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1. Introduction 

The notion of a nearly Sasakian structure was introduced by D.E. 
Blair, D.K. Showers and K. Yano in their pa.per [1]. They also showed 
([1]) that S 5 propcrly imbedded in S6 inherits a nearly Sasakian structure 
w hich is not Sasakian 

Z. Olszak ([4]) studied nearly Sasakian manifolds whose curvature 
tensor satisfies Carta l1’5 COl1ditiOl1, conformally flat l1early Sasakian man
ifolds and those of constant 4>-sectional curvature, and also proved that if 
they are l10t Sasakian , they are 5- dimensional and of constant curvature . 

1n this paper, we study nearly Sasakian mal1ifoldS with vanishing 
contact conform펴 curvature te l1S0r field and prove the following theorem 

Theore m . A ny m( # 5)-dimenJional nearly SaJakian manifold with van
iJhing contact conformal curvature tenJOr 껴eld iJ alwaYJ SaJakian 

Throughout this papcr, manifolds a.re assumed to be connectecl and 
。fclassC∞， and all tensor fielcls are of class C∞. 

2. N e arly S asakia n manifolds 

A (2n + 1 )- dimensional manifold Jl!J2n+l is said to have an almo3t 
contact Jtructure with an a3Jociated Riemannian metric tenJor gji if there 
exist on M2n+l a tensor fielcl 4>/ of type (1. 1), a. unit vector field (‘ and 
its dual 1- form ηi with respect to gji which satisfy ([6]) 

(2.1 ) 4>/4>h‘ = -ó; + T/j( ’, dhlgh = 0, ￠1k ￠， hgkh = 9” - njn‘’ 
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where here and in the sequel the indices a , b, c, . .. , h, i ,j , k , . ‘ . run Qver 
the range {1, 2, " ' , 2n + 1} and the Einstein summation convention will 
be used. It is clear that the tensor field rP ji = rP/‘ ghi is skew- symmetric. 

Such a manifold M2n+l is said to be n early Sasakian if it satisfies 
([1]) 
(2.2) "9 k rP ji +"9 j ‘Pki = -2gkj '7 i + gki꺼 + gji마， 
where "9 denotcs t he fucmannian connection with respect to gji. Evcry 
Sasakian manifold is nearly Sasakian, but the converse statement fails 
in general ( [1] , [4]). For a nearly Sasakian manifold, the vector fielcl ç’ 
is Killing ([1]), that is, 
(2.3) "9j l7i + "9 i l7j = 0 

Here we define a tensor fielcl H ji by setting 

(2.4) "9 j17i = rP ji + H ji . 

Then , from the skew-symmetry of rP ji ancl (2.3), it follows that H ji 

is skew-symmetric. Here ancl in the sequel, we set 

H j1 = Hjhgh’, H1‘ =Hh’gh1 ,H te = HjbH， g ， H삼a H kCHtr 

rP ji = rPhiij ，rP암 = rP/ rPλ ￠원 =rPkCrP염， ￠S;?Z = @kd￠;t; ， 

where (gJ') = (9ji)- 1 

3. Fundamental properties of nearly Sasakian 
structure 

We first of 따1 consicler the seconcl equation of (2.1) as in the form 

(3.1 ) rP jaça = 0 

Differentiating (3. 1) covariantly and using (2 .1 ) and (2.4) , we have 

(3.2) ("9j rPia }Ç" = -gji + '7j ’7i - H ja rP ia , 

from w매ch ， taking the symmetric part and substituting (2.2) , 

(3.3) H ja rP;" + H ia rP/ = O. 



