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1. Introduction

The aim of this paper is twofold. The one
is to reconsider Willis’" Economic Theory of
Fertility Behavior with a little more general
production function for child-quality and in-
dependently varying relative shadow price
between the quality and quantity of children.
The other is to present a graphic analysis
of various implications which are included

in the above model.”

. Graphic Analysis of Wealth Effect
on the Demand for Children

IV. Graphic Analysis of Compensated
Substitution Effect on the Demand
for Child

V. Concluding Summary

Since G. Becker had suggested the economic
frame of fertility analysis in 1960, known as
the New Home Economics,” the relationship
between fertility and income level had been
tried to be explained within that model. Willis
made the relationship more clear by introdu-
cing wife’s opportunity cost of having child-
ren. For simply testable implications, he deve-
loped his model with several assumptions, one
of which was that the production functions
for child-quality are linearly homogeneous.

Most of other studies of the quality and

1) R.J.Willis, “A New Approach to the Economic Theory of Fertility Behavior”, Journal of Political Economy,
vol. 81 Supplement (March,/April, 1973) pp. s14--69

2) G.S.Becker, “An Economic Analysis of Fertility.” In Demographic and Economic Change in Developed

Countries, University-National Bureau Conference Series 11, Princeton, N.J. : Princeton Univ. Press
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quantity interaction in the demand for child-
ren assumed this homogeneous production for
child quality.? However, this assumption is
clearly only one case of general cases, and
it is necessary to see what implications would

be included in the Willis’ model with nonho-

mogeneous production function for child-quality.

For this purpose, I will follow some of the
Willis’ derivation of demand functions for
child-quantity, child-quality, and other non-
child home-product just with nonhomoge-
neous production function for child-quality in
section . Next, | will interpret the implica-
tions of the properties of the above demand
functions, income effect and substitution ef-
fect, graphically in M and I respectively.
Finally [ will summarize what 1 have done
with Willis" model and some implications for

further study.

11. Demand Functions for the Quality and
Quantity of Child, and Other Home-
Product with Nonhomogeneous Pro-
duction Function for Child-Quality

Willis derived demand functions for the
quantity and quality of children. subject to
full wealth constraint including wife's sha-
dow price of childbearing and childrearing
with the following three assumptions :
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1. the production functions for child qua-
lity are linearly homogeneous and iden-
tical,

2. there is no joint production of child
quality, and

3. parents choose an equal level of child
quality for each child born.*

These made it possible the child product is
just the product of the number of children
by their quality(C= NQ), which is very simple
and useful for empirical application. However
it would not include all possible properties
of the demand for child. T relaxed the first
and third assumptions and expressed child is
the general function of the number and qu-
ality, C - C(N, Q).”

The demand functions for N, Q, S are deri-
ved by maximizing utility function U- U(N,
Q, S) subject to the full wealth constraint
P.C(N, Q) PS I as follows.

Maximizing the L.agrangian expression, U
UN, Q. S) - A(P.C(N, Q) PS I), where 2
is l.agrangian multiplier, the following first

order conditions are obtained.

U, = PG, 0

U, - aP.C, 0

U, - AP, 0

P.C(N, Q) + PS I

(1

3) G.S. Becker, and H.G.l.ewis, “On the interaction between the Quality and Quantity of Children.” Journal

of Political Economy, vol. 81 Supplement (March April) pps 279 288

Becker, G.S. and Nigel Tomes, “Child Endowments and the Quantity and Quality of Children.” Journal

of Political Economy, vol. 84 no. 4 Supplement (March, April, 1976), pp.s 143 162

4) R.J.Willis, Ibid, pp. s 20 21

5) D.N.De Tray expressed the function in this form but he did not emphasized that.. D.N. De Tray, “Child

quality and the Demand for Children”, Journal of Political Fconomy, vol. 81, Supplement(March

April, 1973)
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where U,, U,, Us are the partial derivatives
with respect to N, Q, S, and C., C, are the
derivatives of C(N, Q) with respect to N, Q.

