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ON NEAT-INJECTIVE GROUPS 

N.V. Rarnana Murthy and Asif Mas빠lOod 

It has been proved that every group can be ernbedded as a neat sub­
group in a reduced neat- injective group provided its Frattini subgroup 
vanishes. Connecting Ext to Next and Next to Horn in the forrn of ex 
act sequences the existence of two subgroups of Next has been shown 
Splitting of Next and the quotient groups obtained are discussed. 

Introduct ion 

An exact sequence 0 • A • G • C • o is called neat exact if A 
is a neat subgroup of G. The elernents of the group N ext( C, A) are the 
neat exact sequences. N ext( C, A) is a cotorsion group for all groups A 
and C. Next(C,A) is the Frattini subgroup of Ext(C,A) 

A group E is called neat- injective if every neat exact sequence 0 • 
E • G • H • o splits or equivalently if Ext( Q , E) = 0 = N ext( Q / Z , E) 
A group E is neat- injective if and only if E = D EÐ IIpTp, where D is 
divisible, pTp = 0 and p ranges over 려1 prirnes see [2] 

Lemm a 1. 1fO • A괴Bιc • o is a neat exact s equence, then for any 
group G the induced homomorphisms 

v' : Ext( C, G) • Ext(B ,G) and u.: Ext(G,A) • Ext(G ,B) 

map upon neat subgroμ.ps. 

Le mma 2 . 1f the sequence N : 0 • A • B • C • o is neat exact, 
then the ‘mages of the connecting homomorphisms 

N ‘ : H om(A,G) • Ext(C, G) , N. : H om(G, C) • Ext(G ,A) 

are contained in N ext( C, G) and N ext( G, A) respectively . 
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The proof of the above lemmas is on similar lines as that of lemmas 
53.5 and 53.6 of [1] . 

In general we adopt the notations used in [1]. The Frattini subgroup 
。f a group A will be dented by </>(A ) and the Frattini factor A/</>(A ) by 
Aφ-

Main Results 

Every gr。때 is a neat subgroup of a neat- injective group. See [2] . In 
case of reduced neat- injective groups we prove the following. 

Lemma 3. A groμ.p G can be embedded as a neat subgroup in a reduced 
neat-injective group 강 il and only il </>( G) = O. Moreover, the quotient 
group 강I G is divisible 

Proof. By lemma 4 of [2] 감 = TIpEP(GlpG). Define a homomorphism 
1: G • 강 such that 

l(g)=(- .. ,g+pG , ... ) for gEG and pEP 

Now I(g) = 0 =? 9 + pG = 0 '추 9 E pG , for every p implies 9 E nppG = 
</>( G) = 0 and 1 is monomorphism. 

We proceed to prove that I(G) is neat in G. Let the equation pg = 
I(g) has a solution in 강 for 9 E G and p E P , then for ?J = (- .. ,gp + 
pG, ... ) E G we have 

p( . .. ,gp+pG , ... ) = ( ... ,g+pG, ... ) 

which implies pgp - 9 E pG =? 9 E pG =? I(g) E pl(G) =? 깅 E I(G). 

Converse follows from the fact that G neat in G implies </>( G) = 
G n </>(강) whereas </>(강) = O. 

Since GlpG is bounded it is complete in its Z- adic topol。밍r. Corol­
lary 13.4 of [1] implies 강 is complete in the Z-adic topology. Theorems 
13.6 and 39.5 of [1] implies that the induced topology of a complete 
group is Z - adic and hence G is dense in 강 and exercise 1O( b) page 34 of 
[1] implies 강IG is divisible. 

We establish the isomorphism between H om 따ld N ext which is con­
tained in 

Lemma 4. Let A be a group such that </>(A) = O. Then 

Hom(D ,GIA) 은 Next(D ,A) 
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for any divisible group D and a reduced neat-inject‘ve group G containing 
A as a neat subgroup. Furthermore, N ext(D , A) is torsion-free. 

Proof By lemma 3 we have a neat exact sequence 0 • A • G • 
G/A • o with G /A divisible. It induces the exact sequence 

Hom(D , G) • Hom(D , G//i) • Next(D , A) • Next(D , G) 

The fust group is zero, and the last group is zero because G is neat 
injective. Divisibility of D implies that H om(D , G/A) and hence N ext( D , A) 
is torsion- free. 

