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Spaces of the type Q and the Laplace 

transformation

Young Sik Park

0. Introduction

This article is devoted to the study of the Banach spaces of analytic 

fenctwts of the type Q瓣 표2 the type. Q^ jfaiaL whidi 紅믄 closely 

related to the Laplace transformation.

As first, we define spaces of the type Qw and examine connection 

between spaces of the type Qs and Q妒 Espedally, Laplace tranforms 

and inverse Laplace transforms on the spaces of the type Qw and 

that of the type Q： are studied. In the case of convex compact 

subsets Kt Kf in it are /-admissible pairs, we considered conditions 

of existence of a spectral function, and related theorems.

L The space Q/TRK) ； K‘)and spaces of the type Q,

With a view to constructing the Laplace transformation of analytic 

functions, we now introduce test-function spaces consisting of functions 

that are continuous in horizontal bands, holomorphic in the interior 

of the horizontal bands and of exponentials.

We denote by Qw(T(K) ； Kr) the Banach space consisting of all
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functions <j> continuous in 70) and holomorphic in the interior T(K) 

of T(K) for which

II <D II 炸"I Nz) I : z=x+iy G 70)}<。。 (1.1)

where W?(電)=inf{幻］ : 하 e Kf}r and having the topology defined by

the norm II , II ^(we recall yet once more that K and K1 are

convex compact subsets in g with nonempty interior).

Since Qw(T(K) ； Kf) CQw(T(L) IL) if LUK，K CDt

the natural embedding mapping

i 魏，：Qw(T(K) ； K，)tQ“(70) ； L>) (1.2)

is defined (we emphasize that here Kf CP, and not Kr DL七 in 

contrast to the space Qs(T(K) ； K'S).

kl
The mapping £is compact for all L &K, Kf

The proof is the same as in the case of spaces of the type Qs. 

We shall also assume everywhere that K,Kf,L and V are convex 

compact sets with nonempty interior and U,U are convex open sets 

in就

We denote by

Qw(.T(K) ； U')=hm ind QW(T(L) ； L')

K <^L,U'^L' (1.3)



Spaces of the type Qw and the Laplace transformation 47

The inductive limit of the Banach spaces Qw(T(L) ； Lf) is taken over 

all convex, compact sets L V (£ Ur.

Since the mappings : Q(T(L) • L')~^Q (T(M) ； M') (M SL, 
L JvL w w

V 0") are compact, ^(T(J0 ； I?) is a space of the type (DFS) 

and its dual

Qwf(T(K) ； U)=hm proj Q：(7、(L) ； D)

Kg UFL (1.4)

is a space of type (FS). Further, we denote by, for an open convex 

set U and a convex compact set KT of 7?" with nonempty interior,

Qw (HU) ； K'^hm pro] Qw(T(L) ； L')

L g LFK (1.5)

the projective limit of the Banach spaces Qw(T(L) ； Lf).

The space ^(T([/) ； K1) is a space of the type (FS), and its 

dual

QW'(T(U) ； K')=lim ind Q：(7(乙)；Z，)

L (cU, L' y)K' (1.6)

is a space of the type (DFS).

We have defined the followings:

Qw (T(K) ； R")=l次 ind QW(T(JO ； K')

K' EJ?" (1.7)
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Qw 3(K) ； (O))=/im proj Q«(K) ； K，),

｛이 UK (1.8)

(T(0) ； ind Q，(7、(K) ； K，)三欲旳

｛아 &K (1.9)

Qw(T(0) ； (0))=lim indllim proj Q"(T(K) ； K')]

K ◎｛아 ｛아(ZK' (1.10)

remark that the space 诺(&허) is properly included in the space

Q繆(&"). The space QW(T(O) ； (0)) is also

lim pro^Jim ind QSK) ； K，)]

｛아 (ZKf KD｛아

and hence Q (70) ； ind Q (70) ； (0))
K^｛0｝ W

=lim proj 敬7、(0) ； K'｝.

｛아 <ZK'

The spaces Qw(T(K) ； Kf) and the spaces obtained from them by 

means of the inductive and projective limits will be called here spaces 

of the type Qw ； 난圮 dual, of 반le type

2. The connection between spaces of the type Q and Q必

By definitions we have

Q(7、(K)；-K，)UQ"(7、(K)；K，) 회id H 이"/W 이Ie (2.D
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for 4)G Qs(T(K) ； -KQ. For in accordance with property g) of the 

nega・sup므ort function [11] WK, whence II 4)II ^K, II 4> I! K^K.