Nearly Sasak ian Ma nifolds with Vanishing 

Transvecting (3 .3) with <PbJ a.nd using (2.1 ), we obta.in 

Hjaφ감 = H .‘b - Hia f， aηb ， 

which together with 
(3.4) 

implies 
(3.5) 

H ia f,a = 0 

Hba웹 = -Hji 
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W닝 now a.pply the opera.tor V'/ to the both side of (2.2). Denoting 
by Rkj ‘

h the components of curva.ture tensor a.nd using llicci identity, we 
ha.ve 

V' k V'/ <Pji - R/ha<pj" + R /kja <p;" + V'/ V' j <Pk 

= -2gkj V'/ηi + gh V'/ηj + gji V'/ηk， 

from which, ta.king a.ccount of (2.2) a.nd (2.3), 

- R/kia <P/ 十 R/kJa <Pi
a + V' j V'/ <Pki - R/jia<Pk

a + R/j ka <Pi
a 

- V'k V'jφ， 

= -2gkj V'/ηi + 2g /j V' k '7 i + gk i V'/η'j - g/i V'kηj + 2gj‘ V'/ηk 
a.nd consequently 

- R/kia<P/ + R /kja <P i
a 

- 2 V'k V'jφi + R jkia<Pt" - R jk /a<p;" 
2gk/V'j1 / i + g /iV' j '7k - R/jia <p야 + R/jka<p;" 

= -2gkj V'/ηi + 2g/j V' kηi + gki V'/η'j - g/i V' k7/j + 2gji V'/ηk. 

Thus, a.pplying Bia.nchi identity to the a.bove equa.tion , we ha.ve 

(3 .6) 2R/jka <Pi
a 

- R/kia찌 a _ Rkjia <Pt" - R/j ia <P k a + 2gk j V'/η‘ 

-2g/j V'k '7 i - 2gj;V'/'7k + 2gk;V' j '7/- 2gk /V' j '7; = 2 V' k V' j ‘1>/‘ ’ 

from which , using (2.2), 

2R/jka<p;" - R/k;a <pj" - R kj ‘
a<Pt" - R/j‘g싸。 + 2gkj ‘\1/η， 

-2g j ;\1 kη/+2gki V'j η/-2gk/ V'jη‘ + 2g;t\i'띠j 

-2V' kV'‘ <Pj/ = 0‘ 

Here, t a.king the skew-symmetr~c pa.rt with respect to k a.nd i , and using 
llicci and Bia.nchi identities, we ca.n find 

(3.7) R/kja<p;" + R/ka; <pj" + R/aj; <p야 + R akj‘<Pt" = 0 
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with the help of (2.3). 
Next, we transvect (3 .7) with q,h1

• Then it follows from (2.1 ) that 

Rbaj; q，없 + Rbka; q，엄 + ~kja q，염 - R hkj ; + R akj ‘
(a l)h = 0, 

from which, alternating with respect to h and k, and taking account of 
(2.1) and (3 .7) , we can see that 

(3.8) 2Rbaj ; q，없 2Rhkba얘? + 1fak1.rηh - Rahj;(aηk 
-Rhka;(a l)j + R ajhk(a l); = O. 

Replacing h, k in (3.8) by d, c respect ively, and transvecting the resulting 
equation wi th 얘1， we obtain 

(3 .9) 2Rhkj ; - 2R뼈a얘쌍 - 2Rakj;(a7Jh + 2Rahj ;(a l)k 

-Rdcai뼈wη'j + Rdcaj q，없Fη;=0 

with the help of (2.1). Transvecting (3.9) with (’ yields 

(3. 10 ) Rdcaj(a q，잃 + 2R hkjaC - 2RakjbC앙ηh + 2RahjbCe l)k = 0, 

from which, transvecting with q，섬 and using (2. 1), 

2Rdcja(a q，1~ + R1majC - Rlcaj(c(a7Jm - Rdmaj(d(a l)l = 0, 

and consequently 

(3 .11 ) 2Rdcja(a q，없 + R hkaj(a - R.kbj(ae l)h - R habjCe l)k = O. 

Multipling (3.11 ) by 2 and adding the resulting equaiton to (3.10), we 
can easily obtain 
(3.12 ) Rajdc(a q，없 =0, 
which 없ld (3.9) ir째ly 

(3. 13 ) Rdcba뼈썽 = R hkj; - R.kj; E， aηh + R ahj;E, al)k' 

Transvecting (3.13) with q，상 ancl using (2.1), we have 

(3.14) R1mba갱? = Rba1，￠% 
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From now on we prepare the folJowing lemma. 
Lemma 3.1 (cf. [4], [5]). On a (2n + l )-dimensional nearly Sasakian 
manifold Jv[2n+1 

(3.15) Rj ;t,‘ = (2n + Hba Hba )TJj 

and 
(3.16) HbaH아 = const. , 

where Rji denote the components of Ricci tensor of M 2n+t . 

