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Approximate Controllability for the Semilinear 

Control System with Delay

J.W.Ryu, J.Y.Park and Y・C.Kwu 효

1. Introduction

We consider a delay control system with uniformly bounded nonlinear 

也皿F ；

(N) 씌M Ax(t) = F(t,xt) + Bu(t) (t>0)

Here Bu(t) corresponds to a finite dimensional control and F is a 

uniformly bounded nonlinear term, that is, there exists an M>0 such 

that II F(t,x) II <M for each t^O, x belonging to some Banach space 

contained in X.

For (N), we introduce a linear control system (L):

(L) @群 + Ax(t) = Bu(t) (t>0)

In this paper, we discuss whether by choosing an ut we can steer 

initial state to any neighborhood of a given state x(T)~x1 at a 

given time T. This is called an approximate controllability problem, 

for nonlinear evolution system, many authors study this problem ([2], 

[5〕风丄8]).
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The purpose of this paper is to prove the equivalence of approximate 

controllability for the above nonlinear system (N) and one for the 

linear system (L).

2. Approximate Controllability

We consider the following delay semilinear control system ；

(1) f 警 + Ax(t) = F(t，％) + Bu(t) t>0

[旭)="Q) — h<Q<0, x(0)=從

Let X is a Banach space over R with norm II , II, and -A generates 

an analytic semigroup 忆难)｝言)・ Moreover F is a nonlinear term satisfy

ing (4) and (5) stated below ut has pointwise definition

u^Q)=u(t+G)t for -A<9<0.

Throughout thi응 paper, we consider the case where <p仞三Q 9 GE- 

h,0). The function <p is Holder continuous from [—九 0] to Xe For 

sufficiently large y>0 and each a>0t we can define fractional 끄ower 

of 三」A+% and the Banach space

⑵ Xj으) 例》

with the norm
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(3) II" =1弟 II
a 1

(e.g. Tanabe [7]). Henceforth we fix a sufficiently large y>0.

For some 0<a< 1, let us assume that F is defined on [0,oo)XAa 

and satisfies (4) and (5)；

(4) F is uniformly bounded on C0,oo) XXa, 난】at is, there exists a 

positive constant M such that 0 F(£,xJ II <M for each t>0t x €： 

X.a.

(5) F is locally Holder continuous in t and locally Lipschitz continuous 

in x. That is for each r>0, there exi아s a constants L^L(r)>0 

and Q=Q(r)<0 such that

II F(t,印一F(s,x) I* 以 I t-s Ie+ II 气—气 II丿

for each 0<st t<r and II xt I! a <r

The function u in (t0,oo) ； 1^) and B is a linear operator expre

ssed by

⑹ B ： if T X

for ak G.X Here we regard B as a control term, and from

the practical point view, we assume that the range of B is finite 

dimensional.

NOTATION. For T>0, we set
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H(m,7、] ； I^)={B : ； I B(t)~B(s) I <co \t-s\ 6

(t, s G LOtTl) for some cQ>0 and 0>O}.

That is, H(L0t7^ ； W) is the totality of /^-valued Holder continuous 

functions on Here for 门=(气，…,％丿 Gk"，we set I "=

Under the assumption (4) and (5), if(p0 GXa and u GH(iOfT] ； W) 

for each T>0t then there exists a unique strong solution x( • ；(^Qtu) 

w (1) (eg. u3] Thearem 333 and Corolfary 3紹).

We can state an approximate controllability problem, for example, 

as follows.

Detemine ak EXt l<k<N such th가 for given T>0, % EQ xv CX 

and £>0, there exists an u ； W) satisfying

II 尤(7、；q, «)~x1 II <e

For our nonlinear control system (1), we consider a linear control 

system

⑺ 醫+ Ax(t) = Bu(t), t>0

x(O)=xo

For an u &H(£0,T] ； we denote a unique (strong) solution to 

⑺ by x( - ； x0,«).
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We define reachable sets for the semilinear system (1) and linear 

system (7)；

Definition 2.1. For T〉0, q)o xQ E：Xt we set

(8) &7&而)=化(7、； ％, w) ； x(T :(p0> w)=l7(T)<p0 + U(T~s)Bu(s)ds

+ f 丁 u(T-s)F(s^c )ds, u ； R”)}

J 0 s

and

(9) /血)=敏7；%, w)；x(T：x0,讨)=Ug

+ fT U(.T-s)Bu(s)ds, u GH([0,T]；，矿)} 

J 0

Henceforth we denote the closure of Y CX by Y and the norm 

of a bounded linear operator by II • II .

For the approximate controllability problem, we have only to disscuss 

whether the reachable set &『((％) is dense in X if and only if a 

reachable set for (7) with the same B, is dense in X.

Lemma 2.1.([1]) If -A generates an analytic semigroup, then for 

the linear system (7), the following (a)-(d) are equivalent

(a) 1시料尸X

(b) g〉° w火))=X for each xQ GX

(c) /屈)=X for each xQ GX and each t>0

(d) W-(O)=X for each t>0.
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Lemma 2.2.（［8］） Let t,afb>0 and 0<a<l. If a continuous func

tion f- satisfies

f（s）<a-^b f （如沪/S）如 0<s<tt

J o

then

• exp（cZ?1/C1_a）s）（ 0<s<tt

where c is a positive constant depending only on a.

