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Abstract

It is shown that the performance of finite element based on energy orthogonal functions may
be superior to conventional formulation for plane stress problem. Using this finite element, it is
then attempted to show the distribution of stress concentration effect for subsurface under loading
point. It turned out that the stress concentration effect for subsurface is not dependent on the
width of the member but the loading area. And then it is shown that the solution attained by

taking the stress function as a Fourier series is not satisfactory in y<0, 1B.

Lo B

F9 A F2EL THLLY Aoz
A5HE YA} Y3 2wEe Az FF4Y
oA T3A $AIFE4L HEUh AHEA
) 2 1882y Hertz¥7} F=o] =z g 23

e
s

2% Be #A5e] of TAE Addd AT
el wAAs dslel e AEAAY wais
2499 $zol BY AT7 29
A, LIAGx ARG

A, FUFAATRG A ALA
t s, d3dga A9 AAZE

odFoAte] o,

2 A7l Hetite] HFX oA gt o]
AR 490 AAAN FFAFTYe2 LreF
9] ez =g =) F3g A (subsurface) v &
HAFY 279 sFALAANA HolAo e}
T3 T %A 4EH =0 A {84
W o]l nAd R ot

AZFFHEIAdAY EHEEZE 18920
Boussinesq®7} 1F3%3k (semi infinite plate)ol] o
3t 33 34~ (stress function)-E S H e =8
42 Mg A4,

o] AL 34 AL wFAged i AA
272z FIHR7] Ao FFHALEH FTodME
Z A 3Rt FdFAgEANA ol F& FA
o A&7l FAA] gk

34l 3] 18900 Mathiew®7} 2344
BHEH A AAPuo sl FHI4E



1070

Fourierd42 7Asx #5¢ Fudse] Ad
By 35139 A9l &4 (sine function) & 7} A 3}e] 3
& Fagn

#59dde] & Hfol vl 19033 Filon®
o] ult-3} 8] (semi-infinite strip)ol] w3}
Fourierg & o]434 & T3z 54 &
A€ 19079 Timpe7} 343131,

19593 3 1964330 Theocaris®¥ & w53 3§
.z (Semi-infinite strip) & A}z 8 £ A (rectangu-
lar bar)oll W3l Fourierg4-& ol&3to] $H3&
% Fegnh

2y olF SHY4E FourierF42 714 3o
T3 FEL AFHEHAA oFF A F2elA
+ 2YA g Aoz &R U?,

¥ =Y d7EHe HHEY o HHHyE
A9 Fesydsdo] glolA J|EY HAAE
E ol 43 A4 a4} 434 isoparametric Ab¥
Fo4ncds Ad=r g2 dvxA a4
(energy orthogonal function)el] ¢J3 Al¥YPe L
£ AW o] f¥s4L Z2aWE o] Edd A
792U AFREH LEAF ¢ $97
Z¥43 2984 A= Ao

¥ d7dA A" oA Az (energy
orthogonal function) o] 2|§ F§84 T2zl
719 24ut & A¥=9 34T Az
ol vlojEel FEFAHA, AAHY, o HH
<9 o HayyEo FzIAHEA A3 A4
AHE AA s AA $4 4 AT Aeolw

2.0l B

21 ofuix| FmYol o2t FHRL YUY
el FeLLs AL

3 ol & 4 Y AAREE AYsted AU
s BAE Ao

v="GCrelrc (2)

2 344,
84 AAYH +H2AE FEAA AYT5
AAOL

HFZ-o]FAH - AFE

3 2ol & 4 9ok

7#A838L rc-% x(rigid body, constant strain

mode) &} k-2 E (higher order mode) & ¥X]35}4
K=Krc+Kh (4)

2931 4 (e dee § P4z EA9,
Krch=Pm (5)
Kth=0 (6)

