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Abstract

From the supplier’s point of view, we examine the existence of a Pareto superior
pricing schedule for one wholesaler with multiple retailers. In the case of multiple
retailers, an order gquantity pricing schedule should depends on the retailer’s under-
lying characteristics. But identification of each retailer’s characteristics may be
impossible; rather, the wholesaler knows only the probability distribution of each
ratailer’s characteristics. Perfect price discrimination is impossible because a
separate pricing schedule cannot be tatlored for each retailer. Some degree of
discrimination is possible only by using a non-linear pricing schedule. From this
analysis based on the non-linear pricing, we conclude that there is no Pareto

superior pricing schedule for the case of multiple retailers.

1. Introduction days. The traditional quantity discount

models, however, have usually been stu-

Several papers have been written on the died soley from the point of view of the
subjects of inventory control involving lot retailer, not from the view of the supplier.
sizing with quantity discount. This is an Monahan[1984], Rosenblatt and Lee
important subject, given the wide-spread [1985, 1986], Eppen and Lieberman[1984]

use of quantity discounts in industry now- have studied the important implications
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from the supplier’s point of view of offe-
ring a quantity discount to his sole major
retailers. Monahan shows that, by offering
an all-unit discount schedule with a single
break, the supplier can always improve his
profit. This parallels the finding of Garbor
[1955] on the sufficiency of single break
quantity discount pricing schedule for the
perfect price discrimination motivation
with homogeneous customers. Lee and
Rosenblatt have generalized the result of
Monahan’s model to add constraints impo-
sed on the amount of discount and to drop
the lot-for-lot assumption of the supplier’s
order replenishment. Eppen and Liebe-
rmann assume that retailers with the same
demands can be separated into two groups.
The first group consists of retailers who
have low inventory holding cost. In the
second group are retailers who have high
inventory holding cost. They show that
quantity discount are important if a high
percentage of retailers will buy on deal for
a small discount.

Kim and Hwang[1988] developed a sin-
gle break incremental pricing schedule for
the multiple retailers case with the assum-
ption on the supplier’s perfect infermation
on the retailer’s characteristics.

But all the above studies implicitly ass-
ume that the supplier has perfect infor-
mation on the retailer’s characteristics.

Goyal[1976] and Lal and Staelin[1984]
have taken different approach through an
integrated inventory model for a marketing
cannnel of distribution where the total

inventory related costs are jointly mini-

mized.

We would like to extend the above studies
to one wholesaler with multiple retailres
classified by their characteristics such as
unit inventory holding cost, demand rate or
ordering cost. In the case of multiple reta-
ilers with heterogeneous characteristics,
the quantity dependent pricing schedule
should, if possible, depend on each retailer’
s underlying characteristics. But identi-
fication of each retailer's characteristics
may be impossible; rather, it is more reaso-
nable to assume that the wholesaler knows
the probability distribution function of
retailer’s characteristics. Perfect price
discrimination is impossible because a
separate pricing schedule cannot be tail-
ored to different retailers. Nonetheless
some degree of price discrimination is poss-
ible by using a non-linear quantity depen-
dent pricing schedule. Any sign of dispa-
rities among retailer’s order, however, may
indicate an opportunity for beneficial price
discrimination. Qren, Smith and Wilson
[1982, 1983] and Goldman, Leland and Sib-
ley[1984] achieved powerful insight into the
qualitative properties of the eptimal non
-linear pricing schedules in the case of a
monopoly supplier. Oren, Smith and Wilson
[1983] also present results for a competitive
situation.

In this paper, we apply the theory of non
-linear pricing to clarify the existence of a
Pareto superior quantity dependent pricing
for a wholesaler with heterogeneous chara-
cteristics in multiple retailers. This non

-linear pricing schedule induces price
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discrimination based on the “self-selection”
of optimal ordering quantities by various
retailer types, that is, the retailer always
responds to this pricing schedule by optim-
izing his objective function. Thus, the
implementation of such a schedule does niot
require that the wholesaler have perfect
information about the retailer’s characteri-

stics.

2. Model Formulation

Let’s consider the situation in which
many retailers receive their replenishment
stock from one wholesaler. The wholesaler,
in return, receives his supply through order
from the manufacturer or the other vendor.

Assuming that the retailers always res-
pond to the non-linear pricing schedule by
the self-selection of optimal order guantity
for that schedule, it may be the wholesaler’
s advantage to offer a quantity discount
pricing schedule even though the demand
rate is constant because the economic order
quantity of the retailers may change in
order to minimize their total cost, consi-
sting of purchasing cost, ordering cost and
inventory holding cost. This may affect the
total expected cost of the wholesaler and
result in a higher expected profit.

