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Abstract

It is shown that the symmetry of the incomme-
nsurate phase in Ba:NaNb:Os(BSN) belongs to
the four dimensional superspace group CTi
from an analysis of the systematic extinction of
the extra reflections due to the incommensurate
structure. The resulting superstructure is charac-
terized by the space group Ima2(C3) and the
origin of the incommensurability in BSN is briefly
discussed. Especially, HREM image have shown

the presence of discommensurations. In addition,

a group —theoretical consideration of structural
phase transitions in BSN is suggested. ‘

INTRODUCTION

The structure of an ordinary crystal has a th-
ree—dimensional space—group symmetry. For
incommensurate crystals, however, the translation
symmetry is destroyed in at least one direction,
but are not disordered (amorphous) substances.”
The order becomes apparent if one considers the
Fourier expansion of the matter distribution in
space - one sees that the Fourier wave vectors
are still expressible as integral linear combination
of basic ones, but now (3+d) of them are needed.”
The symmetry of an incommensurate crystal can
be described by the space group in a higher—di-
mensional space*-superspace 5 this space group
is called a superspace group.-* The physical inco-
mmensurate crystal is a three dimensional section
of a generalized crystal structure in superspace
called the supercrystal.

Normally one can select a subset of three basic
vectors in such a way that they span a reciprocal
lattice and describe a so— called basic (or average)
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structure which does have lattice periodicity and
which describes a kind of average crystal struc-
ture. The remaining basic vectors are needed in
order to describe the deviation of the incommen-
surate crystal with respect to the basic structure.
In the modulated crystals, the Fourier wave vec-
tors are integral linear combination of 3*, B*,
€* and {, where the first three vectors span the
reciprocal lattice of the undistorted basic structure
and q is the wave vector of the modulation.
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Fig. 1. The average structure of BSN projected on the basal
plane. The Al sites are filled with Na. the A2 sites are
filled with Ba and the C sites are empty. The relation
between the tetragonal axes and orthorhombic is
shown : ay=a+b; and by= —a,+b,

Table 1. Summary of successive structural phase transitions in BSN.

Ba;NaNbsOis with the tetragonal tungsten bro-
nze (TTB) structure has successive structural
phase transition (see Table 1). Neutron scattering
performed by Schneck et al.” has shown that the
modulation wave vector ¢ is :
q=(1+8)@F+B1y/4+c*/2=(1+8)at/ 2+ /2

’ (1.1
as confirmed by our electron diffraction patterns
® where 3% B¥and ¢* being the reciprocal lat-
tice vectors of the tetragonal “normal” phase sta-
ble above T; and a%s being that of the orthorho-
mbic “average” lattice (see Fig.1). One of the prin-
cipal objectives of the present paper is to formu-
late the superspace symmetry of the incommensu-
rate phase of BSN by observing the systematic
absences which occur in its diffraction patterns.

EXPERIMENTAL PROCEDURE

Ba,NaNb;O,; materials were prepared by con-
ventional solid — state reaction process. Specimens
suitable for electron microscopy were prepared
in a two—step process. In the first step, the cru-
shed crystalline fragments were glued to electron
microscope copper rings. Subsequently, the speci-
mens were thinned further by ion beam milling.

All observations were performed on a JEOL
JEM 2000EX electron microscope equipped with
a top entry goniometer stage at an operating vol-
tage of 200 kV. For the present investigation speci-
mens have been first annealed near 280C during

16—24 hours and then quenched in water.

Phase v v i} 11 1
Temp.(C) — 160 Tc=270 T: =300 580

Tetragonal Commensurate Incommensurate = Tetragonal Tetragonal

) Orthorhombic Ferroelastic Ferroelectric - Paraclectric

Lattice (basic lattice)
Parameter ) 220X 2bo X 2¢ 2, XbeXc¢ aXbXc axXbXc
Space @ Ima2(CZ) P4bm(Ci.) . P4/bmm(Din)
Group

gAY 8%
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ANALYSIS OF THE ELECTRON DIFFRA-
CTION PATTERNS

1) Four Dimensional Description

As shown by de Wolff®, a one— dimensionally
modulated structure is conveniently described by
using four dimensional space. Then all reflections
in the modulated structure can be assigned by

