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SYMMETRIC CANTOR SETS AND DIRICHLET 
SETS 

HuÌlg Hwan Lee 

The notion of a Dirichlet set has been st udied for several decades. 
Such sets are named in honour of Dirichlet ’s Theorem [3, p235] which, in 
modem terminology, simply says that every finite set in R is a Dirichlet 
set . 

In this paper, we present a Criterion for proving that a symmetric 
Cantor set is a Dirichlet set . 

Definit ion 1. A bounded subset A of R is called a D‘ncλlet set (in 
short, D -set) if there exists a sequence (Qk)뚱 1 in R such that 

.lim Qk = ∞ and .lim (sup 1 sin QkX I) = O. 
"-‘。o <-‘。o xEA 

[Define sup 0 = 0 for the empty set 0, 50 0 is a D- set.] 

Notation 2 . Let C = (Cn)뚱1 be a fixed sequence of real numbers such 
that 0 < 2cn < Cn-I for n ~ 1 and put r ’‘ = Cn_l - Cn for n 즈 1. Let 

Fn = {ε êjrj lêj = 0 or 1 for 려1 j}. 

Then it is clear that Is - tl > Cn for s f. t E Fn. In particular, Fn has 
exactly 2’‘ points. Next, put En = U바tεEFn’n씨1 
ad비IS윈JO미m따lαt un찌lÌon of 2’n‘ closed intervals of length cn‘ eac야h.‘ N ote that for t E 
F，감n ， W뼈eh따ave t샌E Fn+ 1> t+r세 E Fn+ 1> and t < t+Cn+1 <t+rn+ 1 < t+Cn. 
This shows that En+1 C En for all n ~ 1. The set E = Ec = n응IEn 
will be called the symrπetríc Cantor set on [0, co] determined by C. It is 
easy to sh。、，v that E = {ε운1 ê;r;lê; = 0 or 1 for all i} 
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1n what fo lJows we write the fo lJowing classical result of Dirichlet 
taken from [3] 

Lemma 3. Let 01 ,02 , ... ,Ok be any k real numbers and let Q be any 
positive integer. Then we can find an integer q with 1 ~ q ~ Qk and 
integers Pl , P2 , ... , Pk such that 

Pi , _ 1 1 ι 
81- 」| < - < --(j = 1,2 ‘ , k) 

q I - Qq --' qt+ t 、

1n particular, I sin 1I"qoil < ~(j = 1,2,"', k) 

Proposition 4. Adopt the Notation (2) . 1f 끄mn ε얻 1 I sin nrkl = 0 then 
E is a D-set. 

Proo f. Let {np}( T ∞) be a sequence in N such that 

ε I sin nprkl < 1)p with { 1)p} • O 

For x E E , we have 

I sin npxl ~ ε I sin nprkl < 1)p 

Thus 

igE | Sinnpz| < n 

It folJows that 

J3!g igE 1 sirl 따xl = O. 

Now we are ready for the main theorem 
ι 

Theorem 5. Adopt the Notation as before. 1flimppc; = 0 then Ec is a 
D-set. 

Proof. Let 

c* - l 
k 닮펴 

with 1imkψ(k) = ∞. 

It fo lJows from Lemma (3) that for given P, A E Z+ and t E R(t 즈 1), 
there exist n = n(p) such that 

A < n < AtP and Isinm‘서 < IL 
[ t] 

for 1 ~ k ~ p. 
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Let A = p, and t = P얘떠 즈 2. Then there exists n = n(p) such that 

p::; n < p(pJ-.þ(p))P and Isinnrkl <-;-:-• E-(k= y 't"\ l" JI 1 ............. ~I .... lp얘짜| 

Thus 않=11 sin nη 1< →뉴 smce p에何 ~ 2 and 
、/ψ ( 이 

ε 1 sin째 ::; n ε rk = ncp < p(pJ-.þ(p))P. (=:;:느 )P ="객-
k=p+1 k= p+l v γ 1" 11 'pψ(p) I (、꾀떼)P 

Therefore we have 

중 1 sin m'd ::; 쑤 + -E- • 
k=1 얘껴 (짜짜)P 

Let us choose a increasing sequence {n = n(p)} by letting A and p • ∞ 
It follows from proposition (4) that Ec is a D- set 
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