Lemma 2.3. Let（p0 日歸=珍（0+丫）°） and u 6H（［Q7、］）；祀、）be given 

and let r>0 and p>l be fixed such that If b E：H

（［QT］ ； R지） satisfies II u-v II then

II 气（s ；屮间-气（s ；（p,u） II a<c0 11 u-u II 脚朴 0<s<t

where a positive constant %=%세 " H 如①门： 泌，為 f） is bounded as 

rtt and II u II are all bounded.

Proof. First, for v G£P（［0,d ； &"） satifying II w-u II 閃眾：碎）W匕

we will estimate II xs（s ；（p0,v） II a, Ogsgf. To this end, we note

II U（t） II <cy exp（如），t<0f

for some constants 匕>0 and w>0, and
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(10) II^Z7(s) I! <cf, 0<s<t 

(eg [73). By

/* z+&
(11) 北凹；职/)(&) = U(t十0)(po + j U叶泌以耳泌?

J 0

f새+8+J u（t+&希回缶，k湛句

for each 0*勺、we have

LA产s每；％。液）!!

=II吹顷％

f 어a i - ■ »
+ j U(s 4-物)如(4洌 + I 4： f + 物)F(t), x^di\ !l

s+6

0

f s + 9
Me; exp(Ms+&)) D % " a+q泌 J 伝+。部％1

f s+9
+& 妾錢 0 % II J (s+&기)f i v(n) I dx\

exp(吹s+0)) 11 Q)li <「匕爽'0 / (「a)

+c2 max ll <zk 1! { J (s+6-q) 鶴 血}승 (J] I v(n)I Pdr\f

& exp 伽）应L% ［舞 ”이I 3生늞忡

〉〈"心 {II « II “航两十사+ (아MZ(La))/(l-a)
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三C3

In 난蚣 la아 inequality, we use /）/V>-l）<l/a and

II 9 II〔p（［面］;r2）

— " U* " 如［用 ；^V）+ II W II 如如］ : 꺼V）

A+眾烦血:渺

Hence we get II xs（r ；（p0,u） II a, II 气（s ； %,u） II &<c3f 0<s<tr so that by

（5） there exists a constant %>0 depend c3 such that

11 F（sfx^s ； ^Qtu））~F（s ； x（^ ；（p0,u）） II

&£ 11 气（s ； （j>o，U）（0）-Xs（S ；（po，v）（0） II a，O<s<t.

Now, since 气（s ； %, w） and xs（$ ； %,u） are expressed similarly to 

（11）, we obtain

II 气（s ； <p0^）（9）-xs（s ；（po,u）（0） II a

r s+8
:S H 丿 0 A］ £/（s 4- 0-T））B（w（T］）-v（T］））dTi

f s+6 a
+j g t«s+0-n）（的；气（n; <缶同一例<p ； %（n ； @产）））內 II
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f s+9 
max II a, 11 I (s+O—tD이 丨向

Z '쇼団 R Jo 

r s+0
+c2c4 I (s+6-tiT II ； <po,u)(0)-xn(T］ ；(po,u)(0) II adt\ 

J 0

& 1贓 Hak11 {J。(s+e—n)"%}皿IIw-vII血小；朴 

r s+©
+多4 J (s+Of)' il 气］(n ； %，허)(O)rq ； <Po^)(6)H a‘如

= C5 II 혀T) II 吹如］ : rN)

r s+0
+c5 (s+Bq广 ; %，必⑼一％(n ；(砂)(。)!l d^\

J 0

Applying Lemma 2.2, we reach

II Xs(5 ； <po，W)(0)-Xs(5 ； %U)(@) II a

Wed exp(c6c^) II U-V II 如［用：或

Which is the con시usion of Lemma 2.3.

Theorem 2.1. Let T>0 be given. Then

u°〈心，即Po)=X 习 U"£(0)=X

Proof. First we note

(12) II U(f) II <c7 exp(効)，t〉0
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for some constants c7>0 and w>0t because {피©)}京 is a ^-semigroup.

Assume that

(13) Z = UwZ(。)多 

we will derive a contradiction. Since Z is a closed linear subspace, 

there exists an xQ eX such II xQ II =1 and

inf{ II x-x II J xGL}>-y

(e.gE4], pl31). Hence, for any r(#：0) ER, we have

(14) ir베 II nr -x II ； x GL}> 브
Li

Let <p0 eXp and let

(고5)
r I >4c7exp(wT)4-4c7Al J exp(ws)ds

Then % In feet, by (4) and (12), we have 

(16)
II「®.s)F(s"sll

J 0 s

< J。II U(bs) II \\F(sfx)\\ds

WcJ exp(印s)ds

By
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尤(t ； q)")=〃a)(Po+ J U(f-s)Bu(s)ds + J U(f-s)F(stx)ds

and

「U(f^Bu(s)ds eU=u~oLjO)) 

j o

for each 我 €丑([Q7、] ； #"), we get for 0<t<Tt

SI X(t ； <p0,u)-n；01!