In this situation, we assume that the orde-
ring cost and demand rate of the retailers
are the same and the wholesaler knows the
probability distribution function of the unit
inventory holding cost for the retailers.

Under some conditions, a non-linear pri-

cing schedule can benefit both the retailers
and the wholesaler by transferring part of
the inventory holding cost from the whol-
saler to the retailers in return for the quan-
tity discount.

As a result, both parties can benefit
economically from this use of a nonlinear
pricing schedule, although under some
conditions, no muiuzlly beneficial pricing
schedule exists.

The following assumptions will be used
for our analysis.

(1) Demand rate is constant and insen-
sitive to price changes.

{2) No shortages are allowed on either
side.

(3) Instantaneous replenishment at both
the wholesaler and the retailer.

(4) The wholesaler knows the prabability
distribution of the retailer’s unit inventory
holding cost.

(5} Demand rate and ordering cost are
constant and are same for all the retailers.

(6) A continum of many infinitesimally
small retailers.

The following notations will be used.

P{gq})=Total purchasing cost for q units
for the retailer from the wholesaler.

C{g)=Total purchasing cost for q units
for the wholesaler from the manufacturer
ot the other vendor.

D= Annual demand rate for each retailer.

K.=Wholesaler’s ordering cost per
order.

K.=Retailer’s ordering cost per order.

he=Wholesaler's inventory holding cost
per unit per year,
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h.=Retailer's inventory holding cost per
unit per year.

f(h,)=Probability distribution function
of retailer’s unit inventory hoelding cost.

p=Present fixed unit price offered to the

retailers by the wholesaler.

2.1. Retailer’s Behavior

If there exists only one wholesaler, the
retailers always respond to the price sche-
dule offered by the wholesaler. The retailer
whose unit inventory holding cost is h, has
an optimal order quantity q*¢h.) that is
obtained by minimizing his average total
annual cost, ie, total of purchasing cost,

ordering cost and average inventory hold-

ing cost.
a*(h)=arg Min{p(q(h,)) —2
7 qthy)
D gthy
HEe oy g Bep e (2.1

Thus, the first necessary condition for Eq.
(2.1), that is, retailer’s self-selection cond-

jtion, can be written as

d D .
daty P@ho)} oe — {plathr)
D h_r —|] rrarrrmmmrrrssirrrrann

Kl qgz e 0 (2.2)

2.2. Wholesaler’s Behavior

The wholesaler’s geoal is to maximize his
expected net profit subject to the retailer’s
optimal behavior described above. Given
the supply cost function C(q), the wholesaler

is to select an optimal non-linear pricing
schedule P(qg) for his goal. We will assume
that P(q) is positive and differentiaj for the
possible range of order quantity corre-
sponding to the minimum and maximum
unit inventory holding cost in the proba-
bility distribution function.

The decrease in the wholesaler's inven-
tory level from his economic order quan-
tity{g*%) is composed of the nithe number of
the retailers) different ordering quantities
of the retailers. In order to meet the demand
from the retailer without shortage, the
wholesaler must replenish his economic
order quantity earlier than his economic
ordering cycle just at the time when the
order from a retailer is greater than his
remaining inventorv. Then the average
inventory level for the wholesaler can be

approximately expressed as Clzs {assuming n

iz large}. Hence, the expected annual net
profit of the wholesaler iz given by the
expected value of his gross revenue minus
his purchasing cost and ordering cost and
inventory holding cost.

Max 7 =n [ pla(h)) —>— f(h,)dh,—
[ Q(hr

nD o 0D _ g%

Claw go —Ks oo -9

I: h;=maximum h; in £(h,)

hy=minimum h, in f(h;}

From the above, we know that the expe-
cted gross revenue is independent from the
wholesaler’s economic order quantity.

Then wholesaler’s economic order quantity
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can be independently determined just by
minimizing his total cost.

Finally, the wholesaler’s problem is to
find non-linear pricing schedule P(g) to
maximize his expected net profit subject to

the optimal retailer’s behavior, i.e,

By D
Max z=n [, pla(h:) QT f(ho)dh.—Q

.......................................... (2. 4)
d h D he)
st W{P(Q( r})}q(hr) —{plahn)
D hr
+K.} ahaz g =0

Q=Clqey 2D g nD g%
(g% Qs S % 9 by

=constant value

3. Analysis of Model

We now turn to the analysis of the model
to obtain a pricing policy P(q), maximizing
the wholesaler’s expected gross revenus,
and investigate whether this pricing sche-
dule is beneficial to both parties or if it is
possible to get such a pricing schedule that
would benefit all parties. We can rewrite
the wholesaler’s problem to maximize the
first part of Eq(2.4) without the constant n
as follow.

