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Abstract

The Kelvin's method of stationary phase breaks down at the cusp point and yields a nonuni-

form expansion near it. By making use of the nonuniform expansion,

expansion near the cusp point.
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1. Introduction

When integrals for ship waves are asymptotically

approximated for a large parameter, one gets the
so called Kelvin wave which is expressed as the
sum of the two waves called the transverse and
divergent waves, respectively. The amplitudes of the
transverse and divergent waves become infinite at
the cusp point. Hence, the Kelvin wave obtained
from the application of the principle of stationary
phase is represented by a nonuniform expansion near
the cusp point. In particular, the Kelvin wave is in
a simple form, but it is hardly useful. In the present
paper, the authors attempt to derive a practically
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useful and valid expansion for the Kelvin wave near
the cusp point. In doing so, the so called linear
interpolation is introduced and the non-uniformity in
the Kelvin wave is eliminated.

We apply the present method to the Kelvin wave
induced by the moving pressurc point over the free
surface in the negative a-direction and compute the
wave clevation behind the pressure point. Then, the

free surfacc configurations are graphically illustrated.

2. Linear interpoation and its

application

When the integrals for ship waves are asymptot-

ically approximated for a large paramecter, the res-
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ulting expansion has the same phase as that of the
Kelvin wave induced by the pressure point moving
with constant velocity over the {ree surface. Hence,
we consider the Kelvin wave induced by the pressure
point instead of the ship waves

When a concentrated pressure point moves in the
negative z-direction at a small speed U, the wave
elevation induced by the moving pressure point is

given by
Tr2 N . ,
h(r, 0)NA(k0)f eh? secigacts oikriid,0)
~T/2

for large ky and (z, ¥)#(0,0) )
where ky=g/U? ¢(8,0)=sec? cos(6+0), and A(ky)
=—poki/2npg if the pressure p(x,y) is expressed as
p(z, ) =p5(2)5(y) in terms of the é-function for
the concentrated pressure point. If %, is large, equa-
tion ¢,(6,6)=0 yields stationary points. There are
two stationary points ¢; and g, if —6*<0<6* where
*=tan™'273% or ¢*=19.47 degrees. The two statio-
nary points become equal at {4]=7%g,

2=+g* at || =6% where o*=tan! 27172, But there

ie., g,=0

is no stationary point if |6]|>0%.
We now apply the principle of stationary phase to
(1) for large %y and get the following nonuniform

expansion for the Kelvin wave
h(r, 0)~A1(r,6) sin|korg (9, 01) + 7]
+Aq(r, 8) sin[korgb(ﬁ, 02) —.Z_] for —g* <9< 6%
@

where
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Ay(r, 0)=A(ko) [ 2n__ ]l/zsec4az 3)

The first term on the right side of (2) is called the
transverse wave and the second is called the dive-
rgent wave. Hence, the Kelvin wave consists of the
transverse and divergent waves. The expansion in
(2) is nonuniform because the principle of stationary
phase breaks down at |#| =¢*. That means that the
amplitudes A,(r,8) and A:;(r,6) become infinite at
|0] =6% because ¢,.(0,01) and ¢, (6, s5) become zero
there. The values of A;(r,8) and A:(r,8) are not
valid near the cusp roint. Therefore, the Kelvin
wave given by (2) is in simple form but we cannot
use it for computations.

In order to circumvent the nonuniformity and make
use of (2), we proceed to find a treatment of A,(r,
8) and As(r,0) near the cusp point. Because the
Kelvin wave is symmetrical about the z-axis, we
consider the Kelvin wave only in the upper half
plane from now on. The wave elevation A&(r,8) at
the cusp point is given by

1, 6 178
hr O~ P/ AR [ S ]

sects® sin[korg (6%, 0%)] at §=¢*% 4)
where I'(z) is the Gamma function [I, pp.241-
242]. The Kelvin wave is confined inside a V-shaped
region bounded by two radial lines at §==6*. The
waves in the region for |#|>6* are ignored because
h(r,8) is an exponentially decaying function of &yr.
(4) is further written as the sum of the transverse

and divergent waves

13 L P
] secto® sin{korg (0%, o) + 4]

at 0=0* (5)
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The first term on the right side of (5) is the tran-

sverse wave at the cusp point and the second is the
Ar, )=a(r, 0)=—Y5- AT (1/3)

Since the Kelvin wave in (5) is expressed as the
sum of the transverse and divergent waves, h(r,8)
in (5) is in the same form as that of A(r, ) in (2).
It follows from (2), (5), and (6) that A(r,#) near

the cusp point can be obtained from linear interpol-
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divergent wave. Therefore, the amplitudes 4,(r,6)
and Ay(r,6) at §=0% are defined as

seclo® at §=6* (6)

ation. We write A(r,0) near the cusp point in the

following form:
h(r,0)~a,(r,8) A(ky) secls; sin [kgn/)(ﬁ, al)-!-%]

Taz(r, 0) Ako)sectas sin[kun/)(&, m—%]
for 9,<g<o* €]
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where 8, is some 8 bounded away from #=6* and
ay(r,0) and a;(r,6) are to be determined from the

following linear interpolation:

ai(r, 6) =al(r, ) +—5=20-[aX(r, ) —al(r, )]
~Uo
with r fixed for i=1,2 €©))
where
1 = _774‘_'_"_277[_"7_"_ 1/2
a(r, 80)_[ kor | ¢ao (60, 00) | ] ?