Next, we connect H om to Ext to N ext in the form of an exact 
sequence. 

Theorem 5. For any group G, the sequence 

0 • H om(G, 4>(A)) • Hom(G , A) • Hom(G， Aφ) • Ext(G ,4>(A)) 

으~Next(G ， A) I!:. Next(G , Aφ) • 0 

is exact 

Proof The exact sequence 0 • 4>( A)ζ A~Aφ • o and the free res-
olution 0 • H • F • G • o of G give the following commutative 
diagram with exact rows 

H om(H, 4> (A)) ~ Ext(G ,4>(A)) - • Ext(F, 4>(A)) = 0 

---• . , a 

Hom(H,A) 
ψ 

--+ Ext(G,A) • Ext(F, A) = 0 

where '1 뻐d ψ stands for the connecting homomorphism 
Now, Ima. = Ima.깨 =Imψa~. 

Since H is free Im이 must be contained in the Frattini subgroup of 
Hom(H ,A) 응 IIA. The epimorphism of ψ implies that 

Imψ마 드 4>(Ext(G ,A)) = Next(G ,A). 

Since the sequence 

Ext(G，4>(A))엌Ext(G， A)강Ext(G ， A~) • 0 
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is exact , the homomorphism ß. maps Frattini subgroup into Frattini 
subgroup and hence the sequence 

E x t(G, <þ (A))알N ext(G , A )I!:. Next(G , Aφ) 

is exact . We are required to prove that every N in N ext( G , Aφ) is the 
image of some N' in Next(G ,A). .But in Next(G ,A) we do have an 
element N' such that ß.N' = N 

Since I m Oi. = K erß. 드 N ext ( G , A ), by lemma 37.1 of [1] no element 
not in Next(G ,A) can be mapped into the Frattini subgroup of I mß. 
and hence N' E N ext( G , A). 

Corollary 6. N ext(D , G) 은 Ext(D , <þ(G)) EIl N ext(D , Gφ ) for any di­
visible group D . 

Proof Follows from theorem 5 and lemma 4. 

Now we connect N ext to H om in the form of an exact sequence. 

Theorem 7 . If A satisβes <þ(A) = 0, then the sequence 

0 • Next(Cø ,A) • Nex t(C,A) • Hom (<þ(C) ,GjA) • 0 

is exact, where G is a reduced πeat-injective group conta ining A as a neat 
subgroup 

Proof The neat exact sequence 0 • A • G • GjA • o with GjA 
divisible, together with the exact sequence 0 • <þ(C) • C • Cø • O 
gives the following commutative diagram 

o -• Hom(Cφ ， G) k • Hom(C,G) 

o -• Hom(Cø,GjA) 
U Hom(C,GjA) -• H om( <þ(C) , GjA)- • O --t 

Next(Cø ,A) --t Next(C,A) 

Next(Cø ,G) = 0 Next(C,G) = 0 
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with exact rows and columns, see Theorem 44 .4 in [1]. Since G is reduced 
neat- injective if>( G) = 0 and every homomorphism C • G is induced by 
some C .. • G. Hence k is isomorphism and the top row stays exact if 
continue it with • O. The bottom row is zero since G is neat- injective. 

Now we can complete the third row with Hom( if>(C) , G/A) , this 
homomorphism exists in view of both N ext(C , A) and the group H om( if>(C) , 
G/A) are epimorphic images of Hom(C,G/A) with kernels Im).. 때d 

Imv , where Im).. = Im)..k = Imvu 드 Imv. Hence the third row can be 
completed with H om( if>( C) , G / A) • O. 

Corollary 8. If A and C satisfy if>(A) = 0 and if>(C끼) is divi’Jtιu‘s뼈s 
tμhe following hold. 

(a) Next(C , A) 르 N ext(C .. , A) EÐ H om( if>(C) , G/A) 
(b) Next(C , A) 은 N ext( C .. , A) EÐ N ext( if>( C) , A) 

Proof The proof follows from the fact that in the exact sequence. 