For the decreasing sequence of positive numbers £>0(j—0,1,2,...) 

such that q=0, %=& we have the following rel궈tions :

Q(7、(K) ； [-£,eJn CQs(T(K) ； C. . CQs(T(K)；[-铲卩")C... C 

Q(确；(0)) GQa(T(K) (0))C... C

QW(T(K) ； [-e,s]n) C... CQw(T(K)；[七設). (2.2)

Under the condition ｛아 (MK, we have the following :

但(C혀) CQ(T(K)二矿) CQs(T(K) ； K) CQ/T(K) ； (0)) CQJT(X) ； (0)) 

c Qw(T(K) ； K') C Qa(.T(K) ； Rn) C 瓦商 (2.3)

Propasition 2,1. Then space 가) is dense in Qw(T(K) ； Kf) in 

the topology of Qw(T(L) * L0 if L (흐 K、LF)K?

For first, as in the case of the space Q(T(K) ； K「), we can show 

that Q^T(K)；必)is dense in Qw(T(X) ； Kr) in the topology of 

Q(7、(L) ； U) for Lf ^>K- 2)｛0｝. Further, as we have shown E11J 

Proposition 4.4, is dense in Q(70) ； Rn) m 산le toplogy of 

Qs(T(L) ； -Lf) CQw (T(L): Lf). Therefore, for every function 

WQCr(K) ； it) there exists a sequence ｛轧｝(二可(C") such that 

11《X板II独疽0 as bTg

But then II(拍队 " 卩 N% 卩 五七卜〜셩。as 我 fa 捉〉Q(C처) i 등 d^- 

nse in Qj(T(K) ； R히) in the topology of QCT0) ； 少 as well.
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Thus, Q© is dense in Q(7、(K)；，矿)，and Q(7、(K)；氏“)is dense 

in Q(T(X) ； K'), whence the assertion.

We have the followings :

句(C") C Q,.(1\K) ； U') C Qw(T(K) ； R”), (2.4)

한6 奖(7、(R”) ； S) 或(7、(R") ； (L7-))(芝(做)； K') C

Qa(T(U) ； K'), if {아 E and U' 3{0}. (2.5)

The space Qs((f) is dense in Qw(T(.U) ； K') and in Qa(l'(K) ； U'). 

This follows directiy from the previous assertion.

3. Construction of the Laplace transformation.

We now turn to construction of 산le Laplace transformation. It is 

readily verified that Zg Qw(T(K) ； K) for all z G and 

li 11 K (?=x4-zy). Moreover, differentiation of the

exponential e with respect to the parameter z is continuous in 

Q(T(K) ； Kr). More precisely, suppose zG T(K‘) then

濟+△礼紡 9 u
II----- 7----------- —-一一Z

△习 斗
y as △/,

1,2,...w, where △户=(0,Az,0,...,0) G (f, and △，弓 is the 

j-th component.

We denote by QQKK) ； K‘)the space dual to Qw(T(K) ； K‘)and 

define the Laplace tranform W[g]况 an analytic functional g 

sQw(T(IQ ； Kr) by the equation
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/[如(z)=(2『)，

溢 we define the Laplace transform of a functional by its values 

on exponentials. By virtue of what we have said above, the function 

•危)=W[g](N)is defined and holomorphic in T(Kf) and satisfies 반le 

estimate

<un "Fqiigii严2

where z=x+£y and llgll is the norm of the functional g*

Th은orem 3.1. Suppose that L,KtLr,&K, are convex compact sets 

in J거 with nonempty interior and that K &L, V ©3. Then the 

Laplace transformation W is a continuous linear mapping of

Qg(K) ； ； L)

and II京!l = il/|| <

This permits us to transfer the Laplace transformation W to the 

projective and inductive limits of the spaces Qg(K) ； K').

Theorem 3.2, The Laplace transformation that associates every 

analytic functional g w(T(K) ； U) with the function 彻 

z defines a continuous linear mapping

裳:Qfw(T(K) ； g瓦皿)；K).
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4・ Inversion of the Laplace transformation on the spaces 
Qw(T(Kf) ； K).

Definition 4.L Suppose f G Qw(T(Kf) ； K). We shall call every 

analytic functional g EQrw(T(L) ； 〃)，where Lf (MK‘，such that 

/U) for all z E T(Lf) a spectral function for f.

Before we consider the existence and uniqueness of such a spectral 

function, we give a number of ancillary definitions.

Let J(-iD) be the non-local differential operator then

滾J熹 依)3(研％北)芒i.e„

宀 Further, suppose 冊)=。" where a £조" then

=(荔(诂)NW (Q/a ! =e(C+iu), wher © is a function which is holomor

phic in a sufficiently large tube region.

Definition 4.2. Let K be a convex compact subset of 人하 with 

nonempty interior. We denote by A(ZO the Banach space of all conti

nuous functions 4)(© for which

II <i>ll K，尸翎서/'K© I (應) I : § G，矿｝ <8,

with the topology defined by 난le norm II • J] K.