Proof. Differentiating (3 .4) covariant ly, we have 

('VjHia) f," = -Hia 'ïl j f,", 

which and (2 .4) impl 

(3. 17) ('ïl jHiaW = - Hia(<p/ + H/) . 

On the other hand, it follows from (2.3) that 

'ïl k‘V j 1/i + 'ïl k 'ïl‘nj = 0, 
'ïl j 'ïl‘ 17k + 'ïl j 'ïl kI7i = 0, 
'ïl i'ïlkI7j + 'ïl i'ïl j1/k = 0, 

from which together with llicci identity, we have 

'ïlk 'ïl jl7i + 'ïlk 'ïl i1/j = 0, 
'ïlj 'ïl iηk + ?k?1ηi + RkjiaÇa = 0, 

'ïl k 'ïl i까 + RkijaÇa + 'ïlj 'ïl iηk + RjikaÇa = 0, 

which and Bianchi identity give 

(3 .18) 'ïlk'ïl j1/i + 'ïlj 'ïl끼k+ 'ïlk 'ïl i깨j + RkijaÇa = O. 

Since 

(3.18) implies 
(3.19) 

'ïl k 'ïl j1/i = 'ïl k<Pj‘ + 'ïl kHj ‘’ 

Rakji감 = - 'ïl k<Pji - 'ïl kHj ’ 

Now we transvect (3.19) with <p싫 Then, from (2. 1) and (3.12) , we find 

('ïl k<Pji + 'ïl kHji) <p싫 =0, 
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from which , transvecting with q，앙 and making use of (2.1) , 

'<;hq,,, + ';hH" = [(\7 kq,rj )Ç' + ( \7kHrj)Ç' Jη， 

[(\7 k q,.j)Ç' + (\7 k H.j )Ç'J1)" 

and consequently 

(3.20) \7 k찌; + \7kHj; = (gk; + HkaH;a)η; - (gkj + HkaH;")η， 

Hence it follows from (3.19) and (3.20) that 

(3 .21) R akji(a = -\7 kq,ji - \7 kHj; 

= (gkj + HkaH;")η; - (gki + H kaH ;")'1; ’ 

from which, transvecting with gk j , we obtain 

R‘0(0 = (2n + H ba H ba)1)‘’ 

which is the first assertion of the lemma. 
On the other side, transvecting (3.21) with q,' ‘ and H" , respect ively 

and using (3.1) and (3.4) , we can see that 

(3.22) (\7 kq,ba + \7 kHbaW. = 0, (\7 kq,ba + \7 kHba)Hba = 0, 

which together with tþj;tþ" = 2n gives 

(3.23) (\7 kHba)에0=0 

Furthermore, applying the operator 와 to (3.3) and transvecting the 
resulting equation with g' ’, we have 

(\7kH ba )q,ba + (\7 ktþba)H ba = 0, 

which and (3.23) yield 
(\7 ktþba) H ba = 0, 

and consequently 
(\7 kH ba)Hba = 0 

with the aid of (3.22). Hence Hb.H ba = const. , which is the second 
assertion of the lemma. 

We next prove the foll。、，ving lemma. 
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Lemma 3.2. (cf. [4] , [5]). On a nearly Sasakian manψld 

(3.24) ( '\h찌 .)<Pa' H ;a = -HkaH;a까 + H jaHi aT/k + H ka <PiaT/j. 

Proof Differentiating the fì.rst equation of (2.1) covariantly, we have 

(\1 k <Pa‘ )<p/ + <Pai \1 k<p/ = (\1따)꺼 + η; \1kη1 ’ 

which together with (2 .4) leads t。

(3 .25) (\1 k <Pa;) <P/ = (\1k <Pja) <P;" + (<Pkj + Hkj)'1i + (<P서 + Hk‘ )ηJ 

Therefore, (3 .25) together with (2.2) implies 

(\1a<P ki)<P/ = -(\1k <Pja) <P;" - 2<pjkηi + <Pjiηk 

-( <Pkj + H d T/i - (아i + Hki )ηJ' 

from which, interchanging pairwise the indices k , j and then using (2.2), 
we obtain 

(3.26 ) (\1a<P ji) <P k a = (\1 k <Pja) <Pt - (<Pkj - Hkj)T/i + 2 <P ki까 - H jiT/k. 

