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INTEGRAL EQUATIONS
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Abstract

The existence and uniqueness of solutions of nonlinear Volterra-Fred—
holm integral equations of the more general type are investigated. The
main tool employed in our analysis is the method of successive approxi—
mation based on the general idea of T.Wazewski.

1. Introduction

In this paper we wish to study the existence and uniqueness of sol-
utions of nonlinear Volterra-Fredholm integral equations of the more
general type of the form

t T
z(t) = F(t, L f(t,s,z(s))ds, L g(t,s,z(s))ds), 0<t<T, (1.1)

where z(t) is an unknown function. In our analysis we shall apply the
method of Wazewski [5]. In recent years, there have been several results
which investigate the existence and uniqueness of solutions of various
special forms of equation (1.1) by using different techniques (see, [1], [2],

(3], [4], [5])-
Our main hypotheses which will be used in the subsequent analysis

are:
Hypothesis H;: Suppose that

H;, : E be a Banach space with norm ||.||, I =[0,7), $ = {(¢,s) : 0 <
s<t<T}, f,g€C[SXE,E], FeC[IxE?*E] andif z € C[I, E] and

2(t) = F(t, [ b . 2025, f ok, o, e} 0),
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then, Z € C[I, E].

Hiy: there exist functions Wi(t,s,r), Wa(t,s,r) such that Wy, W, €
C[S x Rt,R*],R* = (0,00) which are nondecreasing in r and fulfill
the conditions:

Wi(t,s,0) =0, Wy(t,s,0)0=0 and

1£(t,s,2) — f(t,5,2)|| < Wilt,s, ||z — z]]),
||g(t,s,a:) = g(tassi)“ < WZ(tvsa ”'1' - ‘7—:“)5
for z,%z € C[I, E].

H3: there exists a function H(t,ry,7;,73) defined for t € I and 0 <
ry,72,73 < oo such that H(¢,0,0,0) = 0 and

(a) if u € C[I,T] and
V(t) = H(t,[: wl(t,s,u(s))ds,f Walt, o, ufs))ds),
then V € C[I,I];
(b) if u,@ € C[I,I] and u(t) < a(t) for ¢ € I, then
H(t,f Wl(t,s,u(s))ds,LTIVz(t,s,u(s))ds),

t T
< H(t, ] Wi(t, s, @(s))ds, [) Wi(t, s, i(s))ds), fort € I;
0

(e) H'u, € ClL I, uuiqa € upn =10,1,2,++ -, and By, ., t,(f) = 1(t),
then

t T
lim H(t, / Wi(t, s, un(s))ds, L Wa(t, s, un(s))ds)
n—oo 0

t f i
=H(t,'[) Wl(t,s,u(s))ds,[) Wa(t, s, u(s))ds), fort € I,

H4: the inequality

||F(t,$1, T, -”»‘3) - F(tri'lv 52af3“
5 H(t, ”zl - i‘l”’ ”"":2 - 52“’ ”33 - 5:3”)&
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holds for z;,%; € C[I,E],i =1,2,3and t € I.

Hypothesis H;: Suppose that
Hy,: there exists a nonnegative continuous function @ : I — R* being
the solution of the inequality

t i
H(t, [) Wi(t, s, u(s))ds, [) Wa(t, s,u(s))ds) + h(t) < u(t)  (1.2)

where
t T
h(t) = sup | F(, [J f(t,s,0)ds, L g(t,s,0)ds)||

Hys: in the class of functions satisfying the condition 0 < u(t) < a(t),
t € I, the function u(t) = 0, t € I, is the only solution of the equation

t T
() = H(t,[) Wi(t, s,u(s))ds,ﬁ) Wa(t, s, u(s))ds),t € I. (1.3)

In order to prove the existence of a solution of equation (1.1), we define
the sequence z¢(t) = 0,
t T
zn1(t) = F(t, [) f(t,s,za(s))ds, [) g(t,s,z.(s))ds)  (1.4)
forn=10,1,2,+:"
To prove the convergence of sequence {z,} to the solution Z of the equa—
tion (1.1), we define the sequence {u,} by the relations:

uo(t) = u(t),

t i
unya(t) = H(t% f(t,saun(-?))ds,fo g(t,s,un(s))ds)  (1.5)
for n =0,1,2,---, where the funciton u(t) is from Hj.

Now, we prove the following basic lemma which will be used in our
subsequent discussion.

Lemma 1.1. If condition Hy3 and hypothesis Hy are satisfied, then
Osuﬂ+l(t)5uﬂ(t) Sﬁ(t),tEI,ﬂ. =01112$"' (16)

nli_i{,lou"(t) =0, tel



144 Thabet A.A. and A.Hadi Alim

and the convergence is uniform in each bounded set.