using four Miller indices h, k, 1, m as

K=ha*+kB*+18*+ mq, h, k.1, m integers (3.1)
where a*, B*, ¢ are the basic vectors for the ba-
sic structure (in the present case, Cmm2) and g
is the wave vector of the modulation wave which
is given by aa*+pB*+yc* with a, B, y. not all
fixed rational numbers.
In BSN, the modulation wave vector q is (see
Fig2(b))
q=(1+8)ya%/2xc*/2
=qit+qe (32)
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Fig. 2. Electron diffraction pattern of incommensurate phase along the [001] zone axis (a). along the L010] zone axis (b).
Incommensurate reflections are indicated by arrows. Notice the superstructure spots.
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where the coordinate of G;=(1+8)a%/2 is irra-
tional, i.e. representing a incommensurate modula-
tion and that of g,=c¢*/2 is rational 1/2, i.e. rep-
resenting ¢— doubling.

If G0, satellites in one row or plane are not
assigned by eq.(3.1) to the same reflection.” To
avoid this, it is convenient to choose another basis
ax BX ¢¥=4q, in such a way that
K=HaMKBML&*+ md, H, K. L, m integers

33
which means that the components of g, with
respect to this basis are integers. Eqgs.(3.1), (3.2)
and (3.3) show that the diffraction spots in the
incommensurate phase of BSN can be described
as

K=ha*+kB¥+1¢% + mg

=ha¥ +kB¥+ (2 +m)c*/2+ mG
=HaX+KB¥+Le*/2+ mg: (34

with H=h, K=k and L=214+m (35)

The incommensurate reflections are indexed
using new four indices H, K, L, m and the syste-
matic reflection conditions are derived to deter-

mine the superspace symmetry.

2) Reflection Conditions and Superspace Sym-
metry

Fig.2 shows diffraction patterns in the incom-
mensurate phase of BSN. The electron beam is
parallel to the [001] axis of the average structure
in (a) and to the [010] axis in (b). The average
structure is determined by the fundamental spots,
which lead to the space group Cmm2(}\).®

The incommensurate reflections as indicated
by arrows in Fig2(b) are indexed by means of
€q.(3.4) and ¢q.(3.5). The reciprocal lattice, which
is formed by analyzing the diffraction spots,
shows that the reflection conditions are (see Fig.3)

L+m=2n, H+K=2n’ (3.6)

where m=0, £ 1 and n, n’ are integers. The reflec-

tion condition of H+ K even means that the supe-
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rspace symmetry involves C—centering. From eq.
(3.2) and eq.3.6), we know that the superspace
symmetry of the incommensurate BSN belongs
to the four dimensional Bravais class CT7P =
Cmmm(a, 0, 1/2) defined by de Wolff et al”

We further examine the extinction rules for
BSN to derive the superspace group and its sym-
metry operations. The following extinction rules
are seen in our data(see Fig3) : H+L+m odd
for (H, 0, L, m) and K odd for (0, K, L, m). As
above shown, the basic phase of BSN has the
three— dimensional space group Cmm2 which
consists of (E © 0, 0, 0), (o, : 0, 0, 0), (o« - 0,
0, 0) and (Cx - 0, 0, 0) [in fact, there also exist
four operators by C—centering]. Since the wave
vector §; is parallel to the ao axis and the unit
cell is orthorhombic, the former two operators tran-
sform §; into G; while the latter two transformd;
into —q.. As is easily derived from correspon-
ding symmetry operators in superspace,” H+L
+m odd for (H, 0, L, m) is explained by the prese-
nce of (c,: 0, 0, 0, 1/2),and K odd for (O, K, L, m)
is obtained from(ox:1/2, 1/2, 0, 0),i. e.C-centering.