Max == [ path)) <o f(h)dh,

Integrating Eq.(3.1) by parts and substi-
tuting the retailer’s self-selection condition

given by Eq.(2.2) yields

7= plahy)) q—(DH)_ F(h) |2 + [ F(hy)

D

d D
{E(D(Cﬂ) e -pl@) ?} dg

_ D, (u K.D h.
=plao) oo +J5 Flb){Z5=—3}da

J:qozminimum qth) =qhy)
q:=maximum qh.) =q(h,)

For ge<a<da,, Eq.(3.2) can be maximized
with respect to h, by pointwise maximi-
zation of the integrand. Thus, the Euler’s
first order necessary condition for an inte-
rior local maximum is
K.D h

T~} =3 F)=0 o (3.3

f(hr) {

From the above equation, we can find the
relation of the retailer’s order quantity and
the unit inventory holding cost to determine
the pricing schedule. By substituting this
relation h,=hi{q) from Fq.(3.3), i.e., inverse
mapping of the optimum order quantity for
each unit inventory holding cost, into the
retailer’s self-selection cendition Eq.(2.2},
we will get

K.

a4 _pl@
dqp(q) q T

q
_2_:D. h(q) ..... {3. 4)

Boundary conditions involving g, and q,
are obtained by examining Eq.(3.2). Since
Eq.(3.2) is expressed parametrically on g
and q,, necessary conditions for maxim-
izing or minimizing with respect to g, and q,

are

KD _q

qdﬁ;{p(qo)} %— p(tlo)%— Fh){ %



28 el

AERETHER

Fiho) { B2 — Do} =g

(where F{hy)=0 and F(h;)=1)

K.D
ai

From Eqs(3,5) and (3.6),

o plag =B Ko B 50

Therefore the boundary condition invol-
ving q, is exactly the same as the retailer's
self-selection condifion Eq.(2.2) while the
boundary condition involving q, is always
true. Solving the linear differential equa-
tion Eq.(3.4), we will get the P(q) as follow.

pl@=-Kr—51 [h(@da+Coq - (3.8)

{where C,; arbitrary constant number

from integration.)

Because we assumed that total demand is
fixed, a profit maximization criterion will
drive up C, to infinity, which is clearly
unreasonable. We must, therefore, reco-
gnize that the fixed demand assumption is
reasonable only as long as prices stay
within an acceptable range and not attempt
to use profit maximization in determining
C,, Instead, we will use a satisfying appr-
cach and attempt to impose some restri-
ctions on C,. In particular, we would like to
determine C, such that

(1) Wholesaler’s expected net profit with
the new pricing policy is greater than his
expected net profit with existing fixed unit
price schedule{old pricing policy).

(2) Retailer’'s total cost with the new
pricing policy is less than his total cost with
the existing fixed unit price schedule.

If it is possible to find such a policy, this

will produce a Pareto improvement over
the fixed unit pricing policy, which will
benefit both the wholesaler and the reta-
ilers.

3.1. Wholesaler’s Expected Profit

If the wholesaler’s expected net profit
with the new pricing policy{aew) is less than
his expected net profit with the old pricing
policy{mx..4}, this new pricing policy is unacc-
eptable, and he will not offer it. So this
wholesaler’s expected increase in profitis a
necessarey condition for the problem. First,
the wholeslaer’s expected net profit with
the old pricing policy can by written as

follow,

D
q+

na=n fui [pq*—=-] f(h,) dh,— = pnD--Q

where q*=economic order guantity of

the retailer with the fixe unit price schedule

Now, the economic order quantity of the
retailer with the new pricing policy can be
determined from the retailer’s self-selec-

tion condition. From Eq.(2.2), we get

2K.D
= Fmy

o

£(h.)

1/2

Then, the wholesaler’s expected net pro-
fit under the new pricing schedule is as

below.
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Zoew=1 [0 [{-K: —55 [ h(q)da-+Coq}

D
Elq:q‘ f(h,)dh,—
Thus, wholesaler’s expected net profit
condition muew = 7a1a implies

Co K.

+-15 [ h(@dq] quer

t(h,)dh.

