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SHARP FUNCTION AND WEIGHTED L’
ESTIMATE FOR PSEUDO DIFFERENTIAL
OPERATORS WITH REDUCED SYMBOLS

H. S. Kim and S. S. Shin

In 1982, N. Miiler [5] showed a weighted L’ boundedness theorem for
pseudo differential operators with symbols in 57,. In this paper, we shail
prove the pointwise estimates, in terms of the Fefferman, Stein sharp
function and Hardy Littlewood maximal function, for pseudo differential
operators with reduced symbols and show a weighted L°—boundedness
for pseudo differential operators with symbol 11 Shs, 0 <85 <p <1, 8
1, p#0 and m=(n+1)(p—1).

1. Introduction.

Let alx, & be a sufficiently reguiar function defined orn R"XR” The
pseudo differential operator A with symbol a'x, §) 15 defined on the
Schwartz space S(R7) =5 of rapudly decreasing and inhimtely defferents-
ble functions by the formula.

Aulx)= jRﬂ e™ ‘alx,&)a{&dt

where #(£) ZJR" e ™ u(x)dx is the Fourier transform of
For w satisfying Muckenhoupt's 4, condition, L*(wdx) =L*(R", wdx) is
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the space of all measurable functions f with Il fl=(] , 1/C) fwde)™
<
For a locally integrable function f
(1) f#(x) =the Fefferman Stein sharp function of f
=Supuco '!%rj L@ =D | dy
the supremum being taken over all cubes € containing x and fo is the
average value of f on the cube @.
(i) M/(x)=supg—|%.|- Jo 1 fGp) 15dp)™ o
the supremum being taken over all cubes containinig x.
(1ii) Mf(x)=the Hardy— Littlewood maximal function
:S“Po‘l%l— fo 153 1 dy

the sopremumm being taken over 2ll cubes @ containing x.

(1) f* (x) =the dyadic maximal function of f
=sup-l%*—fo LfG) | dy

the supremum being taken over all dyadic cubes Q.

We shall say that a symbol a{x, £eC=(R"XR") is in the class S . if
it satisfies the estimate

(1.0) ! (g;)ﬁ(gz)u)a(x’ O | < Cu(Q+ LE] yrerals

for all multi-indices ¢ and B.
Note that S, DS, if ;i < p, 8 < 8, and m: = m..

We consider a symbol a(x, &) which is represented as a sum of redu-
ced symbols, plus another symbol vanishing on | & >1 ie,

(LD alx, &)=adx, §)+;V.a;(x, &)
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The symbol e, &) vanishes for | €| >1, and there exists a constant

C. such that |l (gz)aao(x, O . <C. The a/s are reduced symbols
which represented as

1.2) ol = gb,,(x)w(z-’é)

where b, satisfies Nl b1l . < C | Vb I o < C% 0 <8<, and yeCs(R")

is supported in {%-5 &l <1}, and Eng,, is a positive convergent
series,

2. Main Results.

In order to prove our first Theorem, we need the following Lemma.

Lemma 2.1 Let yeC3(R) with supp vy C{é—s lel <3} Ift= 0,
then there is a constant C,= 0 such that the follounng inequalities hold.
(i) 1yl [ap(@0é™ dE| < C 25 "and
(i) Tyf] [Ww@ e el <C 2=
where & 1s the €-th coordinate of E.

Above lemma is a shghi modification of Lemma 2.9 in N.Miller £5).
Theorem 2.2 Let A be a pseudo differential operator with symbol a (x,

&) satisfying (1 Dand (1.2), then there is a constant ¢>0 such that the poi-

ntwise estimate

(A} (2 < CMaula®) for all 2°eR", ueS(R™)
holds

Proof. The proof follows the lines of the argument in Theorem 2.8
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of Miller [5]. Given £%R", we let Q be a cube containing x* with center
x and diameter d. Let teCi( IR*)satisfy 0 < t(x) < 1, be 1 when | x—2* |
< 24, and vanish when {x—x'] = 3d Then for usS(R*),

ToT 14w — Awe ] dx
<15, 140w | as+ 5] 1 A(Q- D0 B~ U-nwe L de

Let @' be the cube centered at x’, with sides of length 7d paralle] to
those of Q We can dominate the first term in the inequality above be-
cause A is bounded on LZ(R").

