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SHARP FUNCTION AND WEIGHTED U 

ESTIMATE FOR PSEUDO DIFFERENTIAL 
OPERATORS WITH REDUCED SYMBOLS

H. S. Kim and S. S. Shin

In 1982, N. Miller [5] showed a weighted I? boundedness theorem for 

pseudo differential opeisturs with symbols in a. In this paper, we shall 

prove the pointwise esfim갔es, in terms of the Fefferman, Stein sharp 

function and Hardy Lil비。wood maximal function for pseudo differential 

operators with reduced symbols and show a weighted Lp—boundedness 

for pseudo differential oper갔ois with symbol m %, 0 < 8 < p < 1, 8球 

L p*0 and m~(^ + l)(p~l).

L Introduction.

Let a(xr 9 be 죠 sufficiently regular function defined on R"〉〈世 The 

pseudo differential operator A with symbol a 成 g) 胳 defined on the 

Schwartz space S(Rr) =S of rapidly decreasing and infimteiy defferenti- 

ble functions by the formula .

Au\.x) — j e血切(芯
Jr”

where &is the Fourier transform of u

For w satisfying Muckenhoupt's Ap cond辻ion, UG也)=1夕(出 wdx) is
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the space of all measurable functions f with kf 恥网=(£ I /(x) f wdx)Vp 

<CO

For a locally integrable function /

(i) 尸伝)=the Fefferman Stein sharp function of f

—supxeQ 丁**厂 j I /G)_ Oq) I dy

the supremum being taken over all cubes Q containing x and /q i응 the 

average value of f on the cube Q.

(ii) M/(x) = sup0—pQ-[- fe I f(y) lr</y)Vr

the supremum being taken over all cubes containinig x.

(xii) Mf(.x)=the Hardy—Littlewood maximal function

—supQ I q I Jq 1 f(y) I dy

the supremum being taken over 쵸!! cubes Q containing x.

(iv) f* (x) =the dyadic maximal function of f

-sup J J Jq l/(y) I dy

the supremum being taken over all dyadic cubes Q.

We 아｝all say that a symbol a(.xf ^eC^C^XR*1) is in 산le class 協 $ if 

it satisfies the estimate

(1.0) I (豺(&)%%, 9 I < Q(i+ I c I)f

for all multi-indices a and &

Note that S；； % 二謨必 P】P2, Si < & and mi > ?m2.

We consider a symbol a(x, g) which is represented as a sum of redu

ced symbols, plus another symbol vaiii아ling on I I >1 ie,

(1.1) &睛M, 9+弘松f)
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The symbol 岫,g) vanishes for J 1 >1, and there exists a constant 

Ca such that II (亲)上0(為 & II<Ca. The a/s are reduced symbols 

which represented as

(1.2) 试x,月=》裁e)w(2老)

i= 1

where bJk satisfies II bJk II G IIIL < C6, 0 < 8<1, and \|/sCo(RH) 

is supported in < I g I < 1}, and £迓」/4 is a positive convergent 

series.

2. Main Results.

In order to prove our first Theorem, we need the following Lemma.

Lemma 2.1 Let 耳/就財(R”)with supp w U{牡 I S 丨 ^3}. If t> 0 , 

then there is a constant G> 0 such that the following inequalities hold.

3 ) ! j f ! j"V(2艾)"。‘伏 I < C, 2u~t}and

(舟 I j f I kw(2老)&烫"拔 I < Ct

where & is the W-th coordinate of §

Above lemma is a slight modification of Lemma 2.9 m N.Miller [5].

Theorem 2.2 Let A be a pseudo differential operator with symbol a (x, 

& satisfying (I l)and (1.2), then there is a constant c〉0 such that the poi- 

niwtse estimate

{Aii)4 (x°) < CA初(疚)for all x°£RH, ueS(Rn)

holds

Proof. The proof follows the lines of the argument in Theorem 2.8 
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of Miller [51 Given x°eR", we let Q be a cube containing x° with center 

x1 and diameter d. Let reCS( 1RM)satisfy 0 < r(x) < 1, be 1 when I x—xf I

< 2dt and vanish when I x—xr I > 3d. Then for u&S(RM),

I q ] 'JQ 1 Au(x) — (Au)q I dx

g 丁응T~Jq I A(ru) I 妇* 厂丄 I A((1—t)u)(x) — (A((l—r)u)Q I dx.

Let Qf be the cube centered at xr, with sides of length Id parallel to 

those of Q We can dominate the first term in the inequality above be

cause A is bounded on L2(RM).

