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NOTES ON THE RUSCHEWEYH
DERIVATIVES

Nak Eun Cho and Oh Sang Kwon

Abstract
We introduce the classes S*(», @) and K(r, @) of analytic functions
by using the symbol D°fz) defined by E_z)_ff *f) (@>—1). The
object of the present paper is to derive some properties of these
classes.

1. Introduction
Let A(n) be the class of the functions of the form
A &=+ T a7 & & N=1123...)

which are analytic in the unit disk U={z: {z{ <I}.
A function f{z) belonging to the class A(n) is said to be in the
class S*(n) if and only if
2'(2)

1.2) Rel=—-"= }>0 e ¢ O
( 7
Further, a function f{z) belonging to the class A(n) is said to be
in the class K{n) if and only if
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2'(z)
Iz

Note that f{z} € K(n) if and only if zf(z) € S*®), and that K(n} CS*n).
For the functions f{z)(j=12) defined by

(13 Re{l+ } >0 z e U

(14) M=zt T ayg,

we define the Hadamard product (or convolution) f;*fxz) of fi(z)
and fA{z) by

15  f *,ag)=z+k=°il Gy a2 2.

Making use of the convolution, Ruscheweyh [4] introduced the
symbol DFf(z) by

=2 _
(16) Df(z)_(l_zﬂ+a *f(Z) (0'2 '1)

for flz} in A(m), which is called the Ruscheweyh derivative of ).
A function f{z) belonging to the class Afn) is said to be in the
class S*(ma} if it satisfies Dfz) ¢ S*@m) for a>-1. A function fz)
belonging to the class A(n) is said to be in the class Kna) if
it satisfies Df(z) & K(n) for o>-1
The classes S*l0) and K(Lo) for n=1 were studied by Owa,
Fukui, Sakaguchi and Ogawa [3].

2. Some Properties of The Classes S%# o) and K, o)
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In order to derive some properties of our classes, we have to
recall here the following results.

Lemma 1 ({13, [3]). for ¢>-1, we have
2.1) Drf(Z)) = (a+ 1D fz)-aD(z).

Lemma 2([2]). Let ¢(u.s) be a complex valued function,

¢ - D>C, DCCXC(C is the complex plane),

and let w=u,tiu, v=u+iv,. Suppose that the function ¢(u,v) satisfies
the following conditions :

(1) o&(w,v} is continuous in D

(2 (1,0) ¢ D and Rei{p(1,0)}>0

(3 for all (u., 1) ¢ D and such that »:<-n(l+u’)2

Relo(iuzv)1<0.

Let P)=1+p.2'+p..:2"'+ ... be regular in the unmit disk U such
that (z), zp'(z) ¢ D for all z ¢ U U

Relop(z), 2p'(z)1>0 z & U
then RelP(2)}>0 (z ¢ U).
Applying the above lemmas, we derive

Theorem 1. For ¢>0, we have
S*(n,at+1} CS*n,0).
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Proof. Define the function p(z) by

ZDef(z))
Dofz)

for f(z) belonging to the class S*(m,a+1). Then pz)=1+p.2"+pai2” '+ .
.is regular in U, so using Lemma 1, we have

22) =p(z)

Datlfy)

@3 Do)

T (atp).

Taking the logarithmic differentiations of both sides in (2,3), we
obtain

2Detifz)y )
GO Ty POt
or
@5) Re{zg“”}f(((j» | =Relp(z)+ 42( 5 1>0.

Let pz)=u=wu,+1iu:, zp'(z)=v=yp,+iv, and

_ v
(2.6} ¢(u’”)_u+a+u'
Then
(1) ¢fup) is continuous in D=(C-la}}XC;
(2) (1,0) ¢ D and Rel¢(1L0)}=1>0.
(3) for all (fusv;)) ¢ D and such that v, <-n(I+ui2,
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. - av,
Re{q’(mz'w}_az+uz’

< _an(ltu?
(2% ud)
<g0.

Therefore, the function ¢(u,v) satisfies the conditions in Lemma 2.
This implies that

2(Defz))y
2.7) Ref Do) }=Relp@}>0 (z e U)

this is, that f{z) € S*(#,0). Thus we complete the assertion of Theorem
1

Remark. From the definition of the Ruscheweyh derivative, it is
easy to see that

z
(1-z)l+e

2Dfiz) = *2f(2) =Dz (z)).
With the help of Theorem 1 and Remark, we prove
Theorem 2. For a>0, we have

K(na+1) CK(ne)

Proof. Note that

f2) ¢ Kinat+1) © Dfz) ¢ Kn)
S ADfZ)) e SHn)
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& DY) e St
S zf(z) ¢ S*(natl)
S 2f(z) & S*na)
= D'fE) e S'n)
S Df)y ¢ S*w)
& IXf(z}) ¢ Kmn)

S fiz) & Kna)

This completes the proof of Theorem 2.
Finally, we drive

Theorem 3. If the function f{z} defined by (L1) is in the class
S*(n,a), then

28) Rel(: Duff) LB 2(5_1'; T Gt O

where 1<B<(m—2)/2.
Proof. Defining the function p(z) by
e A2 Py

for f{iz} & S*@,a) where y=‘—2—(§£+—n, we see that p(z)=1+p.2"+p.t
27t ... is regular in U. Making the logarithmic differentiations of
both sides in (2.9), we have

2D, (L)'
Defie)  (B-1) (v +(Tvp)

(2.10)



NOTES ON THE RUSCHEWEYH DERIVATIVES 75

Therefore

1D Rel1 + V'@

@D v+ >0 €& U

Letting pzi=u=w,+ e, zp'(z)=v=9,+iv; and

(I-v)v
2.12 uy=1+ ,
@12) )= I e o]

we obtain that

() ®(u) is continuous in D=(C-|—5})XC
(@) (1,0) ¢ D and Relo(L0))=1>0:
(3 for all (Guzv) ¢ D and such that o, <-n(I1+us)2,

Y(I-y)vi
(B-1) {y+(I-y)us}

<z It
T 28-1) {v2 Iy ur

<o

Re| dfiugv)t=1+

for I<B<(n+2)/2. Therefore, with the aid of Lemma 2, we conclude
that Refp(z)}>0 (z ¢ U), that is, that
Dof(z) B-1 n
2 =— .
(2,13) Re{(-—?—ﬂ >y 2B n z e U
Corollary. If the function f{z) defined by (I11) is in the class
K(n,a), then
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(2.14) Re{(D'f(z)'} 1> (z € U),

n
2B-1)Fn

where 1<B<(n+2)2
Proof. Noting that

fz) ¢ Kno) & D'fiz) ¢ Kn)
< D) & S*n)
S D) e S*n)
Sz ¢ S'(no)

we completes the proof of Cerollary.
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