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Abstract

Friction occurs on any relatively moving parts in mechanical systems and results the dissipation
of energy, wear, and inaccurate positioning since friction force is highly velocity dependent and
reaches its maximum value at the instance of zero velocity. In numerous friction studies friction
force has been considered as a piecewise-linear one, for example, Coulomb friction, to avoid the
difficulties in analytical study. In this study, vibratory systems having Coulomb and general
velocity dependent friction force are analyzed using numerical harmonic balance method utilizing
the Fast Fourier Transform. It is proved that this method is very powerful and exact for the both
mass and base-excited systems.

$slo} geh, chzpal AEL wlRASA} o

1. A 2 FAgee] gl zbed Al E(self-excited vibra-

tiom) 548 731 glevw, ®IEHS W gl 4

AA Al M= FF ATk AR EE Yo dold Az 22 ojuzez]|g wl, o3 v AY
7] 2gwe] mol EAjsled Agdel e vl FAH 54& 93] qFslrlole ofedge] Urf,

1A Azt er z2HEsted oA e 74, gubH o8 AHx|H FZoljdef mpabze FHa
olE, &S WA #a opzl AA EEF3 Bl elAHuo AAn A oo £z I
AA Aol Fofzl 8735 ol E A ezr 2 AA sl weg FHH AL BIEGR
A 7lAe] AueE "Hojxe|w FaYcelo] EHof (strong nonlinear) ¢} FA24 dgel Abubs of
71Al o) tefe A el slAlAle] ehabE Fod B ge] ok webd LK 89T (piecewise-
A Aol e, linear) o] 7}#ql F% whao] o siHdal B

ohgel  7ldd AEHHE ZAIRAL] vlug BAE V1 gk & BUHEETE AHEeY
FHO, gluld ol (turbine-blade)®, @hEiRIS, » BA FAMEHDE nHF AY S T
dlof 245, vl E”d® F ool FebAlel U mk BRSNS el AR FEo

4 g5]7 glo] Den Hartog®ola) e o7 =z Aabg 4% 4 3+ IHB#(Incremental
RS ——— Harmonic Balance Method)%0] 2-8-5]9lc}

A, Azt 3ol st 7 A A A g o} &] 3 3 A ol 4 FFT (Fast Fourier Trans-



Fr 23t & wtAA T A 791

form )92 o] & & B flE A A1 My ik (NHB
Numerical Harmonic Balance Method) & d] A&
9 A4S Yol §f0H % (Harmonic Balance
method)ol] 7|25 § Aoz FEepHe 58
AA epAE S ne g SR A Y whdof o4 v
Ad 845 23 JHAIAY slde] ander
e ¥oh WssiA sEE 4 o
aldol o gk 7] A AL A
& FErbEe A5 wpAA S S5
Aupntabo] EAF = 7| AAL S55EAE

L
2
e oo
r2
-4
rir
Oiﬂ

O
= L
=

)

)

ok

A
-

W2

4

%
A} gk,

2]

T

o] gated B4 = o 3}

H J\m J

2.1 Z& ot

AEe{ o] whda £ o FatvAe A HAbs|
Hoay R
(piecewise-linear) ¥ efol Fig. 2(aje] & n}i
2 stAsta 8 Fcoswt7b Eallol fniks = 729,

Aol S5urgAe et 2o,
mz+cz +kz+h~,sgn Z)
= Fy cos wt (1)
E\_»
Fe=mN
. 1220
sgn(z)f{i Lt if 50
Al (D)% o]»/] 9sle] Tatyd w42 o}
st 7ol %Msh 0 (Lol Ble)ehn ke ek
_kz
Fy
I~
¥ +28wx +wix Y wdf sgn(x)
=ws cos wt (2)
EL‘
w§:7k;i
=
6=wt

=3 A7 Akl g &) sl 08 ook 32
A (2ol et gk 2o
1 ..1

D L R T

~ k
4—"000"
P
. Fity = F, cos ut
m ————— ——
A [+]
4T
F
777777777777

faj

Vitp =), st ol

[—-Z
k
7000
m
=il
F

7777777777777
(b}

Fig. 1 Vibratory systems with friction

Fig. 2 Models of friction (a) Model considered Cou-
lomb friction (b) Model considered static and
dynamic friction (¢) Model considered general
friction