21 -[%r—jq [ ACwu) | dx < C(‘t—b‘T‘L | AGou)) | )t

< Clrgr . T 1 2a*

Rl'l

Q]
< g | Vw1

To deal with second term, we simplify notation, writing # for (1—0Dw,
and we assume that # has supported in the set {r:@ {x—x'| > 2d}.
We must estimate the quantity —i%l—L | Aulx) —(An)o | dx.

We begin by decomposing the symbol ¢{x, £) into the sum of reduced
symbols and a symbol vanishing on & >1.

AuG)=[ 2(©als O™ a

= [ it ®als, O™
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+L,u(y) JWZV,a.(z, 5T dedy
=B.(x)+ > Vidu(x)

We consider the first term of the last inequality. B is a pseudo differen-
tial operator whose symbol is ao{x, &) ; the E-support of this symbol is
contained in the set {¢&: [ &| <1} and a.(x, & has the property that
| (gz)"ao(x. & | < C. Hence we have

(Bu)*(#") < CMux®) for r>1. Now

(Au)* () = (Bu)"(x")'P;Vk(Am)’Cr")

Therefore the next task is to examine the operator A, For every keZ"

A (x) :'."_JR”“ (y) J'Ra:Zbﬂ(x)w(z-,g)eZ&(x - Cdédy

[

1]

[ 40 [, e gy

Ma

Apu(x).

-

1=

We now estimate(Az) * (x*)

—E'%'I—L | A (x) — (Aaedo | dx

I ij i | ,;1;} I {Ause(x) —Auu(2) }dz | dx

1

Q
=k I 1 - 2yz =)
=107 ToT 0 [wEobwe
_b;&(Z)eh(z_’} l]dédy}dz | dx

To estimate this last quantity, we distinguish two cases.
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Case 1 2d = 1. Then{(2.2) is dominated by

ZZ T%TU»-«fu-msz-—u lu) | | fwbﬁ(x)w(z-'aem-ﬂ gt | dydx

oy fuly) | i

| [ @0e™ e Ly 1 0ale) | ax

(Qa is the cube with center #’, sides parallel to thoese of Q and radius

2'd)
The last term is bounded by

CZ &L ~(2rd) e jﬁ‘r ]Qm Luly) | dy

(By Lemma 2.1, with t=n+1, and lb.ll.<O)
< C2d) Mu (x>

Case 2. 2d<]l. In this case we write the last term of (2.2).

i EH L) 1—51 I Z j"’“fu—xlfzwwi u(y) | | Jgn\u(Z"g)

Qa=s

Eb}b(x)eem(;"y) :_b)k(x)em(x-rl ¢+bﬂ(;‘)e2m(:-y) £

— b2 ad{ | dydzdx

(77 *—¢™" "]« bu(x)dE | dydadx
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@

" l é | JO | é | .[o; J‘z"uilr-x'!fzmw fu@i | an(z‘lﬁ)

(B (x) —bal2) Je™ ™ Y | dydzadx

=A+B

First to deal with A,

2m(z—)) & 2mlz-y) &
[4 >

- . _a_ ’m(:(l)‘y) &
_Z (xe—24) f,, ax, df
where x{(t) =tx+ (1—1)z x.: the £-th coorchnate of x
Note that (i) {xe—z. | <d since both x and z are in @, and (i) if
2d < ly~x| <2d then 2'd < |x()—y | <2"*d since x(0)eQ.
A 1s dominated by

C S“% z Ié” J‘O | é?l JQJ‘Z"‘S""'S”"”‘T%W

> dxmal - [ 120y

| fo w270 <2 g st | andyaz | 8, ) | ax
< czztm*”"(zmd) )20 el w0 | dy

(Lemma 2.1, t=n+1/2, lb.ll. <C
and @, is the cube with centered x’, sides parallel to those of @
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and radius 2**'d)
<CY 27T a2 Mu(e)
< Cd"2"Mu(x")
Next we estimate B

BT [ ToT o8 frvcrmr cmne e

[ z—y | " j Rﬂ{(Z"é ) dEdy

| b;k(&’) -b,.(z) I d2dx

<Y @rar@d e | 1uo) la

m=1 10,,

(By Mean Value Theorem, fl 8.(k)—8:) fl o< Cdl Vbl .
and 1| Vb, [l . < C2 and Lemma 2.1, t=n+1.
Q. is above Q,)