ESEE TUL FRLLs WARE ol

i 51

%=Ng=Nrqr+ Nngn ™
Ao BAE Ao

v=_Gg=Gregr+ Gngn ®)
3 3},

74 2est Aoz Fojztd 4 8)9 A9

<+ A3z

o _[He

g=G lv—[H;. ]v 9)
o2 & 4 gk,
4 ®)3 @A

HnGre=1, HGn=1

HrGr=0, HiGre=0 (10)
g BAAE 48 + Uk
4 @)l A

Km=Perc (11)

£ d3 dAPHe)s] 47 Az AayH G
£ o] &3t
Gr'KrGre
G KnGre
[G,JP,c 0]
Gr Pr 0
AAYol AT ¥ A oA FridE
Gr'Pre, Gh"Pr® T-8c},
u,e= BVTTrc= 6VTPchm
= 8qrTGre" Preqrc+ 8qn"Ga" Preqre (13)

Wi= [v 3eTGrdV

Gm’KmGh]

T —3
GG [ G KnGh

12)

—oq" fv (AN)*C(AN+)dVar



R4 o4 AFAFL T YAVIYARANN AT A £ BT AT 1071

= ogn” fv (AN Y C(ANw)dVar
+ogn” fv (AN)C(ANw)dVare (14)

o{7]|q C¥ T4 ¥ (constitution matrix) o] o},
Al (13) = (19)AA H5E o2& F Stk

G Pro= fv (ANw)"C(AN)dV (15)
GiTPr= fv (AN:) C(ANw)dV (16)

4 (12)0] s FHol7] HAsle] GuPr=0°]¢] o}
Ba oAl re-R ol p-Rx Atele oMz A
4] (energy orthogonality) & & =] 3},

4 (1) dg3id

Km=Perc
=(GmGw_l)TPmHm
=HmTGmTPmHm
=HmqumHm (17)

047] ’{'] quc=GmTPrc°I 5]',
hEE AAYRE KGe=0& BFd 2 4
(10) o244

h=HhTthHh (18)

o 7ol BEY 4 YUtk A-2E(ge=0, g»=0)cl
A R GEAA AL o o WA A At
2 oAzt Srlelojef ek =02 oldlg
Zo] Ku¥ 78 4 3tk

Un =% VIKV=(U)r22+(U)2xE
=L TG K nGrtn + 06" Grts
— 50" Kaas (19)
Un=- [ () e(au)av
=1 [ @ (AN C(AN)dVin (20)
4 (19)= @0)AA
Ka= [ (AN C(ANdV (21)

vty 843AYPL olallst Fo] e,
K=Km+Kh=HmTquHm+HhTthHh (22)
A7NA Kore, Kane oSk Zrh,

Kure= [, (ANR) C(AN)dV

Kar= fv (AN)*C(AN)AV
2473498 e o] &3 s, HEE, Y A4S
& e 2o,
sa3AgAs) weue o s Aol A4
KV=F (23)

oA WHE FI o] & o]gdtd 4] (8)clA e
Asde gF

a=G'V

[Z"]v (24)

oA Fee,
HYEE A (DolA

d=du=4Nq (25)

o4 Feha $4&

0=Ce (26)
oA P,
22 moigy U FHHHFE EXol A

sosol Mg
H93e AR u=NelA

U
[ ] =[N}{q}
v

1 0-y:x0y: 4 —%y‘
= {a}

01 =xi 0y x: ——%—xz xy
(27)
3} 7o)l el
Be$d FAe WygE v RdAA {4 F4Y
8 {Cl=



1072 HFT - olFA - A EHE
' }
3 4 3
4
b 4 R ey L
1 2 1 2
Fig. 1 Four node plane isoparametric element in xy Fig. 2 Four node plane isoparametric element in
space space

1 v 0
[c1=—71fv[” Lo }
1—v
00
2

olx HYEH THL

{e}={a}[NN{q} (28)
{o}=[Cl{e}
3 o
oo AHgsse] 4L s Ay
(mapping function) % Jacobiang o¢]-&3le] o}z)
S} Zro] AAYAE T,
Fig. 15} Fig 26148 A484E x=Nay y=