= éycos 7 (3)

Fv=F sgn(x’)
Wo
o 714 e FAY A)7E fell @ Axb, ol
nj -5 9wl el
Stick/slipe] %AE 4 3l ZAA A wln
E3be] mdlg Fig 1(b) o} 7ol B9} wlebnd 4}
olo F % wlato] ZAF L Y,sinwtE wlo]av}
ks = 749 FE uAAL ofae} o
mz+c(z—Y,+k(z—Y)+F.(2)=0 (4

A

[}



792 72 d =

Y = Yo sin wt

Fapd3FA] 7] 7] 2l3kod ofele} Frol F-alw 4
5 Aot Ao FebAAL opga P,

= 72:——
x=
6= wot
P
f= bV,

x" 28"+ x+ Fy =280 cos 28 +sin L0 (H)

Fyv=F sgnix’)

="
Wo

22 Yutxel ojae Dol AT
5 st e S550 e EAg

Oé ! = n}. ,7'5L E} R Xol
A

shefa Bokont AAHo g uE&
' : n}w ) o #u}
qhA o] oh, epak,
%59 ?}—T— Hef L vhEbebA H ek

43 o - T

7Rgtol e} 7t
HaEm ol fghabe

Ln
o

of ofabut & v v Pi‘" ”P’LE’J o] wstoll of
g alel HAlE o oleme Fig 39 AL &
5.9) 2x% HeE b é}f}.

F=ax*+bx'+c (6)
A4 a, b9 vz otelel 38 AAZTE ol &e}
o gt

(i) x'=0 F=F;s

(i) x'=p F=Fa M

(i) x'=p ax 0

A6, (MR FH 45 a

of Zo] AA=of vhHAd e o 2ald YR
FAE 4 oo

F
A
R
7 i

TN

Fig. 3 Model of general friction

-3 el A

Fs;de Rz 2<Fd;["s)
itk e el b mlo) A i
nhg aelgh e A
mitcz thkz+F(z2)= F(i)
o A} wbakel F(z)5 Hre 2x34 ez Hv
ojuf of 4t
- F Lif2<—p
az*+ bz -Fs [ if-p<z<0

F=

x'+ Fs (8)
j,i ]/H 2= u].zl

Flz)= ) .
| —qzit bz +Fs if0=2<p
£, Lif b=z
ch,
4 s Fa
pZ
- 2(.]"4*' Fs)
b= p
g, iR 2ol T b Fe

a1t A 7be] A stel v

Z([n
B F( )
obaloba 7 owol 4 uptnlol el Fapal uh e
- ofef e} gbrt,
Fyv= F{Yowox")

ol zf ¢} 7Fo] F 4%},

.°°

TR xET

ok

Y

(Brol4l FAEFTHYE A4 44

sl #atsl slel mid vlx o] sl ehae F
WA dEE At Felel R shgen ohds
e,

N
x(#) =aot 2 (a@n cos n8+ b, sin né); (9

Fn(8)=co+ 2 (Cn coS nO+ dn sin 1l)
o} /14 N& mw{slanzl g =3Pgh49 4-ofr),
V5 A (Dol chs)akdd ole o} ot

N
21( ~ ntan.2%cos nl — n*b.82%sin nd) (10)

+ 2: (—2882nas sin n8+2Qnbx cos nd)

N

+ a0t 21 (@n cos nO+ bn sin nd)

Cn €0 1@+ d» sin nd) =sin 8

¥
+cot Z
n=1
QAo Al A3} cosinedt, sinedtS wlw A
st ojefob o] vlAF 4N +277k gl 2N+

Nel JEkgRY BT RS 28 4+ Uoh



FARzsd P g ohaAE 4 793

'%L‘Lr‘@i
@t co=0 (11-a)
cosined} |
i 1.4 n=1
(1*%292)an+2n§9bn+cn:{0 i ol
(11-b)
sined} :
—2ntRan+ (1—n"L%) bat+dn=0 (11-0)

o n=1, 2, 3,-N

Co, Cnt dnd ao an, ba2 TFoOlBE g,
an, buol ZAAEHT A (10022 8 co cny dn
%, olAYYY %T 72 + Uk F a0, an
bnol FolA ™