Transvecting (3 .26) with φ1 없d changing the indices a , j , 1 to b, a , j , 
respectively, we fì.nd 

( \1b <Pai)썩.j = (\1k <Pab)<P/<P/ - (<Pka <P/ - Hka<p/)η. - Hgl￠jaηk ， 

from which, using (2. 1), (3.2) and (3.25) , 

(3. 27 ) (\1b <Pai) <P엄 = -\1k찌 i - 2gkjT/; + gki꺼 
+ηkη'j T/ i - <Pka H; aT/j + <pjaH;aηk . 

From now on, we differentiate (3 .25) covariantly and use (2.1 ), (3.3) , 
(3.6), (3.14) and (3.21). Then we can easily verify that 

( \1 k <Pia)( \1φ/) + (\1k <Pja)( \1φ;a) + R ki1j + R kj1; 

(3.28) -R，iba <P엄 - Rkiba <P앙 + 2YlkYji - 2YkiYlj - 2g,;gkj 

+<Pki <Plj - <Pli <Pkj + Hk ;H 'j + H 'i H kj - 2g'k꺼ηi + gki T/l까 

+g，;')미j + g'j')k')i + gkj')lηi - Yk;H,a<p;" - YliHka <P/ 

-Ylj H ka <Pi
a 

- ykj H ,a<p;a = o. 



194 Jang Chun Jeong 

Interchanging pairwise the indices i, 1 to r , s in (3.28) and transvecting 
it with 예， we can find 

('\7 k r/>;.)('\7φ;") - '\7 kr/> j. '\7,r/>‘. + 2( '\7φkj )1); + 2( '\7 kφ; )1)j 

-('\7 kr/>‘ , )r/>.’ H/171 + ('\7 kr/> j ,)r/>.' H ,.1); + ('\7，r/>j ，)r/>. ’Hk건。얘1); 
’ 

(β3.29밍)→('\7 k r/>찌)'니)r/>.긴'H’.1)1 + Rk;씨’“써Ij - Rk;‘b야.r/>양 +R，““‘“b야.r/>업 -R“ 
+4gk서l띠n꺼1ηi - 9kiη1 1)j - g，;1)k까 - gkj1)1’); - g'j 1)kη， 

-짜;r/> 'j - r/>,;r/>kj - 2r/>'k r/> j; + HhH'j - H ,;Hkj 

-gk;H,.r/>;" + g,;Hko r/>;" + gkjH,.r/>;. - g'jHko r/>;" 

+HkoH;"η1')j - 2HkoH;"1)I1); + H,.H;"1)k1); + 2Hko r/>,o1)j1); 

-Hk. r/>;.’)1 1)j + H ko r/>;"1)1η; = 0 

Equations (3.28) and (3 .29) give 

2( '\7kr/>;.)('\7 ,r/>;") + 2( '\7 kφ;) 1)j + 2( '\7φkj )1); - ('\7 kr/>‘,)r/>.' H/ 1)1 

+('\7k찌，)r/>.' H;에1+( '\7φj ，)r/>.' Hk .1); - ('\7 k찌，)r/>. ’H，oη‘ +2RWj 

-2Rk;b. r/>양 + 2g,kgj; - 2gk;g'j - 2g,‘ gkj - 2 r/>얘j; - 2r/>，짜1 
+2Hk;H'j + 2g'k1)j1); - 2gk;H,.r/>;" - 2g,jH ko r/>;" + Hk.H;"1) l 1)j 

-2Hk.H;"I)1η‘ + H,.H/1)k1); + 2Hk.‘/>，o1)j깨! 