Ny:ol5 o714

Ni=(1-81-17), Ne=3(1+EX1~7)
(29)
Ne=1(1+8)1+7), N=1a-8)1+n)
9} 7ol 3}3. Jacobind} 2 A (determinant) &

det ]=g§3}l)

sh o] e,
—3-—4—-73"(6]‘53%% K:HrcT quc Hm+HhT th H;.
of] 4]

(30

Kaore= fv (AN)T C(ANw)dV
= (4Ny)"C(AN) A det J d& dy
Kan= [, (AN)TC (AN:) dV

=t ﬁ (AN:)C(ANY(ANAYdet ] de dy
(31)

o] 1x%] Gauss-Legendre -7-& 4] (quadrature
formula) Vg o] &3] 4 Ho] FH5ahch,

23 M mZzoy 7y

¥ =39 A4 z2ayge F 22333 14
ol yzrzgagdog FAse] glw o 3
Z%& Fig 3o Jehigles 2 ALt e 2o,
PDATAGIA B4, 424, 249 £, A
F, Az F+ 48
GAUSSPo| 4] Gauss point®] & A A7),
DMATRIX|4 F442¢ Hdeds F=d

offt

PDATA

GAUSSP

DMATRIX

0
oL

[ }—

ik

:

i

’

Fig. 3 The program structure



FELLYE o] & AFINTE U dATIY AR AN FHAF A 422 Yo] DY A7 1073

Eoll st 7z FA4Er,

FORMKo A -84 734 P8-S T4},
TOTALKA 84734988 A AAel disly
23},

FORCEMATe| A 9j& ¥ el & FA3t,
SKYLINE# COLSOLojA wAAe £z AA
g 73}

DISPLACEo|A] 7z 920l thsled AA WAL )
TFA3ted o] & o] &3sle] NPSTRESS|A 7 AA
9 $8& FE+h

3. wEles $EHA "it

oXx r‘l-ﬂ.

Y oA Hadel g FRILS 4

44 o0 AY4L oS98 Fig 49 e

AZ¢ FAG 2 A4s Aoz Y A

453 & o8 F94(PNTY, PNQ4)9 9}

vlwatdeh, 9714 PNT4E 443 84 45

23l 74$d AL AA 23 (static conden-

sation) A|#A THE A 8 40 1@ PNQE 43

A isoparametric A 8 4 of c}19
HAzde TAX} TAAEE Zohgu] v=

03, ®AA4 E=21Xx10%g/cm? 29 2 &

o], Aol BXHXL=1x10x25cme]x EZ3

% p=—100kg/cm?,
el o 23l Fig. 49] Axe) yupsgk w9 o}

et e,

_PL*  PH’L
3EI  24EI
Table 1ol Ztaa st 84 o & A9 W

& e
Fig. 5ol Table 1o 2|8 2.31-&(% error)E

L

—

Va

+

(4+5v)

y

ﬁﬁ

4
A/’iﬁHT
a—

Fig. 4 Geometry of cantilever beam test

50.
45, o P4
© Mol

40. & PRESENT

35.

30.
[
Ea
o

15,

10 \ ~

5. T

—— A
0 T—
0 4 10 4 160

Number of Elements

Fig. 5 Percent error of vertical displacement at point

A

Table 13} Fig. 504 B%o] & =F2 ouix
A mA] (energy orthogonality)ol] 91§ fFi84+
HedSHEAol glolA 7|&e s4FRT} 34
ol $4¥E ¢ 4 gtk

4. MDY HE

4.1 oY =&

AFHESH FxAFo] AEAE FAN 3
AZWAE DA Astd ol A AT FRL
& Z2ade o thedt 2e #Amdo
A g39c), Fig. 6& =9 mokoln Table 2&

Table 1 Vertical displacement at point A

e numEbLerme“t type PNT 4 PNQ4 PRESENT
M4 0.1752 %1072 0.1994 X102 0.2956 <1072
M10 0.2779% 102 0.2904 X 10°2 0.3150 10-2
M40 0.3150%x1072 0.3191x102 0.3262x1072
M160 0.3268X 10 0.3279X 10" 0.3208X 102
EXACT SOL, 0.3303% 102
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Table 2 Material properties and size of model