<CY. 2-**2!‘6-"—{%]» L Lu(y) | dy

< C2% "Mu(x")

Putting the two cases together, we have shown that if @ is any cube co-
ntaining x°, then

o). 1 S Awt — (A a
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SC’Z‘; —l-%'!— L P Asu(x) —(Ap)o | dx

<C 2 @97+ Y (@272 +2) | Mu(x")

¥ 4d<1

< CMu(s)

Thus we have
G Auw)* () < CMu(x®)
Going back to our original notation, and summarizing we have-shown
that if @ is any cube containing x° then

ToT |, ! (Aua) = (o | ax

(23) < (A () +B(1-u))* &) + ;}’k(A»u)*(x“)

< CiMa() +CMa(x®) + Cy Y ViMulx®) for r> 1

keZ"

< CMu(x®) for g =2

When we take the supremum of the left side over all cubes containing
x%, we obtain the inequality

(2.4) (A) ¥ () < CMaulx"), QED.

We now wish to show the sharp function estimate for general symbol
aly, ©® 875, 0<8 < p < 1,8¢L p£0, and m={n+1D(p—1). Take
a function A(€) € C3(R") satisfying supp A C {-:1{ < &l <1, Z::
- A278 =1 (££0). And put (&) =1-Y 7= A(27€). Put then alx, &)
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=9®alx, & and gz E)=A(278alx, &), j=1, 2,-. Then a,(x, &) sati-
sfy the condition (1.0) uniformly in j and ao(x, & has the &—compact
support.

Lemma 2.3. Let alx, &) and a,(x, &) be above. Let w(&) & C3(R") be
such that WA=1 and supp y C [ < | &1 <1}, Then there enst fu-
nctions au, jeN, keZ", such that

(i) ladi.<C

Gi) N Ve, <C2*

(D) gls =Y Q+ k1D 77 e 2 y(27D
keZf

Proof. It is similar that of in [2].

Lemma 2.3 says that above symbol a(x, ) can be represented as a
sum of reduced symbols plus another symbol vanishing on | &} >1.
That is :

n*}

0 O=aly O+3 T U+ k1D T aun)e™ ¥ y(27)

}=1 aedn

s O+ 3 U 121977l ©

where a:(x, ©=2" a:(x)e™ ¢ #”y(270) is a reduced symbol and the
double series converges absolutely.

Theorem 2.4. Let A be a pseudo differential operator with symbol a ¢
S0 <8 < p <1 8%l pe0, m=(n+1)(p—1). Then there is a cons-
tant C>0 such that the pointwise estimate,

(Au)* (&) < CMru(x®) for all 2"cR", ueS(R")
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and l<r<w, holds.

Furthermore, for 1<p <o and v ¢ A, above A has a bounded extension
to all of L'(R", wdx).

Rroof. By Lemma 2.3, a(x, £) can be represented as a sum of reduced
symbols, plus another symbol vapjshing on | &1 >1. Put bu(x) =& ¢ ]
a,{x) and put Vo={(1+ | k1% 7, then A satisfies the condition of
{Theorem 2.27. By [Theorem 2.2] and [Theorem 5.[3]], A 1s bounded
on LP(R"), p>2. We consider A*, the adjoint of A. It is also a pseudo
differential operator with symbo!l in S5 [4], [6]. Thus A* is bounded
on L’(R"), 2<p<w, by [Theorem 2.2] and [Theorem 5. {3]1]. Hence 4
is bounded on L*(R"), 1<p<2, and consequently on L*(R") as well, by
interpolation. This means that A is bounded on L?(R") for 1<p<w.

By replacing Mwu(x) by Mu(x), 1<r<eo, in (2.1), (2.3) and (24) of
the proof of [Theorem 2.2], we get the desired result because Mu(x*)
< Mux"), l<r<co.

We next go to the proof of the second assertion.

For #eS(R") and weA,,

Azl < 1AW, <CHADTH, .
<Cll Maell, . if T<r<
<Cllull, .if l<r<p
Since Au ¢ S CL*(R™ wdx)NL'(R"), we can apply Lemma 2.7 in Miller
[4] to prove the second inequality. So we can now extend A to a boun-
ded operator on L*(R" wdx) because S(R") is dense in L7(R" wdx).
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