-Hko r/>;.1)1’ 7j + H ko r/>;"1)1’); = 0, 

from which , interchanging pair、Nise the indices k , i and l , j and subtract
ing, we have 

('\7φ;， )r/>. ’Hk.ηj - ('\7φ;，)r/>.' H;"17k + ('\7φj ，)r/>。’Hk .1); 

+('\7φj ，)r/>.' H‘ .1)k - ('\7 kr/>;,)r/>.' H ,01)j - ('\7얘;，)r/>.’H/1)1 

-('\7 k r/>j ，)r/>. ’H，oη; + ('\7 kr/> j.) r/>.' H‘.1)1 + H,.r/>/1)k1); 
+2H,.H;"1)k1)j - 2HkoH/ηlη; - H k• r/>;.1)I1)j - 4H，.짜aη，1); 

-H,.r/>;"1)k 1)j + H k• r/>/1)I1); = 0 

with the help of (3.3) and (3.14). τ'ransvecting the above equation with 
ç' and using (2.1) , (3씨 and ('\7 .r/>j;)ç. = -Hj.r/>ζ which is a direct 
consequence of (2.2) and (3.3) , we can obtain 

(3.30)('\7때j，)r/>.' H;" - ('\7얘;， )r/>.’ H/ = Hk.H;"1); - HkoH;.η1 

-Hko r/>;"1); + Hko r/>;"1) j. 
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Taking the symmetric part of (3.30) with respect to k and j , and using 
(2. 1), (2.2) and (3.3) , we find 

(Y'‘ </>ks)</>. s H;" + (Y'; </>;s) </>.' Hk a = -H;aH야'7; - H;a H;" '7k 

+2HkaH;" '7; + H;a</>ka'l; + H;a</>;" '7k, 

which together with (3.30) leads to our assertion (3.24). 

Finally we prepare the following lemma. 
Lemma 3.3. 0η a nearly Sasakian manifold 

H펴R，;kl + H;암R，;kl = -(HlaH; a - H밟Hü )'7k '7j 

(3.3 1) +(HkaH;" - H짧H;，)，깨'; - (HlaH;" - H싫SHjs)η씨 

+(HμH;" - H~!bH;s)"1η‘ -H얹(</>;s + H‘s)( </>1; + HI;) 

+H캄(</>ü + HÜ)(</>k; + Hk;) - H껍(</>;s + Hjs)(φ; + HI;) 

+H감(</>;s + H;')(</>k; + Hk;). 

Proof At first we transvect (3.24) with φ’ and make use of (2.1), (3 .4) 
and (3.5) . Then we get 

(3.32) (Y'얘ja)H;a = H，강</>;s '7j - Hχ￠‘s '7k - Hbη]" 

On the other hand, transvecting (3 밍) with Hh' and using (3씨， we have 

(Y'k</>ja)Hh a + (Y'kHja)Hh a = (Hhk + HkaHs a H서)η)> 

from which , substituting (3.32) , 

(Y'kH;a)Hha = -H강( </>h. + Hhs )η'j + Hj; </>hs '7k 

and consequently 

Y'k(HjaHha) =-H겸(</>hs + Hhs )η'j -H럽(</>;s + Hjs )'7h. 

Hence, applying the opertor Y' 1 to the above equation 없d using (2.1), 
(2씨， (3.3) , (3씨 and (3.21) , we can easily verify that 

Y'1Y'k(HjaH;a) = 2(HlaH，간 H많Hks )ηlη. - (HlaH;a - H없His )rykη1 

-(HlaHf H찮’Hjs)ηk'7.) - H강(</>.s + H.s)( </>Ij + Hlj) 

-H껍(</>js + Hjs)( </>1. + Ht; ), 
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which and Ricci identity imply our assertion (3.31). 

4. Proof of main theorem 

1n a (2n + l)- dimensional nearly Sasakian manifold M2n+l , the 
contact conformal curvature tensor field CO ,kj‘ h is defined by 

CO•k샤 = R kj
‘
h+ 숭(야Rj; - 앙Rki + Rkhg1‘ - R/gk; 

-Rkl‘11jη; + R/11kη‘ - TJkçh Rj; + TJ jçh Rk; - 4>k h 5 j ’ 
(4.1) +4>/5k‘ 

- 5kh4>j; + 5/ 4> k; + 24>kj5/ + 25kj 4>/) 
(n + 2)s 

+-----{2n2 - n - 2 + ----l(￠k%1! - ￠1h￠k， 
2n(π + 1) 