Demand functions are the solutions of si-
multaneous equations (1). To see the proper-
ties of the demand funtions, it is most general
to take the total differentials of (1) and then
we get the following set of equations in

matrix form.

Una+ APCun, Ung + 4 PCaqy Uns, PCa r dN -

(2){ an* AP any anJr AP C(](lv an PCQ w dQ !
| U U. P ﬁ S |
L e P, oL dxj

-AC, 0 0 \\ R
\ I DP. |
00 0 | 1DPS i
0 20 |
! DI
oN@ st -

Among the second-order conditions for
utility maximization are D<0, Dy, Dua, Dii0,
where D is the determinant of the bordered
Hessian matrix on the left in (2) and Dy,
Dz, Dy are the cofactors of the elements of
the principal diagonal. Holding P. constant
and solving for dN, dQ, dS, the followings

are obtained.

(3 dN = &5 [~ 2(C,Dy - CDa)dP,
- Du(dl- C(N, Q)dP.) |
() dQ = 5 [~2(~CDi CD)AP:
¢ Dy(dl - C(N, Q)dPO) |
(5) dS = L [ ~ACDuCuD:)dP

- D43(dI- C(N,Q)dP) |

Where D, is the cofactor of ij-th element
of the bordered Hessian matrix on the left
in (2) and again C,, C,
derivatives of C(N, Q) with respect to N and
Q, Since C C(N, Q) and dC - CudN -C,dQ,dC

can be obtained as follows.

are the partial

&) dC - 11:)[; ACLCDy CD)
-+ Cq( ~CaDyz rC.IDQ) ldP( i

[ -CDa+CDajfdl - C(N, Q)dP.]]

The wealth effect can be obtained by holding
dP. -0 in (3)- (6) as followings.

( 7) dN/dI - Du/D
( 8 dQ/dl - DD
(9 dS/dl = - Du/'D

(10) dC/dl = —~C.Dgu+ C(,Dti

Compensated substitution effects are obtained

from (3) (6) by holding dI - C(N, Q)dP: :

(11) dN/dP.= & L A(C.Dy - CoDa

—iP. G, C, -
E. f’*‘%['l)"' [ NDH" ]\I.' D]
(12) dQ/dP. TlD' [ - 2(-CiDy - CyDe) |,
E,= ;;JDBQ,, [*QCJ Dy %Dzz]

(13) dS/dP, - % [~ 2(C.Ds— CoDu) ],

D,( 0

(14) dC/dP, = le [ = 2(C%Dy - 2C.CuDt + C2D2) ],

E- B [-45 <0



where E,, E, E, E. are the elasticities of
N, Q, S, C with respect to P, E. and E, can
be identified to be positive and negative re-
spectively from the second-order condition
with the substitution C,Dy CDs - (CPUP Dy
and C4,Dyn 2C.CDw s N'Deo (PUPO)?Ds)

[lI. Graphic Analysis of Wealth Effect
on the Demand for Children

For the grahpic analysis I will add one
assumption that the shadow price of child-
quality and quantity can vary independently,
which might be more reasonable with C--C
(N, Q). From (7), (8), (9), and (10), we have
three possible cases of wealth effect upon the
total child services and three possible cases
of the effect of total child-services on the
number{quantity) of children demanded.
These ninc cases of wealth effect on the
quantity of child can be drawn in a set of
two diagrams, C S diagram and N -Q
diagram, which are shown in Figure 1.

The first pair of diagrams, which is the case
of ~CiDy* DDy- 0 in (10), show that even
when the wealth effect on C is zero, the child
-quantity can be changed by the effect of
wealth change on C.-C, which is equal to the
slope of the constraint in maximizing C=C
(N, Q) in N Q space.” The left diagram of
the first pair shows that the child-quantity
No can go to Ni (when Dy<0), N» (when D
4 >0), and stay Ny (when Dy =0). The second

pair of diagrams shows that, when the wealth

effect on C is positive which is the case of

CiDai + CiDiz >0, the wealth effect on child-
quantity could be positive, zero, and negative.
Similarly the third pair of diagrams shows
that, when the wealth effect on C is negative
which is the case of -C,Dy+CDgp<0, the
wealth effect on the child-quantity may be
negative, zero, and even positive.