O • Next(C，φ ， A) • Next(C , A) • H om( if>(C) , G/A) • 0 

the first group is cotorsion and the last group is torsion- free 
The proof of (b) follows from Lemma 4. 
Now we construct two subgroups of Next one contained in another 

and discuss the decomposition of the quotient groups. 

Theorem 9. For arbitrary gro때s A and C N ext( C, A) has two sub­
gro때s[((C， A) 드 L( C, A) such that 

Next(C,A) ----- ; Hom(￠(C)， -) L(C, A) -- --\T\- ,' A .. 

where G is a reduced neat-injective group that coηtains Aφ as a neat 
subgroup and 

L(C,A) 
---- g Arest(Q , Aφ) EÐ Ext( if>(C) ,if>(A)) 
[(( C, _4) 

If the Frattini factor C，φ of C is an elementary p-group then [(( C , A) = 0 
and L(C, A) 르 Ext( if>(C) , if>(A)). 

Proof The exact sequences 0 • if>( C) • C • C .. • O 때dO • if>( A) • 
A • Aφ • 0, by Theorem 51.3 of [1] and Theorem 5 and Theorem 7 
give the following commutative diagram 
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Ext(C~ ， 4>(A)) 수 Ext(C,4>(A)) - • Ext( 4)(C) ,4>(A)) --+ 0 

Next(Cφ ， À) 6 ’ Next(C, A) 

Next(C，φ ， Aφ) 
u Next(C, Aφ) 수 H om(4)(C) , G/A.,) • 0 --+ 

0 0 

with exact rows and columns 
Now let 1<(C,A) = Imßa and L(C,A) = 1<ert셔. It is clear that 

vÀ: Next(C, A) • H om( 4>( C) , G / Aφ) is epimorphism , and so 

Next(C,A) 
- ~~~-~~-J ~ Hom( 4)(C) ， G/Aφ). 

L(C,A) 

Theorem 8.3 of(1] implies L(C, A) = Imß+Im6. Since Imßa 드 Im ß 
and Im6"( 드 I m6 i t follows that 1<( C, A) 드 ImßnIm6. 

Let x E Imß n Im6 , then x E Imβ = 1<erÀ '* Àx = 0 and for some 
ν E Next(C~ ， A.) we have x = 6y =추 Àx = 0 = À6y = ukν '* ky = 0,* 

Y E 1<erk = Imv showing that x E Imh = Imßa = 1<(C,A). Thus 
1<(C,A) = ImßnImó. Hence 

Lμ(Cζ， A) (αIrπmß+Imó이) Imß ‘ Irπm ----­
[((C,A) Imßa Imßa ’ Imó"( 

It is clear that Imß/ Imßa 은 Ext( 4>( C) , 4>(A)) and Imó / Imó"( 르 Next(C，φ ， Aφ). 
The required isomorplUsm follows 

Now, by [3] Next(Cφ ， A) = 0 = Next(C."Aφ) if C., is an elementary 
p-group. It follows that Imó = 0 없d so 1<(C,A) = ImßnImó = O. 

Corollary 10. 1f 4>( C) is div‘.!ible, then the following hold 
(a) 띔딸F 응 Next(C，φ ， Aφ) æ Ext( 4>( C) , 4>(A)) æ H om( 4>( C) , G /A.,) 
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(b) 띈歸1 ~ Next(Cφ ， Aφ) tÐ Ext( <Þ(C) , <þ(A)) tÐ Next( <Þ(C) , Aφ) 
(c) 댐않F zs common 

Proof K(C,A) 드 L(C,A) 드 N ext( C, A) implies the isomorphism 

Next(C,A) / L(C,A) ~ Next(C,A) 
K(C,A) / K(C,A) - L(C,A) 

and h ence the sequence 

0 • L(C,A) . Next(C,A) . Next(C ,A) 
-• -• -K(C,A) K(C,A) L(C,A) 

is exact. The first group in the sequence being direct sum of two cotorsion 

groups is cotorsion. Divisibility of <Þ( C) implies H om( <Þ( C) , G / Aφ) and 

therefore !:!.템폈1 is torsion-free and hence the sequence splits 

The proof of (b) follows from lemrna 4. Since all direct summands in 

(b) are cotorsion (c) follows . 
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