Definition 4.3. We shall say that 난迢 pair KK is -admissible 

if for any L W)K V (^Kr there exists an entire function J(z) such 

that
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A* J(-iD) : ； £#)~>A(L,) is continuous, linear,

B. There exist K产K and K^Kf such that
1/7(2)UQ(T(K?；W).'

Proposition 4.4. Suppose 7(2)=^ exp(.-az),电，uK(v=l,2,..., n), 

then is non-local and

: Q(T(K) ； K，)tA㈤)

is a continuous linear differential operator.

Proof. Suppose 夺汉(7㈤；K'), then 舟4應)=

、棗 8(号+我7\) and therefore

叮(-辺知II电=s"夙笋'© i t=1 0&+奴)I : S W •矿}

<n • sup {7k，® 顷①-C G T(K)} =n P。

We now give a sufficient condition for a pair K* to be Z 

-admissible.

Proposition 4 % X be 2 convex compact 义比극u of with 

nonempty interior. Supp。옹e there exists a po유;&丁€； number 5 and 

Kl convex compact subset of 衫 with nonempty interior such that

\K^K(\ <4-5
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then K, K* is an »Z-admissible, where K • Kf：={x^ * x e Kf S e K} 

and \ K 9 Kf \ <p if and only if I x • § I <p for all x e K, & aKf.

Proof. Suppose we are given a pair L、》K Lr Since K is 

convex compact, there exist points e L\K such that the

polyhedron

•K户ch{&,qj satisfies these conditions ；

1) L/KQK；

2) There exi아 positive number & and K淫)K such that

顷冷写-

We set J(2)= % 广':Then, by Proposition 4.4,

J3D) : QW(T(L) ； Lr)-^-A(L,) is continuous, linear, and hence condi

tion A is satisfied. Suppose z e T(KJ) then

I 丿⑵ I = I £ I >Re E 建=S 鄭 cos ay
V=1 V=1 v=l V，

>v|x 严sm&>0,

where z=x+iy. Therefore

IlyllX；, K「=s쎠) U啊 |#- I : z=z=x+zj，ET㈤)}

J ， J J\Z) J

< h eV < 1

f 警％ sindf I 内—sin^ 's = l
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since 严七且建'for all x QR”.

5. A spectral function in tiie case of ^-admissible pairs.

Proposition 5.1. Let K,Kf be an /-admissible pair, f GQ0(K') ； K)r 

J is an entifre function with the properties A and B of the definition 

of ^-admissibility and define 

f (z)=匝 
八网J⑵

then fJ G Qs(T(K,) ； U) for srffciently 오mall s>0.

Proof. By property B, there exist KQK such that

■島 G 恐(7、(哗；妁，and since f(z) G Qa(T(K') ； K),

I WKfx)
丨万分丨 <C e for some constant C>0, z G T(Kpf and

-W^x)
I f(z) I <Me for some constant M>0t z G T(Kr).

IL"I 威 = sup『碓히 I爲 I : Z=x+iy G T㈤)}

-攻有玖％仞崩欠仞 

e £ J^CM sup{ x

By property e) of the nega-support functionElll, for every K(흐Kj 

there exists 8(K)>0 such that 匕⑵*漆;)I r I . Hence 
iLj A

-炎*)-0/)+称k糸)W-甲*Q-a I x I
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<€ i r I -5 I r I =(s-8) \ x \ .

Therefore, if e<8 then IIJyH is finite.

Proposition 5.2. Let K,Kf be an^ admissible pair,/ GrQw(T(Kf) ； K)t 

L 寫K，Lr then there exists a spectral function g G 

Q：(T(L) ； Lf) such that

a) f⑵for every z in T(Lf)t

b) II g I*이顷 3，

where the constant C does not depend on f.

We set g应=歹'或］(&) where is 산le function defined in

Proposition 5.1, and then g隕 G Q/T(C7) : Ml\ where 0<^<£, 

L‘ 前(財?，and 夢)=8气g卩(z) and l(^7 If* <C II/： for

some constant C>0.

In particular, the function gJ defines a regular functional on A(L0 

that acts in accordance with 난le formula

金冲)티瑚礙©性, and

(g，『)=<%%卩伝)二力(z), for every z e 7、0'),

and IlgJI IIII u IIfr^ K,y where Cf and C" are some 

constants.
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We define the functional g g Q^(T(L) ； 〃) by the equ쵸tion

(g《D)=唇 for every 4)GQw(T(L) : Lf\

By property A of the function Jt this definition is correct.

We verify th효t g h호s the required properties a) and b). Suppose 

z C T(Lr), then

(g，e")=腐&)成辺)芝］d" W =膾制版)『財g

=关)务妒)=/(z%(z)=f(z),

and a) is proved.