Proof. Using (1.5) and (1.2) we obtain

w(®) = Het, [ £t 5,u0(s))ds, fg(t,s,uo(s))ds)
< H, [ ft,5,a()ds, | " g(t, s, u(s))ds) + h2).

a(t) = uo(t), tel

Further, we obtain (1.6) by induction. But (1.6) implies the conver—
gence of the sequence {u,(t)} to some nonnegative function ¢(t) for
t € I. By Lebesgue’s theorem and continuity of H it follows that the
function ¢(t) satisfies equation (1.3). Now, from H, we have ¢ = 0, € I.
The uniform convergence of the sequence {u,} in I follows from Dini’s
theorem. Thus, the proof of the lemma is complete.

2. Main Result

In this section we shall establish our main results on the existence
and uniqueness of the solutions of equation (1.1).

Theorem 2.1. If Hypotheses Hy, and H, are satisfied, then there ezists
a continuous solution T of equation (1.1). The sequence {z,} defined by
(1.4) converges uniformly on I to &, and the following estimates

|2(2) — zn(t)|| S unlt), t€el, n=0,1,2,--- (2.1)
and
2l < u(t), tel, (2.2)

hold. The solution T of equation (1.1) i3 unique in the class of functions
satisfying the condition (2.2).

Proof. We first prove that the sequence {z,(t)}, t € I, fulfills the condi-
tion

|z(t)]] < t(t),t € I,n=0,1,2,--- (2.3)

Evidently, we see that

lzo(t)]| =0 < u(t), tel.
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Further, if we suppose that the inequality (2.3) is true for n > 0, then,

lenn@ll = 1, [ f(ts,zalo)ds, [ o(tis,an(s))ds)
_F(t, [: f(t, s,0)ds, f g(t s, 0)ds)
+F(t, ﬁ f(t, s,0)ds, LT o(t,5,0)ds)|
< H(t, [ Waltss, lan(s)Dds, [ Walt,s, en(s)ds + A1)

t T
< H(t,ﬁ Wl(t,s,ﬁ(s))ds,ﬁ} Wi(t, s, (s))ds) + h(t))
< u(?)

For t € I. Now, we obtain (2.3) by induction.
Next, we prove that:

|Zatr(t) — za(t)]| S un(t),t €1, r=0,1,2,--- (2.4)
By (2.3) we have:
“If(t) - xo(t)ll = "il.',-(t)“ S ﬁ(t) = uﬂ(t)7 te I'J r= 01 1*;21 T

Suppose that (2.4) is true for n,r > 0, then
t T
|Zntrs1(t) = Znga(t)]| = “F(t;[) f(t,3,$w+r(-‘i))'ﬂlf‘s[J 9(t, 8, Tnir(s))ds)
t T
—F(t, L f(t,s,aa(s))ds, L g(t, 8, 2a(s))ds)||
<H | Wik, , [[2nge(s) — a(s)]])ds,
[} Watts s llense(s) = a(s)l)ds)

t 7
< H(t,f Wl(t,s,un(s))ds,j Wa(t, s, un(s))ds)
0 0
= un41(t) for tel.

Now, we obtain (2.4) by induction.

Because of lemma, lim,,_, o, u,(t) = 0 in I, we get from (2.4) z, — Z
in I. The continuity of z follows from the uniform convergence of the
sequence {z,} and the continuity of all functions z,. If r — oo, then
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(2.4) gives estimation (2.1). Estimation (2.2) is implied by (2.3). It is
obvious that 7 is a solution of equation (1.1).

To prove that the solution 7 is a unique solution of equation (1.1) in
the class of functions satisfying the condition (2.2), let us suppose that
there exists another solution Z defined in I and such that z(t) # &(t) for
t € I and ||£(t)|| < u(t) for ¢t € I.

From (2.1) we have: ||2(t) — zn(t)]| < un(t),t € I,n = 0,1,2,---,
and it follows that Z(¢) = #(t) for ¢t € I. This contradiction proves the
uniqueness of 7 in the class of functions satisfying relation (2.2). This
completes the proof of the theorem.

We next establish a theorm which gives conditions under which equa—
tion (1.1) has at most one solution, those conditions do not guarantee
existence.

Theorem 2.2. If H, is satisfied and the function m(t) = 0,t € I s the
only nonnegative continuous solution of the inequality

t T
m(t) < H(t, A Wi(t,s,m(s))ds, [] Walt, s,m(s))ds),0 <t < T, (2.5)

Then, equation (1.1) has at most one solution in I.

Proof. Let us suppose that there exist two solutions  and & of equation
(1.1) such that

#(t) £ #(t), tel

Put
m(t) = [|z(¢) — 2(t)l|, tel,

then
m(t) = IFG, [ £(ts,2(6)ds, [ alt,s2(5)d
t T
SF(, [ Ft 3, [ 9lt,s, 5)ds)]
< H(, [Wl(t,s,n:e(s)—ae(s)u)ds,
f Walt, s, 12(s) — £(s)))ds)

— H@, ﬁ Wi(t, s, m(s))ds, f Wit s v(s))ds)
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and by (2.5) we conclude that m(t) =0 fort € I, i.e. z(t) = &(t), t € I.
This contradiction proves the theorem.
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