For the convenience of notation, let
[ hig)dq=H{q). Then we will get the nece-
ssary condition for C; which guarantees an

increase in the wholesaler’s profit as

Ke |

Cozp+ | "1{ 2D H(q*)} f(h;) dhy=Cos

3.2. Retailer's Total cost.

The ratailer’s total cost is composed of
the purchasing cost, ordering cost and
inventory holding cost. The retailer’s total
cost with the old pricing policy and with

- new pricing policy can be expressed as

follows,

1/2

TCoa=pD+K- D —+ q —h,=pD+ (2DK,h,)

TCnew—p(q,) +K P_+?h i q=g*

= = H(q -- (3,16

Consequently, the retailer’s total cost

condition TCuew =< TC,q Implies

CaSp+{2 }1;2 H(qt)_zDh

=Chax(Dr) rrovrrreeiin (3.17

If is was possible to get C, satisfving Egs.
(3.14) and(3.17), we would get the non-linear
pricing schedule that benefits both parties.

3.3. Existence of a Pareto Superior Pri-

cing Schedule.

Under cettain circumstances, there alw-
ays exists a C, satisfying both Eqs.(3.14)
and(3.17). But under some other conditions,
no €, satisfies both conditions. In order to
investigate the circumstances in which C,
leads to Pareto éuperior pricing policy, we

~must take a close look at the behavior of the

Craxthr) as the retailer’s unit holding cost
changes.

A= Coax(h) =2k (a*—")

Let’s assume that indeed the new pricing
policy benefits every retailers. Then, bec-
ause Crax(hy) is an increasing function of h;,
the largest possible value of C, should be
Cmax(hg). But, from Eq.(3.11) the old econ-
omic order quantity is exactly the same as
the new economic order quantity at the
minimum value of the unit holding cost
range or the maximum retailer’s ordering
quantity. And, From Eq.(3.8), our new pri-
cing schedule has negative value on P(g)
axis.

From these facts, we know that the old
pricing schedule is a tangent line on the new

pricing schedule at the retailer’s ordering
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shown in Fig. 1. The new economic order
quantity tends to be larger than the old
economic order quantity when the marginal
price is less than the unit fixed price; on the
other hand new economic order quantity
tends te be smaller when the marginal price
is greater than the fixed unit price.

From Fig. 1, it is evident that the average
unit price in the new pricing schedule descr-
ibed aboveis alwaysbelow the old fixed unit
price for the whole range of the retailer’s
order quantity. Consequently, the whole-
saler's profit will be lower than the fixed
unit price schedule and therefore, it is impo-
ssible to get a Pareto superior quantity
discount pricing schedule in the multiple
retailers case.

The only possible case in which the
wholesaler as well as all the retailers can
gain from the new pricing schedule is when
all the retailers have the same inventory
holding cest h,. But this case reduces to the
case of one wholesaler in which the whole-

saler has perfect information on the reta-

Plg) olv]

Plg)

f—r=m =

/ =11 q

Fig. 1. Shape of old and new pricing schedule.

iler's characteristics[ Monahan 1984, Rosen-
blatt and Lee 1985, 1986].

4. Conclusion.

So far, we have discussed the non-linear
pricing schedule with only one underlying
retailer’s characteristics from the view-
point of a wholesaler. Using the same kind
of analysis, we can get an idea of the beha-
vior of the retailer's new economic order
quantity and the behavior of the wholesaler’
s expected profit when there are two or
meoere underlying retailer’s characteristics
in the case of multiple ratailers.

When we analyze the model using only
the information on the probability distri-
bution function of the retailer’s ordering
cost or demand rate, the retailer’'s new

economic order quantity has the term —l;((:))

in the numerator without the ?(%lr)) term in

the denominator. Examining the whole-
saler’s expected profit function, we already
know that expected profit comes from
expected gross revenue and constant cost
terms. By the same reasoning as in the
heterogenecus unit inventory holding cost,
we can say there is no Pareto superior
pricing schedule for these either case.
Eventually, if we consider the retailer’s
two or more underlying characteristics in
the multiple retailers case, we see that it is
impossible to get a Pareto superior pricing
schedule for the wholesaler except when all

the retailers are homogeneous. But this is
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the same case as the case of one wholesaler
who has the perfect information about his
only one customer[Monahan 1984, Rosen-
blatt and Lee 1985, 1986].

In this paper, we dont’t consider the shor-
tage case. If shortages are aliowed on either
side, then the economic order quantity of
the wholesaler can be a function of the
retailer’'s economic order quantity. More-
over, it is practical to consider the dynamic
change of ordering quantity with discount.
All of these relaxation of our assumption

suggests the future research area.
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