Further, by virtue of the estimates obtained above, for any

0 e Qw(T(L)； 〃)，

i I < 崎 H AV，) li/(-^)(j) II 시〃)

II 4II - II II 0 li , for some constant
J 丄丿8 L^L“时

C>0, where II J(-zZ)) II is the norm of the operator J(-iD). 

However,

11早1成 =翎尻；'피저1畧1 : z=x+iy 6 T(K')} 

s Jw

<sup甘'"II/II 5仞 11 y；( /火}

xsRn Kj kj 灼

=挪5序g澀广顷E"
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=K' K 片"k’K
x J K*Kj

Since s I x I ~W^c）+ WK（x）＜0 for sufficiently small e.

Therefore

i 00）i WC II/II k，k "e " u： , where the constant C does not depend 

on f or e, so that property b） also holds.

To study the uniqueness of the spectral function, we require ancillary 

assertions about integration under the symbol of an analytic functional.

Prop❷서拉on 53 Suwose g EQfw（T（K） ； K\ F is a compad: set 

in 矿 y e'Lf 5,甲 G 梁（7、（K，））then

Jf （g；『）W（z）d%=（g&）JF（z-x+zy）.

Proof. Suppose 썰=丄 ［，广*（只）］ mes Fv（2v=xv+zy） is an integral sum 

for 난蛇 integral 『w伝）d気 where {F : v=l,2, ...〃V} is a partitioning 

of F with mesh 6（ie, 8=物力毎（F） ： v=l,2,...,N}, where d（F） is 

diameter of F）, mes Fv is the Lebesgue measure of Fv. Consider 

the difference

△ ◎느& ［『v 屮（&）］ mes 气—丄

、* If.［舟 W（z、）-『‘W（z）］d"x.

By means of the first mean value theorem, we obtained
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I I W홀 I 搜 W(V)丨 mes Fv(z,v=xlv+iy)

<vaesF sup { I 사/(2')・"西 사/(z") I : 交=疗+攻, z”=必+£y

1 I <S, x,f £ F}

Fixing a sufficiently small r>0 and using the integral Cauchy formula, 

we obtain

I △&) I <mes F sup { I 我 w(2) I ： z G Fr+iL^} 8, for every 

5 M須 recall that Fr and 丄; 호e疽 r-ne电由(涵依云 of 恥二 会函

F and L) Therefore

II △ II KK. =sup {ZWS I A(0 I :旬K)}

<sup {严© 
g(K)

mes F W sup I 尸 I sup I w(z) I }5 

z gF + iLf z^F + iLl J r r '— r r

<[mas F크 ； _sup I \(/(z) I sup/" WK^Wf(0-1 o 
、. r J8

=C& for every 8<^ 
厶

since 卬?©」匕&)冬0 for sufficiently small r.

Thus II △ II r麻一너。m the limit 8-느0. This means that the integral 

sums converge to the integral in topology of Qw(T(K) ； Kr) and there

fore, one can integrate under the functional sign, from which the 

required equation then follows.
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Theorem 5.4. Suppose g G Q；(T(K) ； K\ v G Qs(T(K') ； L), L ^)K, 

z=x+iy G then

丁(g『)w(z)故=W 歹WD

For suppose R>0, we set

八 I i J <J? I z I >R

Then we can show that A (Q G Q(T(K)»Kr) and II II KK, ~^0
K IV K ，以上

as Rj응 cq.

This means that 甲⑵以f尹［同(0 in the topology of

Qm(T(K) ； Kr) as Rfa, so that

Wm 屮(珈”시:)=(財지:w］).

By 하把 Proposition 5.3, 丁 (祭屹)平(z)dk=(g© J 4" 屮(2)/以
Lr! 스? I X I <^?

we obtain the required equation.

Theorem 5.5. Suppose gzQ^(T(K) ； Kr) and for all z&T(\y}) 

=k"+Zy for some yzK9. Then g~0 on Q^Cf) and hence g=Q on 

any space Q，(7、(L) ； 〃)with HK，LyK.

Proof. For any function 咋苛(1广), z~x~Viyf (g, 歹［寸］)=」愆『)d거*= 

0 by Theorem 54 Since 所気由)=苛((力 g=0 on 可(C가). Be
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cause Q(C해) is dense in Qw(T(£) ； Lf) in the topology of Q(T(K) : K1) 

if LRK Lf 0K, g=0 on QJT(£) ；

By the above Theorem 5.5 and the Hahn-Banach theorem the linear 

hull of the set {/저或 : xUR거} for fixed y E：L' is dense in Qw(T(L) ； 〃) 

in the topology of ； K‘)for all L RK，Lr 0及.

Theorem 5.6. Let g', g" G Q；(70) ； Lf) be two spectral functions 

for f&Qw(T(Kr)»K), where L 흐)K, Lf (^KT then g，=g" on any space

• Mf) with MOL, Mf

To prove this, it sufficient to set g—g'-g' and use Theorem 5.5.
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