Transform)2 HE x(6H)F AT 4 A o &

IDFT (Inverse Discrete Fourier

Al (10)o) oigldte] whabel o] Ajzbel] ofdk Wt
Z, Fvg o4 4 2t} Discrete time data Fyvg

DFT (Discrete Fourier Transform)w 3} <] 7] o,
Co, Cn dnits & F AUA o}, olel HE-HAH<
DFT#3t7] 9al FFTu4e A8t o] 24
Fnel 3ol A% co, Cne dn¥ o, an, ba2l 3
AL deplls 2N+ FAlo
(Aol = a0, an, 629 2N +1H] w| A 571 A
et

KRR EUNES

olelgt AL Fdlod T 2N+17He HAFH
oaitd4le E7] $sl Newton-Raphsontt S
2 ON 1S ao, an, bW A4S F UA
Hoh, ubd z7|gke] HASA FARE AE, @
B oolg we] edetA Hel, 2VIRE der F
45 glet a8 gA A7y e wpaelg)
5 FAG AdAEHez g A4S T UG
Z271% ez Abg-ad

g}
@o, an, bnol WHE 271ZHE T go, an, bl

2 7}# 31, Newton-Raphsone] whE- 4dlof uf
= %’E’“%}: 7—1"7‘1L das, dan, 4dbnti 1A O\ia\:}

Q.
=
SHAE Bol FHRE Apwe,

ac=as+ dao
an=a%+dan (12)
=b%+4bx

i
lo
o
o

S, QAA 0 9% 4dE AeY db
% ojolsi chgel ¥ S wel: ool AL
5 g el

b 2 A Ege) Felo] s e 2
of viepd 4 glth,

C0:C0+ACO

cn=ch+dcn (13)
dn=dn+ Ad,
o or=1, 2, 3,--N
olwl cop Cny dn doy an, bn® THoli ubztA
dco, dcn, Addne ofelel e Ar|E ez F
g £ gl

QCO ﬁg aCo
do=58 4 0+2( dax ab"db)
ocn ac,, acn
dcn= Py -Aao+ 2( 8b Abn)
_ odn dd» dn
adn =9 Aao+2< 2 A+ Abn>(l4)
ol & FE 7a i olefef e,
[K1{dg}=[R] (15)
[\__9
dco dco  dco  Oco  dco
ado 801 ab1 adz abz
dcy der . der,  dca dca
dae oar ' obT da. b
1—-9% 2t
od 9di, 0d,,  0d: 0d:
ado (3611 abl adz sz
[K]= (—28Q)  (1-0%
dc: dci doy Gca | dca
das oar b oas | obs
(1-40%  4£Q
0d,  dd gd,  0dy  dd»
(9610 adl (%)1 802 abz
(—48Q)  (1-40%
{Ag} = [Ado, Adl. Abl, Adz, Abz]
_,ag;
(1= -2 — 3+
(p)_| 280- -0t
—(1—482%) a5 — 480205 — 3
4¢Qa— (1—40%) b3~
A (15)% GaussaAgoq E3 Adge, dan,

dbnol 00%)oll +7E wirtx] HlE-dle] 73 85
3o AggulolM 2rlzAeR Fof

Mo~ sl melo] Mz W oot vlatag
Sefjoll 48 7hAste FAlzbRl mele] 799
Zo] A& A 4 4 -l
Azsryale dreEFe EER ehiy
2t 723 FFT4#4 yeht}i= aliasingd 3%
7] el AA 23 E F 1/45HE AR,

R
o do



794 7!

