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Abstract 

A generaliza tion class εp( o:， ß ， ì) of certain meromorphic univalent 
functions with positive coe쩌cients is introduced . The cl잃S 다(o:， ß， ì) is 
a generalization of the class which was stuied by N.E . Cho, S.H. Lee 따ld 

S. Qwa [l J. The object of the present paper is to prove some properties 
of functions in the class εp(o.， ß, ì) 

1. Introduction 

Let εp denote the class of functions of the form 

(1.1) f (z) = 김 홍anzn (an 즈 0 ; pEN={1 ,2,3, ... }) 

which are analytic and univalent in the domain D = {z : 0 < Izl < 1} 
with a simple pole at the origin with residue one at z = 0 

A function f ( z) in εp is said to be a member of the class εp( o:， ß ， ì) 

if it satisfies 

(1.2) Iz2f'(z) + 11 < 예(2ì -1 )z2f' (z) + (20:ì - 1)1 

for some 0:(0 ::; 0. < 1), ß( O < ß ::; 1), ì(! ::; ì ::; 1) and for 려1 z E D. 
The class L ,(o., ß,ì) whenp = 1 was introduced 없ld was studied by 

Cho, Lee and Q \Ya ([1]). Therefore, the class Lp( O:, β， ì) is a generaliza
tion of ε， (o.， ß ， ì) 

2. Distortion inequalities 

133 



134 N .E. Ch。’ S.Owa , S.H.Lee and O.Altintas 

We begin with the statement of the following lemma due to Cho, Lee 
and Owa ([1]). 

Lemma 1. Let a functioπ f (z) be in the c1a33 2:, . Then f (z) belong3 

to the c1a33 εl(a ， β ， 'Y) υ and only ‘f 

(2.1 ) ε n(l + 2ßγ - β)an ~ 2써(1 - a) 

for some a(O ~ a < 1) , ß(O < ß ~ 1), and 'Y(~ ~ 'Y ~ 1) 

By virtue of the above Lemma 1, it is easy to see that 

Lemma 2. Let a function f (z) be in th e c1a33 εP ' Th en f( z) belong3 

to th e c1a33 εp(a ， ß ，'Y ) if and only if 

(2.2) ε n(l + 2ß'Y - ß)an ~ 2이(1 - a) 

for some a(O ~ a < 1) , ß(O < ß ~ 1), and 'YO ~ 'Y ~ 1) 

Now, we prove 

Theorem 1. 1f f ( z) E εp(a ， ß, 'Y), then 

(2.3) 上 2ß'Y( l - a ) '" IzlP ~ If(z)1 ~ 上 + 2ß'Y( l - a ) |z|P 
Izl p(l + 2ß 'Y - ß) ,-, - ,,,-,, - Izl . p( l + 2β'Y- β) 

and 

1 2ß'Y(1 - a) '-1,-1 ___ I rII _\I ___ 1 , 2ß 'Y( 1 - a) 
(2.4) - - -----|z|P < |f (z)| < - + -----|z|P-l 

Izl2 1 + 2ß 'Y - ßn ~ IJ '-/ 1 ~ Izl2 ' 1 + 2ß'Y - ß 

for z E D . Equalitie3 in (2.9) and (2.4) are attained for th e fun ction 

(2.5) 

Proof Since 

(2.6) 

and 

(2.7) 

1 2ß'Y(l - a) 
f( z)=::'- + 

z ' p(l + 2β'Y - ß) 

;: j 2이( 1 - a) 
낌”n 」 p(l +2이 ß) 

옹 2이(1 - a) 
‘ """ ‘ 섭 ι-n-"1 +2이 -ß 
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for f (z) E εP( 01, β，)')， we have 

(2.8) If(z)1 > 上 -lzlP 효 an |z| 
” =p 

1 2ß,(l - (1) 
- |z|P, 
Iz l . p(l + 2ß^f - β) 

(2.9) If( z) 1 ~ A+ IzlPξan 
lzl n=p 

2ß̂ f(1- (1) 
- + |z|P, 
Izl ' p(l + 2ß^f - ß) 

1 0。

(2.10) 1f'(z)1 > 今 -Izlp-l ε nan 

”’ 
n=p 

1 2ß^f(1- 0I) - - -----|z|p-1, 
Izl 2 1 + 2β^f- β 

and 
1 ∞ 

(2.11) 1f'(z)1 ~ 1:12 + Izlp-l L: 
l‘ 1 섭 
1 2ß^f(1 - 01 ) - - -----|z|P-l , 

Izl 2 1 + 2ß^f - β 

which completes the proof of Theorem 1. 

Remark 1. Taking p = 1 in Theorem 1, we have the corresponding results 
by Cho, Lee and Owa ([1]). 

By the same way as in the proof by Cho, Lee and Owa ([1]), we have 

Theorem 2 . 1f f( z) E εp(OI ， ß，^f)， then f( z) is meromorphically starlike 
of order 6(0 ~ 6 < 1) in 0 < Izl < ^f(0I, ß , ̂ f, 6,p) , ψhere 

fn(1 + 2ß^f - ß)( l - 6) 1 냥T 
(2.12) ,(01 , β， 7 , 6, p) = inf{ } 

~~ l2ß^f(1 - (1)( n + 2 - 6) J 

The resv.It is sharp for the fu.nction 

(2.13) 
1 2ß̂ f(l - (1) 

f(z)=;+ ” · n a a、 zn (n 즈 p). 
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Theor em 3. 1f f(z) E εp(Ot， ß ，'Y)， then f(z) is meromorphically convex 

of order 6(0 ~ 6 < 1) in 0 < Izl < 'Y(Ot, ß ,'Y, 6 ,p), ψhere 

r ( 1+2β'Y - ß)(l - 6) 1 날T 
(214) 7(a, a, 7 , 6, p) = inf { } 

~;， l2ß'Y(1- Ot )(n + 2 - 6) J 
The result is sharp for the function f(z) 9iven by (2 .19). 

