldﬂlj 920'#2'“/ gndiin
A, Ag A

=/ Gd(py X pg X +++ X fin).
ArxXAzX -XAp

Therefore a Radon-Nikodym derivative of the n-dimensional product measure can be rep-
resented by
d(l/]_ Xyg X--- X /ln) _ dlll dllg dl/n

dlps X pa X -+ X pp)  dpy dps T dpp

An extension of a Radon-Nikodym derivative to an infinite dimensional product measure
is followed by Theorem 1.3 and the above.
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