BXHX¢t Element number E v
Model 1 10x30x1 2.1 x10%kg/cm? 0.3
Model 2 20x30x1 2.1x10%°kg/cm? 0.3
Model 3 30x30x1 2.1 x10%kg/cm? 0.3
Model 4 40x30x1 2.1x10%kg/cm? 0.3
-]
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Fig. 6 Geometry of the model * s
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Fig. 7 Stress concentration factor for y/B under
concentrated load (model 1, B/H=1/3)
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Fig. 8 Stress concentration factor for y/B under
concentrated load (model 2, B/H =2/3)

Fig. 9 Stress concentration factor for y/B under
concentrated load (model 3, B/H=1/1)

kll

27.9 © F.ENM
© Boussineeq
24.8 x Fourler

21.7

18.6
15.5
12.4
9.3
6.2
3.1
0

K {Stress concentration factor)

6 .08 .5 .23 3 .3 .46 .53 6 .68 .75

y/8

Fig. 10 Stress concentraion factor for y/B under
concentrated load (model 4, B/H =4/3)
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Table 3 Stress concentration factor for y/B under Table 4 Stress concentration factor fo y/B under
concentrated load (model 1, B/H=1/3) cncentrated load(model 2, B/H=2/3)
K K
y/B v/B
FEM. Boussinesq Fourier F.EM. Boussinesq Fourier
0.1 7.568 6.366 5.825 0.05 15.081 12.733 8.524
0.2 3.437 3.183 3.18 0.1 6.754 6.366 5.825
0.3 2.256 2.122 2.153 0.15 4.315 4.244 4.165
0.4 1.775 1.592 1.658 0.2 3.284 3.183 3.18
0.5 1.488 1.273 1.387 0.25 2.654 2.547 2.564
0.6 1.31 1.061 1.229 0.3 2.251 2.122 2.153
0.7 1.192 0.909 1.136 0.35 1.969 1.818 1.867
0.8 1.114 0.796 1.08 0.4 1.763 1.592 1.658
0.9 1.063 0.707 1.047 0.45 1.607 1.415 1.504
1 1.032 0.637 1.027 0.5 1.484 1.273 1.387
1.1 1.014 0.579 1.016 0.55 1.388 1.158 1.298
1.2 1.003 0.531 1.009 0.6 1.31 1.061 1.229
1.3 0.999 0.49 1.005 0.65 1.247 0.979 1.177
1.4 0.997 0.455 1.003 0.7 1.196 0.909 1.136
1.5 0.997 0.424 1.002 0.75 1.155 0.849 1.104
1.6 0.997 0.398 1.001 0.8 1.122 0.796 1.08
1.7 0.998 0.374 1.001 0.85 1.096 0.749 1.061
1.8 0.999 0.354 1 0.9 1.075 0.707 1.047
1.9 1.001 0.335 1 0.95 1.059 0.67 1.036
2 1.003 0.318 1 1 1.046 0.637 1.027
2.1 1.005 0.303 1 1.05 1.035 0.606 1.021
2.2 1.008 0.289 1 1.1 1.026 0.579 1.016
2.3 1.01 0.277 1 1.15 1.017 0.554 1.012
2.4 1.013 0.265 1 1.2 1.009 0.531 1.009
2.5 1.013 0.255 1 1.25 1 0.509 1.007
2.6 1.011 0.245 1 1.3 0.99 0.49 1.005
2.7 1.004 0.236 1 1.35 0.98 0.472 1.004
2.8 0.991 0.227 1 1.4 0.968 0.455 1.003
2.9 0.972 0.22 1 1.45 0.957 0.439 1.002
3 0.968 0.212 1 1.5 0.954 0.424 1.002
12 -3
10.8 o AME~0 22.5 o AMB=0
% as 2 Vo % 2 2 Veoou
8 X A8 =06 X M =08
5 v 5" s
3 7.2 8 15
% 6 12,5
g 4.8 E 10
E 3.6 g 7.5
3 2.4J % 5
1.2 4 2.5
] 0 — — iriluied
0 .3 5 .9 1.2 15 1.8 21 2.4 27 3 0 45 .3 45 B .75 .3 1,05 1.2 1.3 {5

y/8 y/8
Fig. 11 Stress concentration factor for y/B of each Fig. 12 Stress concentration Factor for y/B of
loading area (model 1) each loading area (model 2)
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Fig. 14 Stress concentration factor for y/B of each
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Table 5 Stress concentration factor for y/B under
concentrated load(model 3, B/H=3/3)