The superspace group generated by these cons
ists of (E: 0,0,0,0), (ox : 0,0,0,0), (o 0,0,0,1/2),
(Cx © 0,0,0, 1/2) and C—centering. It is conclu
ded that the superspace group of incommensura
te BSN is identified as C'™=Cmm2(a, 0, 1/2)
©, s, 0).
3) Superstructure and the Orign of Incommensu-
rability

Schneck et al”. reported that the space group
of the lock—in commensurate Qrigin superstruct
ure is Bbm2 with 2aoXboX2c unit cell; while our
present investigation leads to a different result. Th
e observed reflection conditions for superstructure
is (see Fig.3) : h+k+1even for (hkl) s k+leven
for (0kl) 5 h,1even for (h0l) 5 h+k even for (hk
0) 5 h even for (h00) ; k even for (0k0) 5 1even
for (001), which lead to the polar group Ima2
(C2) with 2a- X2bo X 2c unit cell®. This result is
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consistent with the group —theoretical considera-
tion taking into account pure supergroup— subg-
roup relations as given in section 4.

The structural model of the incommensurate
phase predicts sinusoidally modulated lattice st-
ructures in the vicinity of Ty and a domain struc-
ture in the temperature range close to Tc'". The
walls of the domain structure, which are termed
discommensurations (see Fig4), may be interpre-
ted in terms of solitons. The sinusoidally modula-
ted structure as well as the domain structure are
compatible with the presence of sharp incomme-
nsurate reflection in the diffraction pattern. As
was shown by Fujiwara'”, sharp incommensurate
reflections result from commensurate domains
which are separated by antiphase boundaries if
the domain width varies statistically. While hi-
gher—order satellites are often detected in do-
main structure, we cannot, however, detect no hi-
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Fig. 3. Reciprocal lattice of the incommensurate phase of BSN.
The incommensurate reflections arc indexed using H.
K. L. m. The reflections are indexed in the average or
thorhombic cell (intense lines) and the superstructure
unit cell. Especially the incommensurate reflections are
indexed using H. K. L. m. @ main. * superlattice and
e incommensurate reflections.

gher—order satellites in BSN. This is puzzling
result, since the temperature dependence of
(which is large in BSN), and the nonsinusoidal
shape of the modulation are usually given from
a common origin, in the framework of the current
phenomenological theories'. '

GROUP—THEORETICAL CONSIDERA-
TION OF THE PHASE TRANSITIONS IN
BSN

We focused our interest on a theoretical concept
of the phase sequence taking into account pure
supergroup —subgroup relations and correlated
symmetry reduction. It is evident that the phase
transition P4bm —Ima2 occurs via transient inco-
mmensurate phase. It appears plausible that the
incommensurate and the ferroelastic phase tran-
sions take place as two coupled phenomena and
should be seen as two steps of a cascade of phase
transitions involving symmetry reduction to the
respective maxima space group"’l

We hence treat the system as a sequence of
phase transitions each involving symmetry reduc-
tions to the maximum subgroup”. An allowed ma-
ximal nonisomorphic subgroup of P4bm is Cmm
2. During this transformation the crystal system
is changed and so the spontaneous strain occurs,
forming ferroelastic phase. In a second step the
commensurate phase with the space group Ima2
is adopted as a maximal nonisomorphic subgroup
of Cmm2 due to c—doubling. The total phase
sequence is hence P4bm—Cmm2—Ima2.

CONCLUSIONS

The superspace group approach was applied
to barium sodium niobate in the incommensurate
phase so as to idendify its superspace symmetry.
Our obtained conclusions are summarized as fol-
lows :

(1) The idendified superspace group of the in-

s
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Fig. 4. HRFM image of incommensurate BSN along the [010] zone axis. Notice that discommensurations (dark wavy lines)
and ay/2 translation can be seen.

commensurate BSN is CT7}, and the supers-
pace symmetry operators are (E . 0, 0, 0, 0),
(©x 2 0,0,0,0), (o : 0,0, 0, 1/2), (C. - 0,0,
0, 1/2) together with C—centering,

() 1t is verified that the space group of the
lock—in superstructure is Ima2 (C3),

(3) It is suggested that the structural phase se-
quence in BSN is B4bm — Cmm2—Ima2 conside-

ring pure supergroup— subgroup relations.
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