2y ¥y =Y 6 677
)= e ]

®
If r is fixed, a1(r,8) and ay(r,8) depend on 6 only.

Hence, we get ay(r,6) and ax(r,8) from the linear
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interpolation given by (8). We compute ~(r, §) from
(2), (5), and (7) on a series of circular arcs for
0<6<6% in the upper half plane where the origin is
the center of the arcs. On each circular arc where
r is fixed, (2) is used to compute A(r,8) for 0@
<6y and (7) is used for a(r,8) for ,<9<6* in the
upper half plane. 6y is taken to be 17 degrees in
subsequent computations. The computed free surface
configurations in two different viewing directions
are given in Figs. 1 through 6.

The same treatment is applied to the waves induced
by the Havelock source moving horizontally in the

negative x-direction with a constant velocity below

Fig. 1 Free surface configuration for A(%)=1 and 2,=100. The viewing direction is that of

vector (1,0, —3)

0 ?/7//}}///%{%// 7

Fig. 2 Free surface configuration for A(ky)=1 and ky=100. The viewing direction is that of

vector (—1,—1,—7)

KEEBAE $278 # 3 ¥ 1900 94



14 Y.K. Chang and ].S. Lim

f‘ '

:. H111 1k \\ N\ R \\\
l|’1 1§|§{ QRN \\(\\\\\:\@\\\\\\*\
Al

R
-,

&

Free surface configuration for A(k)=1 and k=300, The viewing direction is that of
vector (1,0, —3)
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Fig. 4 Free surface configuration for A(k)=1 and k;=300. The viewing direction is that of
vector (—1, -1, —7)

Fig. 5 Free surface configuration for £¢7y=-3.0. The viewing direction is that of vector
('_13 *"1’ —7)
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Fig. 8 Free surface configuration for ky%y=—0.25. The viewing direction is that of vector
(*19 ~19 *7)
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Fig. 9 Free surface configuration for £l,=—0.10. The viewing direction is that of vector
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Fig. 10 Contours of surface elevation for kp=750 and kJe=—0.5 induced by Havelock source
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Fig. 11 Contour of sourface elevation for k=500 and koZ=—0.5 induced by Havelock source
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Fig. 12 Contours of surface elevation for k=400 and kelo=—0.5 induced by Havelock

source

Fig. 13 Contours of surface elevation for 2=300 and k,{y;=—0.5 induced by Havelock
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Fig. 14 Contours of surface elevation for k=200 and klo=—0.5
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Fig. 15 Contours of surface elevation for k;=100 and k¢{y=—0.5 induced by Havelock source

the free surface, The surface elevation A(r,9) is given by A(x,»)=—(U/g)G.(x,»,0; 0,0,%) where the
Havelock source G{z,»,0; 0,0,%) is
2
G(x,5,0; 0,0, {_0):—4k0fz/ efibasec’s secly sin (koxseco)cos(kyysinesecio)da
4 w2 B
- kofo sec adofn

We apply the principle of stationary phase to (10) for large %y and get the nonuniform expansion of the

(10)

_e"% cos(kacosa) cos(kysina)dk
k—kyseclo

Kelvin wave

V. 2n 12 )
hr, D~ =27k [ Tgan T | et nsectoicoskor (0, o)+ % |
0 for 0<{6<6g an

_l/k?,, 2 e i 2 3 7
2 ko[ (g Bon) | et secda cos| ki (0, o)~ 7|
where ¢(8,0), o, and ¢, were previously defined. Since ¢..(8,0)=0 at 6=0%, h(r,8) is nonuniform near

#=0%, Hence, similarly as before, h(r,#) is written as

Vhy : x
h(r,0)~—2 N/gT_kgozl(r, 0)ektosec’a secis cos [koﬂp(ﬁ, o)+ ’4”]
for fo<H<H* (12)

vk
——Z_Jfkoaz(r, 8)e*tssec*: secisy cos [kgrgb(f), o) — —Z—}

where a;(r,0) and ay(r,6) were already given. The
present Kelvin wave induced by the Havelock source
alse consists of the transverse and divergent waves
which are confined inside the same V-shaped region.
We compute 2(r,8) for the surface elevation simil-
arly as before. The results are givem in Figs. 5
through 14.

3. Conclusion

The present treatment near the cusp point seemd
to be successful as far as the wave pattern is cone-
erned. But a series of computations must be carried
out for different values of 65 so that the best value

of 8y can be determined. The various Kelvin wave

patterns in the present paper are extensively discussed
in Ref.(2].
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