All these nine cases of possible wealth ef-
fect on the number of children demanded can
be imaginable only with the assumption of
independently varying relative shadow price

of child-quantity(P,/P,).

V. Graphic Analysis of Compensated
Substitution Effect on the Demand
for Child

IFrom (14) in I, we know that the compen-
sated substitution effect is negative, which
means that the change in shadow price of
child service brings about the change of the
amount of child services in counter direction.
This can be drawn like Figure 2.A. As P.
goes up to P’, the compensated demand for
child-services reduces to C; from C., However,
this does not always mean lower child
quantity because again the relative shadow
price of child quantity can be affected by the
change in the shadow price of total child
services. Figure 2. B shows three possible
cases of the substitution effect on the number
of children. Each of these cases is correspon-

ding with the sign of C.Di—C,D: in (11).

6) Since C=C(N, Q), not just NQ, the first-order condition of maximizing C=C(N, Q) subject to P.C -

P.N+P.Q gives P./Py=C,./C..
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V. Concluding Smmary

In this very short paper, I did a little bit
of extension of Willis’ Economic Theory of
Fertility Behavior to the case, in which the
quality of child is not linearly homogeneous
of parents time and goods input. | can derive
almost the same properties of demand for child
quality, child quantity, and non-child home
product only with a little more complicated
algebraic form.

In the graphic analysis of wealth and com-
pensated substitution effect, I can show va-
rious cases of the effect of the change in
wealth and the shadow price of total child-
service upon the quantity of the demand for
children by adding the assumption that the
relative shadow price, P./P,, for childqu-
antity can vary independently.

This analysis is limited to the demand side
of the Willis’ model. Hence it would be the
next step to see what effect of C=C(N, Q)
and independently varying relative shadow
price of child-quantity would be in the su-

pply side of the model.



References

Baker, Gary S., “An Economic Analysis of
Fertility.” In Demographic and Economic
Change in Developed Countries, Univer
sities-National Bureau Conference Series

11. Princeton Univ. Press, 1960

Baker, Gary S., “Family Economics and Macro
Behavior.” American Economic Review,

78 (March, 1988)

Beker, G. S. and H. Gregg Lewis, “On the In-
teraction between the Quantity and Qua-
lity of Children™ Journal of Political Eco-
nomy, Vol.8l, Supplement (March/April
1973). pp. s279- 288

Berker, G. S and Nigel Tomes, “Child Endow -
ments and the Quantity and Quality of
Children.” Journal of Political Economy,

Vol. 84, No.4, (August 1976), pp. 143 - 162

De Tray, “Child Quality and the Demand for
Children” Journal of Political Economy,
Vol. 81, Supplement (Mar.”Apr. 1973), pp.
s70 - 95

Pollak, Robert A., “Two-Sex Demographic
Models”, Journal of Political Economy,

Vol. 98, No. 2, (1990) pp. 399 -420

Willis, Robert J. “A New Approach to the
Economic Theory of Fertility Behavior”
Journal of Political Economy, Vol. 81,
Supplement, (March "April, 1973), pp. s14
64.



55

<BEXEN>

R EE RIS - FRFEA HI
pris R AABBCR

& T F

(R IBR AN

el el gl - Bk e A el ek HEE Tice] el FhoEEHY Hol W
o Jhlkf S e o 7B vAE A Sl whi AN H RBENRE
g o Fgstal, o] WES RWHnyo R s Xy ol A H9 gy v

gy o il Pl (O whed] el gr(N)oF T &EH Qe o= C-NQ9 #ol ekl
gl Aol fEMdol Al o) 3 Co (N, Q)9 ¢hol Qwhalol gz s A& wo (#E Mol Ay
WM Selel T A E S

Ay o s UM o . il ol e MEBRMRES, T %Y FhEH Bl
ol et MIEOy eSS arel ehol i B el L, Tl B CFREFS B Ateldl S @Bhist

Ak



