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ON SOLUTIONS OF VOLTERRA- FREDHOLM 
INTEGRAL EQUATIONS 

Thabet A.A. and A.Hadi Alim 

Abstract 

The existence a끄d uniqueness of solutions of n。띠inear Volterra- Fred 
holm integral equations of the more general type are investigated. The 
main tool employed in our analysis is the method of successive approxi 
mation based on the general idea of T.Wazewski 

1. Introduction 

In this paper we wish to study the existence and uniqueness of 801-
utions of nonlinear Volterra- Fredholm integral equations of the more 
general type of the form 

.t .T 
x(t)=F(t , l f(t ,s ,x(s))ds , l g(t ,s ,x(s))ds) , O~t~T， (1.1) 
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where x(t) is an unknown function. In our analysis we shall apply the 
method of Wazewski [5] . In recent years, there have been sever외 results 
which investigate the existence and uniqueness of solutions of various 
special forms of equation (1. 1) by using different techniques (see, (1], [2] , 
[3], [4], [5]). 

Our main hypotheses which will be used in the subsequent analysis 
are: 
Hypothesis H ,: Suppose that 
H ll : E be a Banach space with norm 11.11 , 1 = [0, η， S={(t， s): O ~ 
s ~ t ~ T} , f ,g E C[S xE,E] , F E C[Ix E2 ,E ], and ifx E C[I,E] and 

-‘ .T 
Z(t) = F(t , /0 f(μ x(s))ds, 10 g(t ,s ,x(s))ds) , 
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then, Z E C[I, E] 

H 12: there exist functions W1(t ,s,r) , W 2(t ,s,r) such that W ], W 2 E 
C[S X R+ ,R+] ,R+ = (0, ∞) which are nondecreasing in r and fulfill 
the condi tions: 

W 1(t ,s ,0) 드 0, lV2 (t , s ， 이 三 o and 

Ilf(t ,s,x) - f(t ,s,x)11 ~ W1(t ,s, IIx - xll) , 
Ilg(t , s, x) - g(t , s , x)11 ~ W 2(t , s, IIx - xll) , 

for x ,x E C[I ,E]. 

H1 3‘ there exists a function H (t , r ], r2 , r3) defined for t E 1 and 0 < 
rl , r2 , T3 < ∞ such that H ( t , 0, 0, 0) 三 o and 

(a) ifu E C[I,T] and 

.T 
V(t) = H (t , I W1(t ,s,u(s))ds , I W2(t ,s,u(s))ds) , 

then V E C[I,IJ; 

(b) if u, fi E C[I,I] and u(t) ~ fi(t) for t E 1, then 

H (t , L t Wl (t , s , u(s))ds, L T %(t, s , u(s))ds), 

으 H (t , 10‘ κ(t， s , i(s))dsJT %(t, s , i(s))ds), f。r t e I i 

(c) ifun E C[I,I], un+1 ~ un ,n = 0,1,2, .. . , a띠 Iimn→∞ un(t) = u(t ), 
then 

. t .T 
J많 H (t , Ia W1(t ,s ,un(s))ds , /0 W 2(t ,s,un(s))ds) 

= H (t , 10‘ κ(t， s , u(S))ds,I %(t,s ,u(s))ds), &rt E I , 

H 14: the inequality 

IIF( t , X 1 , X2 , X3) - F(t , X1 , X2 , x311 
~ H(t , IIx1 - x1 11 , IIx2 - x2 11 , IIx3 - x311) , 
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holds for X; ,X‘ E C[I,E] ,i = 1,2,3 and t E 1. 

Hypothesis Hz: Suppose that 
H 21 : there exists a nonnegat ive continuous function u : 1 • R+ being 
the solution of the inequality 

.t .T 
H(t , /0 W1 (t ,s,u(s))ds , 10 Wz(t ,s,u(s))ds) + h(t)::; u(t) (1. 2) 

where 
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H 22: in the class of functions satis암ing the condition 0 ::; u(t) ::; u(t) , 
t E 1, the function u(t) 三 0, t E 1, is the only solution of the equation 

.t .T 
u(t) = H(t , I W ,(t ,s,u(s))ds , I Wz(t ,s,u(s))ds) ,t E 1. (1. 3) 

1n order to prove the existence of a solution of equation (1. 1), we de!ìne 
the sequence xo(t) 三 0, 

In+I(t) = F(t, j f(t, s, xn(s))ds, LTg(t, s , xn(s))ds) (1 4) 

for n = 0,1,2,. 
To prove the convergence of sequence {xn} to the solution X of the equa­
tion (1.1), we de!ìne the sequence {un } by the relations: 

uo(t) = u(t) , 
.t .T 

U n+1 (t) = H(t , 10 f(t ,s,un(s))ds , /0 g(t ,s,un(s))ds) (1.5) 

for n = 0,1,2, ... , where the funciton u(t) is from Hz. 

Now, we prove the following basic lemma which will be used in our 
subsequent discussion. 

Lemma 1.1. If cond떠on H13 and hypothe3i3 Hz are 3ati3fied, then 

0 으 U n+l(t) ::; un(t) ::; u(t) , t E 1, n = 0,1,2,... (1.6) 

」않 un(t) =0, tEI 
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and the convergence is uniform in each bounded set. 

