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Generalized Special Linear Group

B.S. Upadhyaya,

1. Introduction

Let K be an algebraically closed field of characteristic p>0 and F
be a subfield of K. The group SL{(n. F) of all n X n_matrices with deter-
mnant 1, over the field F, is a member of a large, important family of
groups which arise naturally as covering groups of certain subgroups of
automorphism groups of simple Lie algebras. The structure and represe-
ntations of these groups largely depend on those of the corresponding
Lie algebras. The standard reference for the study of these groups are
Borel L1], Stemberg [7], Carter [2] and Humphreys [3]. Representa-
tions of these groups have been discussed by Humphreys {4], Jeya Ku-
mar [5], Stimivasan (6] and by this author in [81, [91, [10] and [111.
In this note we try to see what happens to thise groups if we take the
get of all n>Xn matrices over the field F with determinant + 1, when n=
2. We restrict ourselves to the structure of the group. Representation of
these groups will be discussed elsewhere.

2. Generalized Special Linear Group

Consider the set of all nXn matrices over a field F, with determinant
+ 1. Denote this set by GSL(n, F). Clearly GSL(n, F) forms a group un-
der matrix multiplication. SL(n, F), the special linear group, of alt nXn
matrices over the field F, with determinant 1 is a subgroup of GSL(n,
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F). We call GSL(n, F) as the Generalized Special Linear Group of mat-
rices of order n over F.

3. Generators for the Generalized Special Linear
Group GSL(2,F)

tet x® = (g ). =@ =(} ). w0 =(5 ).
xs(t) = (lt _;)), te F. Clearly these elements belong to GSL(2, F).
Further x.(t), x.{t), te F generate SL(2, F).

Now consider any element (f: 3) g GSL(2, F). Then ad—bc=+ 1.
If ad—bc= +1, then (g 3) e SL(2, F) and therefore (i 2)
is generated by x.(t) and x.(t), te F. But

{1 0y _f1 O 1 0Y _

wO=(1 §=(0 3 (1 Y =@ xe
Therefore x.(t) is generated by x4(s), se F. Therefore (2 g) with
ad—bc = 1 is generated by x.(t) and x,(t), teF.

Let ad—bc = -1.

Case (i) Let ¢ = 0. Now,

1 t) {1 _ {1+ttt
(o 5 (&9 =("" 3

Therefore,

1 t1) (1 0) (1 t;) — {I+tt, -ty (1 tz)
0 1/t -1/ \0 1 t: -1 10 1
___(l+t1t2 tttt.— )

fa tt5-1
Let t,=c and choose t, and t; such that 1+tt,=a
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and t:t;—1 = d. Then since det(H.t'tz LHtt—h )
1. 1451

— 1 tl . 1 . 1 t3 = - — . = —
=det(y ) -det(y I deefp G =1:C¢-D1=-1
A+t Ut~ D -t tt—t) = —1 gives a* d—cl{ts+Htt,—t) =

—1.
Hence b = (,+t,t,—t) (- ad—bc = —1). Therefore

€ d=(o 1) (i 3) (o 3] whee

ti t:, t: are given by
t, = 'l

1+t = a (D
tts—1=d
Thus (2 g) = x,(t) x4(t2) x(ta) where t, tz, t: are given by (1). Thus
(2 g) is generated by %.(t), x4(t), teF.

Case (1i) Let b O Now,
(1 L ) and hence

[1 0) (l tz)
tt 1) \0 - i tit-1

(1 0) (l tz) (1 0) :(1 t2 ) (1 0)
tt 1) \0 -1) \t; 1 ti tt-1) \ts 1
{1ttt t2

_(tl+ (tit-Dts tltz-l)'
Take t;=b and choose t, and t: such that 1+t.t:=a, tit-1=d,

1+ tt; t ) - —1
ti+ (tt.— Dtz tite—1

(1+6t) th—D—t t+ Dt = —1

Then, since det (

Le.
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ad—b t,+ (t;tz"“ l)tsz -1
and since ad—bc=—1 it follows that b=t;+ (t;t~ Dta.