(2.1) T응「Jq 丨 々(w) I dx < C(t2丁% I -A(ru)) I 잉x)，

V c(TSt1r" 1 ™ 1 서)*

“(击rS置

< CMw(x°)

To deal with second term, we simplify notation, writing u for

and we assume that u has supported in the set {x : I x~xf I > 2d}.

We must estimate the quantity [ 幻 丄 I Au(x) — (Au)q I dx.

We begin by decomposing the symbol tz(x, & into the sum of reduced 

symbols and a symbol vanishing on I I >1.

=£fc(^)a0(x, g)廿皿役
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+ j «(y) &广5 엉夠
J R자 } 辭紅a

=BuCx) + 泓(x)
keZ"

We consider the first term of the last inequality. B is a pseudo differen

tial operator whose symbol is aQ{xf g) ； the ^-support of this symbol is 

contained in the set 化：I I < 1} and a0(x S)has the property that 

I ($e)W(爲 g) I < Ca. Hence we have

(Bu)#(x°) < CM44(x°) for r>l. Now

(AuYW < + Z仍(&以)#3)

Therefore the next task is to examine the operator Ak. For every

4泓(z) = L，z心) L£&(x)w(2茗)앙翎

=£L*(y)jR„匕必W(2&)舟s,拔/dy

8
=£」仙(£).

7 = 1

We now estimate(瓦z。* 3)

(2.2)

「*[ L I A必(x) 一 (A必)& I dx

~ 1 T 1q ' 丁*"-「*1&泌(*)一4四(z사衣 I dx

=T*뉘Q1T*뉘心) \w(2咨妃成S'5

—&(z)笋5 ^d^dyjdz I dx

To estimate this last quantity, we distinguish two cases.
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Case 1 2d > 1. Then(2.2) is dominated by

2习 T 咨T I w(y) ! I 瑚 I dydx

v rtf —2皿 ― f S(y)I— I 广히 I 宀
一 ；스)시 Q，」丿叫 宀 wyi

I Lw(2 咨严 f 或 I dyl 机&) I dx

(Q꺼 is the cube with center xft sides parallel to thoese of Q and radius 

"d)

The last term is bounded by

c£『2" Wd、)5>丁 T*訂 L lu(y) Idy

(By Lemma 2.1, with t=n + lt and II b}k II « < C)

W C(2d)-'M歸3)

Case 2. 2J<1. In this case we write the last term of (2.2).

I Q I L j Q I Jq2 l2nw- Ur 1 尹E I Z心)I I 卜屮(2 %)

［皈(先葺_飯G)『心"，+如伝)“ f

一皈(z)。해l" "df I dydzdx

-TvrLiirLSJ- < I>-x' I <2m+l<i I w(y) 1 I \w(2艾)

［笋j/m” 勺・垃(£应 I dydzdx
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+丁*丁土击一LW顷)I I["心弋)

[飯(%)-如(z)]舟E幼‘ 1烦zdx

= A+B

First to deal with At

2mCr~>) S 2m(z-j) £ 
e ― e

=5e-严e 初

- C^g

where x(f)=枕+ (1—£)乙 Xt : the ^-th coordinate of x.

Note that (i) I x&~z& I < d since both x and z are in Q, and (li) if

Td < \y-xf I < 2T+1dt then d < I x{t) -y I < 2m+2d since x(/)eQ.

A is dominated by

厂 Clt- y I ( ] f f I 以«)」
C I Q I k I QI 丿弗叱三 iin+以 I j二！]，”

力 I 光L4 I • j：丨 x(/) ~y I

I [ w(2N)-3^—舟mw 宛 I dtdydz I b}k(x) I dx
J R” C/Xi

wc£2S+D”(2W)F22(Md)2”킨"|q»I w(y)I dy

(Lemma 2.1, t=n 소、」2, II bJk II < C

and Qm is the cube with centered xrf sides parallel to those of Q
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and radius 2n+1d)

<cj 2土严2约血3) 

m=l

< Cd^Mutx0)

Next we estimate B

B<
I Q I L I Q I JoX J河.,-小 3曾+订

I Z—J，I 宀 I £（2一甘）产°"藏 
J砂

I bJk(.x) 一皈(z) I dzdx

< cj(2”+싱)”2”仓「「L I 心，) I 的

(By Mean Value Theorem, II 歸(肩)一版(n) I! (=□ < CJ II Vb}k It 

and II 마垃 II K< C2* and Lemma 2.1, £=^ + L

Qm is above Qm)

W 冬 2W2 仓「L |*)| 的

< C2(6~l)Mu(x°)