&
(" Start )
Initial Value a,,a.,,b,

1
1DFT

~
r=aq, + Z(a. cos nllr + b, ain n{lr)

J
__L

FFT
Find c,,c..d,

4+ Aa,
.+ Aa,
;+ Ab,

g,

ol
a8

o B
o

Newton-Raphson
[K){ag} = (R}
Find Aa,, Aa,, Ab,

M
Adt + ):(Aa:+Ab:) <

Fig. 4 Flow chart of Numerical Harmonic Balance

method
4. #=x| siA L Hol
o A4S 77 4/16, 2/8, 2/40% o] &3}
o] F3t Fig. 5+ 2/40% AL E Ao 49
odol| 4] Lsto] ezl A Jehdn glew 4/1670
2 7% v FdE&FAde 2 velvhe el 2/84
o} 2/4709] @AA ol »}EML e woh aaksl
z3}a4rl 2350 &S olel gt
2% vlaag nEdE Fxg. 1(a)ye] mda B
S.0 L T —T T

——— 1 (4/16)

Avarage displacement, Zew
n
o

2

0.0 A L 1 1
0.0 0.5 1.0 1.5 2.0 2.
Fraquency ratio, f1
Fig. 5 Effect of retained number of Fourier coeffi-

cients for NHB(f=0.1, ¢=0.1)

Displocement, 2

Displacement, ¢

E)]

5.0

A A

73 Fig. 68 stick/slipe] gt oddql 2544
7b 1.0dwe} =A% Ao 2 Runge-Kutta-Gillj o)
s et 4/16709] 247 A Fxz3gEH A
g vlm3t Ao 4/169 2 Fozx Ay
e +& 4 &g vebd Aelrh Fig 7% 4/

16702k 8/3270 2] sie} Fxal Al g wlagt A
© 24 stick/slipe] A FAYL EAE5E
o2 olate] rige

[E ey
104¢x1n} Ao

01‘;.
Z3

ol 23y

-+ RKG (27/200)
sNHB (U/16)

a

L
0. L

Dimensionleas time, #
Fig. 6 Time histories at continous motion
(£=0.1, f=0.1, 2=1.0

2%

1AKG (27/200)
o iNHB(4/16)

+ :NHB(B8/32)

-1.1 L

Dimensionles: time, §
Fig. 7 Time histories at Stick/slip motion
(£=0.1, f=0.1, 2=0.26)



Tzt d el 27 ot F 4 795
5.0 T + i T 1.1 r
——tRKG¢ = 0.1) +RKG
a ¢=0.0 a :NHB(B/32}
4.0 | + ¢ =0.1
x ¢ =0.2
& ¢ = 0.4

Average displacement, Zewe

Displocement, ¢

1.0 1.5 2.0
Frequency ratio,

Fig. 8 Viscous damping effect in mass excitation
model (f=0.1)
6.0 T
~——:tAKG ¢ = 0.1

5.0 [ A ¢=0.0

+ £ = 0.1

X ¢ = 0.2
4.0 o £ = 0

Average displacement, Z,,,

frequency ratio, 01

Fig. 9 Friction force effect in base excitation model

(£=0.1)
S.0 T T T T
——: RKG
a :NHB (4/16)
Yot + tNHB Error
R
R
£
©
8
2
v 2.
.
g
H
<
1.

Fig. 10 Frequency responses of general friction model
(£=0.1, fs=0.1, F;=0.033)

1.0 1.5 2.0 2.
Frequency ratio, Q

-1 L

0. L g 2r

Dimensioniess time, §
Fig. 11 Time histories in general friction model
(£€=0.1, Fs=0.1, F,=0.033, 2=0.20)

q Fotol oel dAFez AE
i 11%% %dodoll A stick/sliped &
HlAdgAdes ols] Eaf

Yeha Mca

_?L
k
2 3o
o h

Z

2

2,

o]
-
we b ¥
o —
K

=

Ol

o,

2
& o
lo
W

AR

2
o
ng

odg Y Fg Fig.
54 Hiﬂ~%i‘%%4
S galolo}

,_..
<

do o n@ Jh
r|
2t

ol
r
3

o2
O
¥
[t

stick/sliped o
9 Fig. 11& 9
stick/slipe] &3 Z= g} 4= of o of] A 8/327H. =
73 =8t Abgslel 3 si9k Runge-
Kutta-Gill 22 73 a2 FZvulae %9
A 4 9 9 @ 4 ok

oLl
fr

FAzAFRYL AFEE ol gojo] gHo
A AHASAL AN Fohe Pyoz
= oolg ohaell Zld A E g

e - I e e R T 4o
g wlmslr] el AR Runge Kutta-Gill¥
o Aotz & abolsb vbebubA] 9kgko Eé—% °L