K
y/B
FEM. Boussinesq Fourier
0.03 22.613 19.099 9.593
0.07 10.108 9.55 7.505
0.1 6.429 6.366 5.825
0.13 4.861 4.775 4.624
0.17 3.893 3.82 3.781
0.2 3.268 3.183 3.18
0.23 2.827 2.728 2.74
0.27 2.503 2.387 2.409
0.3 2.254 2.122 2.153
0.33 2.059 1.91 1.952
0.37 1.901 1.736 1.79
0.4 1.772 1.592 1.658
0.43 1.665 1.469 1.55
0.47 1.574 1.364 1.461
0.5 1.496 1.273 1.387
0.53 1.429 1.194 1.325
0.57 1.371 1.123 1.273
0.6 1.32 1.061 1.229
0.63 1.275 1.005 1.193
0.67 1.235 0.955 1.162
0.7 1.199 0.909 1.136
0.73 1.167 0.868 1.114
0.77 1.137 0.83 1.096
0.8 1.11 0.796 1.08
0.83 1.086 0.764 1.067
0.87 1.063 0.735 1.056
0.9 1.041 0.707 1.047
0.93 1.02 0.682 1.039
0.97 1 0.659 1.033
0.1 0.995 0.637 1.027
8
7.2
6.4
5.6
& 4.8
S
I a2
2.4
1.6
.8
0
6 14 .2 .3 .4 5 & .7 8 .9 1

A/B (Loading Area per Width)
Fig. 15 Stress concentration factor at one point (y=
0.1B) in each model
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Table 6 Stress concentration factor for y/B under
concentrated load (model 4, B/H=4/3)

Table 7 Stress concentration factor for one point
(y=0.1B)in each model

K

y/B

F.EM. Boussinesq Fourier
0.03 30.147 25.466 10.1
0.05 13.469 12.733 8.524
0.08 8.556 8.489 7.037
0.1 6.457 6.366 5.825
0.12 5.156 5.093 4.885
0.15 4.312 4.244 4.165
0.17 3.714 3.638 3.612
0.2 3.272 3.183 3.18
0.22 2.932 2.83 2.838
0.25 2.663 2.547 2.564
0.28 2.446 2.315 2.339
0.3 2.268 2.122 2.153
0.32 2.119 2.959 1.998
0.35 1.993 1.819 1.867
0.37 1.885 1.698 1.754
0.4 1.791 1.592 1.658
0.43 1.709 1.498 1.576
0.45 1.637 1.415 1.504
0.47 1.573 1.34 1.441
0.5 1.515 1.273 1.387
0.52 1.464 1.213 1.339
0.55 1.417 1.158 1.298
0.57 1.374 1.107 1.261
0.6 1.335 1.061 1.229
0.62 1.299 1.019 1.201
0.65 1.265 0.979 1.177
0.68 1.233 0.943 1.155
0.7 1.202 0.909 1.136
0.73 1.172 0.878 1.119
0.75 1.165 0.848 1.104

ZYA A 2d 2,3 49 Fo] A2 AAe
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AR A FL FE g F 94X
A $ee ¢ 4 Yz y201BiAE FESL
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42(3)9 AE+ 422)¢ AdE ¥ HlA A

K(y=0.1B)
A/B
Model 1 | Model 2 | Model 3 | Model 4

0 7.568 6.754 6.429 6.457
0.2 4.128 4.158 4.135 4.044
0.4 2.336 2.353 2.411 2.419
0.6 1.645 1.656 1.662 1.665
0.8 1.228 1.255 1.258 1.261
1 1 1 1 1.002
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