(3n + 2)s 
-2￠k1 ￠，h) + ----In + 2 - ----](6삽; - Ó;gk;) 

2n(n + 1) 
(3n + 2)s 

+" .1.- , ，，[-(4년 + 5n + 2) + ' - ',,'. -r J 
2n(n + 1) 
(ótηjη， 6fηkη‘ + ηkghgjI - ηjçhgk;) ， 

where s denotes the scalar curvature of Af2n+l , 5j; = 4>/ Rh‘ and 
S1h = S1·gih 

From now on we assume that the contact conformal curvature tensor 
field of M 2n +1 vanishes identically. Then, from (4.1) with CO ，k샤 = O, we 
have 

H;" H.' R ,;k/ = 갚Hκ1aH싸 -Hκ';"Hκa’R，씨k얘싸g;’남 Hκ';"H폐g 
-H;"H.야kR‘“/-H/H.’R./TJ;ηk + H/ H: R'kTJ;ηl 
-H선Ha얘，/5;k + H;" H.' 5'k 4>;/ - H;" H.' 5,/4>‘k 

+H;"H. ’ 4>,k5;/ + 2H;" H.얘，;5k/ + 2H;" H. ' 5,;4>k,] 

2 ", (n+2)s 
------[27Z - n - 2 + ----l(H1aHa얘，/4> ;k 

2n(n + 1) 
-HrHa얘，k 4>;， - 2H;" H: 4>.‘ 4>k/) 

(3n + 2)s ------In + 2 ---- }(H1aHal9Ik - H jaHak9ll) 
2n(n + 1) 

(3n + 2)s 
" .1: , , , [-(4n 2 +5n+2)+ ， v " ，，~ ~J~J 
2n(n+1) 

(H;" H./TJ;까 H;"H.kTJ‘’ /1 ) , 
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which together with (3 .31 ) gives 

경; IHlaHaIR1k - H,aHgSRsk9” Hκ!재a애Ha폐 
-HiaHa’R，“1 7띠께'1까)j7끼7η마1μk+ H‘ a Ha' R'k7)jr/l - H;" Ha얘.15jk + H;" Ha' 5.얘jl 

- H;"Ha'5'I <Pjk + H;"H.냉，k5jl + 2H,‘a Ha' <p,j5kl + 2H,‘a Ha' 5.j<PklJ 
(n + 2)s 

+ n .1 ， J2년 n 2 + ----}(H，aHa얘，1 <Pjk - H;" Ha얘s얘jl 
2n(n + 1)'-- 2n 

(3n + 2)s 
-2H;"H，。’ <P，찌) + ----[n + 2 - ----](HiaHalg1k - H，aHgk9μ) 2n(n + 1)'- , - 2n 

(3n + 2)s 
+----I-(4n2 + 5n + 2) + ----j(HigHalη1ηk - Hia Hak '1 j'11 ) 2n( n + 1)' , - - . - - . -,. 2n 

H;"Ha'R.ikl = (H1a H;" - H짧Hi，) '1k 'l‘ 
-(Hka HiO 

- H;:!bHis)η1 7)j + (HlaH;" - H;짧Hj꺼k '1i 

- (Hka H;" - H않íHj，)’71ηi + H강(<P is + His )( <Plj + Hlj) 

- H l.' ( <Pi' + Hi，)(φj + Hkj) + H껍(<pj ， + Hj.)(φi + Hli) 

-H캄(<pj ， + Hj.)( <Pki + Hki ). 

Transvecting the above equation wi th ~삿] and using (3.4) and (3.15), 
we can easily obtain 

(Hba H ba)Hia Hal = -2nH，않Hü ， 

which implies 
_(Hba H ba )2 = 2n /l Ht Hab /l 2 

and consequently Hji O. Thus we complete the proof of the main 
theorem stated in the first sect ion 

Remark. The contact conformal curvature tensor field of 5 5 (properly 
imbedded in 5 6) never vanishes identically. 

Remark. (cf. [1 ]). Any 3- dimensional nearly Sasakian manifold is 
Sasakian . 
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