TAFEe] vlAY e yallAd o2 glsle] 7
K EY#R % (piecewise linear) Hefql F% “}%—% 7P
Hoted o5 Tkt ¥ dFolA ol &g 4%
23APHE ALY A FE bR 2E, w9
oF & xof ufeh spabele] Wttt Aol
T o AT webA AA epAa 5H oepgg
e e 7b shsshdeh. ohatb stick/slipo]



796 A4d A

A EL R

Suke gl dhebd S glole.
ob ool A Ak gkl ASA Fob s

!
I

gk o} e Fejof Al4E Abg3lew
A oddz, & e o Bajo A4
aefghct s SR Fabel S -k - oledoh

A -&4-u] 7} zhe of 0—10%] 4] stick/slipe] vhE}L)ed
Axlulzh Fobebnd Ao mam A gulodole ] &
gre] zhopx|it stick/slipe] vfebi}is od odoll 4] i
ool Fedgkg F+x] ZElvh, viatele] Zob w
& AEel odedel A Sbel Aebxlv] stick/slip
o] wtg A Fgu] ododor ofFsli- dAe vhet

A 4u] ofodol 4

Kel
s [
% stick/slipe| vjelxbciis A 5 oF 2= olalr}

(1) Kato, S., 1974,
Machine Tool Slideway™,

et al, “Stick-Slip Motion of

ASME, Journal of Engi-
neering for Industry, Vol. 96, No 2. pp. 557 ~ 566,
(2) Sinha, A., 1984, “Effects of Static Friction on the
Forced Response of Frictionally Damped Turbine
Blades”, ASME, Journal of Engineering for Gas
Turbines and Power, Vol. 106, pp. 65~ 69,

(3) Yositake, et al., 1988,
System with Coulomb Friction”,
(C#), Vol. 54, p. 2654,

(4) Hagedorn, P., 1982,

“Analysis of Vibrational

H AKE &L B

“Non-Linear Oscillations,”

#H ol Al

Oxford University Press, pp. 119~123,

(5) Maezawa, E., and Temma, K., 1984, “#sEnikdEh",
HARBE MR & i 0% (CHD,  3B50%,  $455%%.  pp.
1183~ 1986,

{6) Den Hartog, J.P., 1930, “Forced Vibrations with
Combined Coulomb and Viscous Friction”, Transac-
tion of ASME, Vol. 53, pp. 107 ~115.

{(7) Meckens, R.E., 1984, “Comments on the Method of
Harmonic Balance”, Journal of Sound and Vibra-
tion, Vol. 94, pp. 456 ~ 460,

(8) Jezequel, L., 1982, “Structural Damping by Slip

ASME Journal

and Reliability in Design,

of Vibration, Acoustics.
Vol. 49, pp.

Joints”,
Stress,
849853,

{9 Sinha, A_, and Griffin, J.H., 1983, “Friction Damp-
ing of Flutter in Gas Turbine Engine Airfoils”, AIAA
Journal of Aircraft, Vol. 20, No. 4, pp. 382~ 376.

110y Lau, S.L., Cheung, Y.K., and Wu, SY. 1983,
“Incremental Harmonic Balance Method with Multi-
ple Time Scales for Aperiodic Vibration of Non-
linear Systems”, ASME Applied
Mechanics, Vol. 50, pp. 871 ~876.

{11} Choi, Y.S., and Noah, 5.T., 1988, “Forced Periodic
Vibration of Unsymmetric Piecewise-linear Sys-
tems”, Journal of Sound and Vibration, Vol. 121, No.
1. pp. 117~126,

{12y Choi. Y.S., and Noah, S.T., 1987,
Steady-State Response of a Rotor Support System”,

Journal of

“Nonlinear

Journal of Vibration, Stress, and Reliability in

Design, Vol. 109, pp. 255~261.