Putting the two cases together, we have shown that if Q is any cube co

ntaining x°, then

j g I L i *4泓(尤)—(20“)q I dx
J=o
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<(疙 丁*厂厂 L I AflU(x) — C&)q I dx

WC｛2(2”)T+ £ (匕严骅+2(1))｝尬(旳 

2W> 1 2?rf< 1

< CM 心)

Thus we have

(£&〃)# 3) < CMu(xQ)

j=Q

Going back to our original xuitation, and summarizing we has宅-아 

that if Q is any cube containing x° then

g [. ' I (Au(x)~(Au)q 1 dx

(23) < (A(w))5(/) + (B((l-r)w))s(x°)+

< CrMM) + C3 ^Wu(x°) for r > 1

< CM饥(矽)for 9 > 2

When we take the supremum of the left side over all cubes containing 

史 we obtain the inequality

(2.4) (AG (x°) < CMzu (x°), Q.E.D.

We now wish to show the sharp function estimate for g운neral symbol 

a(x ^)€S7s, 0<S< p< 1, S#：l, pwO, and m = (n+l)(p~l). Take 

a function 入(£) e Co(RH) satisfying supp 人 C ｛寿 <1^1 < 1), 2二 

f 人(2苴)=1 (^0). And put q)(g) = l —£爲A(2-宕).Put then 角(爲 & 
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= qp(S)0(x, 5 and a}(xf g)=人(2次)次戻 g), j=l, 2f ….Then Q sati

sfy the condition (1.0) uniformly in j and a0(x g) has the £一 compact 

support.

Lemma 2.3. Let a{xf S)and %(x, g) be above. Let y(^) e G(R허) be 
such that 寸入=入 cmd supp y C {* <1^1 < 1}, Then there exist fu

nctions €나, jeN, 左 cZ허, such that

(i) R必ImC

(ii) II II . < C2JS n+l
(iii) g f)=Z (1+ I k I 2)十％心)#犯 鄭屮(2一©

Proof. It is similar that of in [2丄

Lemma 2.3 says that above symbol a(xf g) can be represented as a 

sum of reduced symbols plus another symbol vanishing on I I >1. 

That is :

a(xf -a0(x f)+ £ Z (1+ \ k\2)~ aJk(.x)^nik 허 r平 (2~g) 

j = l keZa

=a0(x, 9+ 支(1+ I k I 2)~a&’ 9 

囱

where ^) = ^=1ajk(.x)e2mk 号 2 0(2苞) is a reduced symbol and 나te 

double series converges absolutely.

Theorem 2.4. Let A be a pseudo differential operator with symbol a £ 

Sp &, 0 < 5 < p < 1, 8^1 p壬0, /M = (n + l)(p—1). Then there is a cons

tant C>0 such that the pointwise estimate, 

(血)*(砂)< CAfrw(x°) for all 舞R", waS(Rw)
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and l<r<oo, holds.

Furthermore, for l<p<oo and 兆 e Ap, above A has a bounded extension 

to all of P(Rn, wdx).

Rroof. By Lemma 2.3, a(xt g) can be represented as a sum of reduced 
—j 

symbols, plus another symboi vanishing on I I >1. Put bJk(x) 母 

aJk{x) and put V广二 (1+ 繇 | 흐) 丁, 나A satisfies the condition of 

[Theorem 2.2]. By [Theorem 2.2] and [Theorem 5.[3]], A is bounded 

on £p(Rn), p>2. We consider A*, the adjoint of A. It is also a pseudo 

differential operator with symbol in 窝.& [4], [61 Thus A* is bounded 

on LP(RM), 2</><co, by LTheorem 22] and [Theorem 5. [3]]. Hence A 

is bounded on 〃(R”), l</><2, and consequently on L2(RH) as w이 1, by 

interpolation. This means that A is bounded on Lp(Rfl) for 1</><oo.

By replacing Mzu(x) by Mu(x), l<r<oo, in (2.1),(2.3)and (2.4) of 

the proof of [Theorem 2.2], we get the desired result because Afu(x°) 

< MrW(x°), l<r<oo.

We next go to the proof of the second assertion. 

For 徒S(R”)and wzAPf

WAu ibw < II (血)* 11/> , <Cll (Au)# lb w

< C li (MrU II w if l<r<oo 

W C 13 II s if

Since Au s S 抄cZJ(R"), we can apply Lemma 2.7 in Miller

[4] to prove the second inequality. So we can now extend A to a boun

ded operator on £p(Rn, wdx) because S(Rn) is dense in ZP(RW, wdx).
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