> )1 J U(t-s)Bu(^)ds-rxQ II — II U(t)(pQ II — II J U(f-s)F0c)ds 11

2inf{ II x-rxQ II ； x £다・。卢xp(由) H(p0 II

-財/ J exp(ws)ds

>|{4c7 exp(^T) II % H + J exp(ws)ds}

~c7M J exp(奶)Ws

=2铲頌仞7) (J % (I +c^M J exp(ws)d$>0

This proves rxQ 屯 U0</<7^z(q>0), which completes the proof.

Theorem 2.2. L안 T>0 be give. Then

广/；(0) = X=>R「(q)0)=X
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Proof. Let(p0 E：Xa. Then, for given T>0, e>0 and xx EX, we have 

to prove that there exists an GH([OtT] satisfying

(17) II x(T ； @次)一吒 II <8

Since *「(A)=X, we may assume that xr G^(A), without loss of genera

lity. Now we set

(18) 施)=仍og(l十»矗)

Since we consider only a small e>0, we may further assume that 

5(£)<T.

We denote the value of x(f ；(po,O) at the time T-8(e) by x0 ；

x0==x(T-5(s) ； <p0)

Here we note that x(t ；(po,O) (0</<T~ 8(e)) is the solution to (1) 

with 就=0.

By Lemma 2.1 and iR*久0)=X, we have N*沪X for each 

为o eX, so that by regarding T-5(e) as an initial state xr there exists 

an u Gi?([T-8(e),T] ； W) such that the solution y(t) to

-響+而，任)=B%(t), T-8(e)<t<T

with y(7、书(£))=£), satisfies
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II y(T)~x II :으.
1 o

Since

丁+8(时)示 + U(t-s)Bu(s)ds
J T-6(e)

t> T-S(£). We have

rT
(19) II C/(8(s))r + f U(T-s)Bu (s)ds-x II <-f--

j T-S(e) O

Ifewr we set

(20) JQ 0<s<t-5(£)
L%(s), T-8(e)<s<r.

We have to take a control function u within 난】。cla오s of Holder 

continuous functions, so that we approximate u by u ； &").

To this end, we fix 力>1 such that I으)Since C： (E0, 

7、］；*) is dense in ； &"), also is dense in

Hence ther exists an u GH(£O,T1，such that

(21) II U-U II 国0T,朴

으 min {c； exp(-80山)f 泌 ( max II ak II )'\ c； c： exp(-8(珈사.

For the ut we can obtain (17) in the following manner. Applying 

Lemma 2.3 for ^=T-5(e) and noting that
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x0-x(T-8(£)； 시%,必=x(7、・8(时 ； <p0,w) -x (T-5(s) ； q)0,u),

we get

llx0-x(T-8(e) ；(p0,u) II &弓 exp(-5(e)(o)/6

by (21), and so, by (12)

(22) 11 Z7(8(£))r 0-Z7(8(£))r(T-8(£)； %繆)II

<c2 exp(&(e)gj) II *笆(「8伝)；(p0.u) II

专

Moreover, by (10),(21) and Holder, s inequality, we have

(23) II \T U(「s)B饥岡ds・厂 U(T-s)Bu(s)ds II

J T-^s) J T-6(£)

< f c7exp(co(T-s)) max II a, II I u(s)-u(s) I ds

J 丁") WyN R

융

From (19),(22) and (23), we get

li l/(S(£)>(r-8(£)；甲。,")+ f ' U(T-s)Bu©ds - x, II 刍

J T-S(e) N

Furthermore, by (4),(10) and (19), we have
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(25) II [T U(T-s)F(s,x )ds II

JS

<M C II U(T-s) II ds

J「&E)

, 严)
j exp(ms)ds=w

By

x(T : <Po,w)=/7(8(£))x(7'-S(e) ； % u)+ j： U(T-s)Bu(s)ds

CT• « T/m \、 t
十 uki -s)r{s^:jas

J T-S(e)

the estimates (24) and (25) imply (17).

Since u is Holder continuous on [QT], the proof is complete.

Theorem 2.3. Let T>0 be given, and let us assume

(26) II U(t) II <^8exp(-r0, t〉0

for some constants cpO and r>0. Then

V>K((Po)=X =">/(0)=X

Proof. Contrarily assuming (13), we can derive a contradiction in 

a manner similar to Theorem 2.1. There exists an rxQ E：X satisfying 

(12). For any let us put
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(27) I r I >4c M/c.
o

Then by (26), we have

(28) II j： U(t-s)F(s,x^ds II

<M II U(s) I! ds 
J 0

u 日；&"). For any t>0 and any u ；更), we get

II x(t ； <p0，U)-ZZ0 II

> II f U(t-s)Bu(s)ds-nc0 II - II U(t)% II 

J 0

+ II C U(t-s)F(sfx)ds I! 

Jo s

2：2cg II % il +2cJ0部W%% " <Po II

=4卩%卩+以必>0

This implies rxQ ^Ut>0R^^f which contradictsThus 

比。proof is complet.
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