(Y :(1 () (Lo

¢ a t i o - ts 1
=x.{t) Xs(tz) Xalts) mm e {2)

But we have already noted that x.{t) is generated by x4(s), s¢ F. Also,
w0 =(5 9= (6 3) =00 x0.
Hence x;(t) is generated by x.(t), xa(t), t ¢ F. Therefore by (2)
(‘2 g) is generated by x,(t), x4(t), teF.
Case(iii) I both b=0 and ¢=0 then ad—bc=—1 gives a+ 0 and d=
—a". Therefore
(e a=0=)=G a0 o

c d 0 -a’ at 0/ \1 ¢
and by what we have seen in case (i) both the elements on the right
hand side and therefore (2 3) are generated by x.(t) and x4(t), teF.

Thus to sum up we have ,
Theorem : GSL(2, F) 1s generated by x.{t} = (é tl)

_ {1

and x4{(t) = (t _i)), teF.

Recall that SL(2, F) is also generated by x(t) = ((1) tl), t ¢ F and
W= (0 1 ) Similar to this result, we have for GSL(2, F).

-1 0
Theorem : GSL(2, F) is generated by x,(t) = ((1} tl), teF and
o (0 1)

1 0

Proof . By the previous theorem, GSL(2, F) is generated by
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XAt = (O 1) and x,(t) ~(1 (7 But

B IE TR IR

=(1 0l I 6 7)o
:(i E)1) (2 01)_(%3 g t) (1 0)
5(?1 11) ((1} Y t) (? <1>)
(G0

Therefore
x5() =%, (Vo' x(—1) & x(I—-t) o

Therefore GSL(2, F) 1s generated by x.(t), te F and ' Hence the

theorem.

4. Order of the generalized special linear group

When F is the fintte field F,, q=p° of finite characteristic p> 0 ,
GSL{2, F,) 1s a fimte group. Now we find its order. Recall that SL(2,

d
any etement 1n SL(2, F,), then a can take any of the q values in F,. Case

F,) is of order q{¢q’—1). This can be proved as follows. If (a b) is

(i) When a takes q— 1 nouzero values wn F,, b can take any of the g
values and c¢ can take any of the q values. But once a, b, ¢ are fixed,

smce ad—hbc=1, d s fixed and therefore can take only one value. Thus
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we have(q—1) q-° q* 1=(q—1)q* choices for a, b, ¢, d in this case.

Case(ii) When a takes the value 0, b can take only q—1 nonzero va-
lues since if b is also O then ad—bc=0 which is not possible. But then,
since éd—bc= 1, —bc=1 and therefore ¢=—b 'ie., for a given choice
of b, ¢ is fixed. But d can take any of the q values. So we have in all
1-{(q—1) - q*1={(q—1)q choices for a, b, ¢, d in this case.

Thus in all there are

(- +(q~Dg=(g—1) (¢+g

= (g—1 (q+Dq
= (g 1q

Choices for a, b, ¢, d. Therefore the order of SL(2, F) is q(¢—~1).

But in case of GSL(2, F,) in case(i), once a, b, ¢ are fixed, for each
choice of a, b, ¢ the element of has two values since ad—bc=+1

Therefore there are 2(q—1)q® choices 1n all for a, b, ¢, d. In case(ii)
again, when a=0, b can take any of the (g—1) nonzero values. Then
¢ can take only two values namely +b™" But d can take any of the g
values, So we have again 2(q—1)q choices for a, b, ¢, d. Thus in all
there are

2(g—Dg*+2(g—1) q=2(q—1) (¢+q)

=2(q~1) (g+ g
=2(q"—1)q
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elements m GSL(2, F,). Thus we have proved.

Theorem : 0(GSL(2, F.)) = 2(g®—Dq.
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