Proof Using (1.5) and (1. 2) we obta.i n 

.T 
U1(t) = H(t , I f(t ,s ,uo(s))ds , I g(t ,s ,uo(s))ds) 

10 10 
.t .T 

~ H (t , / j(.t ,s ,ü(s))ds , I g(t ,s ,u(s))ds) + h(t) 
10 10 

ü(t) = uo(t) , t E I 

Further, we obtain (1.6) by induction. But (1.6) implies the conver­
gence of the sequence {un(t)} to some nonnegative function 4>(t) for 
t E I. By Lebesgue’s theorem and continui ty of H i t follows that the 
function 4>(t) satisfies equation (1.3) . Now, from Hz we have 4> 드 0, t E I 
The uniform convergence of the sequence {un셔} in I fo이에llows from Diniα11 

t“싸heo。야rerr미1. Thus, the proof of the lemma is complete. 

2. Main Result 

1n this sect ion we shaIl establish our m a.in results on the existence 
andur띠ueness of the solutions of equation (1. 1). 

Theorem 2.1. If Hypotheses H, and Hz are satisfied, then there exists 
a continuous solution x of eq1Lation (1 .1). The sequence {xn} defined by 
(1 .4) converges uniformly 0π I to X, and the following estimates 

II x(t) - xn(t)11 :::; 싸(t) ， t E I , n = 0,1,2,'" (2.1) 

and 

IIx(t) 1I :::; u(t) , t E I , (2.2) 

hold. The solution x of equation (1.1) is unique in the class of functions 
satisfying the condition (2.2). 

Proof We first prove that the sequence {xn(t) }, t E I , fulfìlls the condi­
tion 

Ilxn(t)11 ~ ü(t) ,t E I ,n = 0,1,2," (2.3) 

Evidently, we see that 

IIxo(t) 1I 드 O~ü(t) ， tEI 
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Further, if we suppose that the inequality (2.3) is true for n 으 0, then, 

|1zn+1(t)|| = l|F(t, j f(t, s, 1n(s))ds, LT g(t, s, xn(s))ds) 

-F(t, Lt f(t, s, o)ds, LT g(t, s, 0)ds) 

+F(t , l j(t , s, O)d; , l g(t , s, O)ds)11 

S H(t, Lt κ(t， s, ||Zn(s)|1)dsJT %(t, s, ||Xn(s)|1)ds + h(t)) 

s H(t, Lt W(t, s, i(s))dsJT %(t, s , i(s))ds) + h(t)) 

::; ü(t) 

For t E 1. Noκ we obtain (2.3) by induction. 
Next , we prove that: 

IIXn+r(t) - xn(t)11 ::; un(t) , t E 1, r = 0,1,2,'" (2 .4) 

By (2.3) we have: 

IIxr(t) - xo(t)11 = IIxr(t) 1I ::; ü(t) = uo(t) , t E 1, r = 0,1,2,'" 

Suppose that (2 .4) is true for n , r 즈 0, then 

|1zn+r+I(t) - Xn+1(t)|| = llF(t, j f(t, s, zn+r(s))dsJT g(t, s, zn+r(s))ds) 

-F(t, Jt f(t, s, xn(s))dsJT g(t, s, xn(s))ds)ll 

S H (t,L t W(폐Z’‘+r(s) - xn(s)l l)ds , 

Lt %(폐Xn+r(s) - xn(s) lI )ds) 

S H (t, J t W(t, s, ttn(s))dsJT %(t, s, un(s))ds) 

= U n+l(t) for t E 1. 

Now, we obtain (2.4) by inωctíon. 

Because of lemma, limn_∞ un(t) = 0 in 1, we get from (2.4) Xn • ￡ 

in 1. The continuity of x follows from the uniform convergence of the 
sequence {Xn} and the continuíty of all functions Xn. If r • ∞， then 



146 Thabet A.A . and A.Hadi Alim 

(2.4) gives est imation (2.1 ). Estimation (2.2) is implied by (2.3) . It is 
obvious that x is a solution of equation (1.1) 

To prove that the solution x is a unique solution of equation (1.1) in 
the class of funct ions satisfying the condition (2.2), let us suppose that 
there exists another solution x defined in 1 and such that x(t) 줌 x(t) for 
t E 1 and IIx (t)11 ::; ü(t) for t E 1. 

Ftom (2.1) we have: Ilx(t) -' xn(t)11 ::; μ(t) ， t E I ,n = 0,1,2,"', 
and it follows that x(t) = x(t) for t E 1. This contradiction proves the 
uniqueness of x in the class of functions satisfying relation (2.2) . This 
completes the proof of the theorem. 

We next establish a theorm which gives conditions under which equa­
tion (1.1) has at most one solution, those conditions do not guarantee 
existence. 

Theorem 2.2 . If Hl is sati꽤ed and the function m( t) 三 0, t E 1 is the 
only nonnegative continuous sol'ution of the inequality 

.t .T 
m(t)::; H(t , Ia W,(t ,s,m(s))ds ,!o W2(t ,s ,m(s))ds) ,0::; t::; T , (2 .5) 

Then, equatioπ (1 .1) has at most one solution in 1 

Proof Let us suppose that there exist two solutions x and x of equation 
(1.1) such that 

Put 

then 

x(t) 좋 x(t) , t E 1. 

m(t) = IIx(t) - x(t)ll , t E 1, 

m(t) = ||F(t, j f (t, si(s))ds, LT g(t, s , ε(s))ds) 

-F(t, Lt f(t, s , ￡(s))ds ， LT g(t, s , ￡(s))ds) || 

5 H(t, L t W (t, s , ||E(s) - i(s) ||)ds, 

LT % (t, s , |1ε(s) - x(s) ll)ds) 

- H (t, Lt W(t, s , m(s))dsJT κ(t ， s ， m(s))ds) 



On $olutions of Volterra-Fredholm Integral Equations 147 

a띠 by (2 .5) we conclude that m(t) 三 o for t E I , i .e. x(t) = x(t ) , t E I 
This con t radiction proves the t h eore m . 
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