R emark 2 . A function f(z) E εp is said to be meromorphically starlike 
of order 6(0 ~ 6 < 1) if 

f'(z) 
(2.15) Re{ -~/\~/}>6 (zED). 

f(z) 

Further, a function f(z) E εp is said to be meromorphically convex of 
order 6(0 ~ 6 < 1) 상 

f" (z) 
(2. 16) Re{ -(1+ -;,r \~/)} > 6 (z E D ). 

f' (z) 

3. Convolution properties 

For the functions 

(3. 1 ) L(z) = 3 + 효 aj，nZn (aj ,n 즈 0;j= 1,2) 

belonging to εp' we denote by h * f2 (z) the convolution of f l (Z) and 
f2 (z) , or 

(3.2) j * f 2(Z) = i + 흘a1.na2 .nZ ’‘ 

Theorem 4. 1f /j (z) (j = 1,2) are in the class Lp(Ot, ß ,'Y), then fl*f2(Z) 
m εp(6， ß ，'Y)， where 

(3.3) 
2ß'Y(1- Ot )2 ð = 1 - - ,- I \ - -; 

p(l + 2ß'Y - ß)" 

T he result is sharp f or the functions 

(3 .4) 2ß'Y(l - Ot) f j(z) = - + zP (j = 1,2). 
W I Z' p( 1 + 2ß'Y - ß) 
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Proof We shall find the largest Ò such that 

(3.5) ε n (1 + 2β'Y- β)al ，na2.n :::; 2β'Y(1 - Ò) 
n:;::p 

for fJ (z) E Lp(a , ß,'Y) . Note that fJ (z) E Lp(a , β，'Y) imply 

(3.6) ε n(1 + 2ß'Y- β)aj ，n ~ 2β'Y(1 -a) (j = 1, 2) 

By using the Cauchy-Schwarz inequali ty, we have 

(3.7) ε n(1 + 2써 찌찌감되:;;-~2β'Y( 1 - a) 

Therefore, we only need to prove that 

(3.8) 빨깜 s r늄짜na2，n (n ~ p) , 

。I

(3.9) Jal ，na2끈 는5 (n E P) 

Using (3.7), we have to show that 

(3. 10) 

that is, that 

(3. 11) 

Noting that 

(3.12) 

2β'Y ( 1 - a)2 
6 < l- (n 으 p). 

n( 1 + 2ß'Y- β) 

a'Y(1 -a)2 
￠(n) = l - (n 즈 p) 

n( 1 + 2ß 'Y - ß) 

is an increasing function of n , we have 

(3.13) 
2ß'Y(1- a)2 

6 s ￠(p) = 1 - ------
p(1 + 2ß'Y - ß) 

which completes the proof of Theorem 4. 

T싫ing p = 1 in Theorem 4, we have 
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Corollary 1. 11/;(z) (j = 1, 2) are in the cla3~ Ll(a,ß, "Y), then f1 * 
f2(Z) E Lp(Ó ,ß,"Y), where 

2ß,(1 - a)2 
(314) 6 = 1 - ------

1 + 2ß"Y- β 
The result is sharp for the functions 

ß,(1- a) 
(315) fj(z) = - + -----z (j = 1,2). + 2ß"Y - ß 

Finally, we prove 

Theorem 5. 11/;(z) (j = 1,2) are in the cla3~ Lp(a ,ß,"Y) , then 

(3.16) 시Z) = 5 + 홍싸 + a3 n)zn 

belong~ to the cla~~ εp(Ó ， ß，"Y)， where 

(3.17) 
4ß,(1- a) é = 1 _ - r I \ - - - / 

p(l + 2ß,- β)' 

The re~1ût i~ ~harp lor the ft‘’lction f( z ) given by (/].4). 

Proof lt follows from /;(z) E εp( a , ß, "Y) that 

옹 n2(1 + 2β"y - ß)2 2 
ι‘ "'R2~2( ， _ ‘ \2 -J,n 

∞ n(1 + 2ß"Y - ß) 
~(ε 
~2β，(1- a) 

(3.18) 

<1. 

Therefore, we have 

(3.19) 
∞ n2(1 + 2ß,- ß)2 -
ε "'R2~2( ， _ 서2 (af,n + aμ) ~ 2. 
n=p 

Thus, we need to find the largest Ó such that 

(3.20) 
n(1 + 2ß，- β) 

-- < (n 2 p), 
1 - Ó ~ 4ß"Y(1 - a) 
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or 

( 3.21 ) 
a')'(1 - 0) 

l- (n 즈 p). 
11(1 + 2β')' - ß) 

Since t h e function 

(3.22) 
4ß')'(1- 0) 

ψ(11) = 1 - ~.， ,l'Io l:L n、 (n 즈 p) 

i s increasing on n , we see that 

( 3 .23) 
4ß')'(1- 0) 

Ò 5, ψ(p) = l - 「「「r--“ ’ 

This completes the proof o f Theorem 5 

M하‘ing p = 1, Theor em 5 leads to 

Corollary 2. 111;(z) (j = 1,2) are in th e class εl(a ， ß ， ')')， then h(z) E 

εJ(Ò， ß ，')') ， where 

(3. 24) 5= 1- 쩍긴느띄 
1 + 2ß')' - ß 

The result is sharp lor the function s !;( z) (j = 1,2) gi'ven by (3. 15). 
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