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SEPARATION AXIOMS BETWEEN 끽 AND 자 

Josep Guia and Isabel Segura 

1. Intro duct io n 

The well known a.,ioms TF , TD, TUD and To admit characte1'izations 
。f the form “for a1'bit1'a1'Y points x , ν 。f the space, if ν belongs to the 
derived set of {x} then ... "‘ We present here all the axioms obtained by 
postulating, in the consequent of the above conditional expression, the 
enunciative forms that may be constructed from conjunctions (^) and 
disjuntions (v) of the following statements concerning the derived sets 
。f {x} and {y} the derived set of {x} is a closed sct (“d{x}cs") , or it is a 
union of disjoint closed sets (“d{x}udcs") or it is a union of closed sets 
(“d{x}μcs") ; and the derived set of {y} is empty (“d{ν} = 0"), or it is 
closed (“d{ν }cs") ， or it is a union of disjoint closed sets (“d{ν }udcs") ， 

。l' it is a union of closed sets (“d{ν}ucs"). 
On the other hand, i t is known that the shortest characterization, 

in terms of derived sets of points, of TD- spaces (i .e. “for every point 
x of the space, d{ x }cs ’ ) and that of To-spaces (i.e “for every point 
x of the space, d{ x }ucs") remains valid if we substitute the arbitrary 
point x by an arbitrary subset A of the space. This prop1'iety is als。

true fo1' all the statements of TD a.nd To presented here; we express 
this fact by Tß = TD and 영 = To. However, this is .not valid for 
all the othe1' axioms treated in this paper, that is, T，잉 -1 T" (a: = 
FD ,F , HG , HUD , H , G ,FUD , IUH ,I , U D , J(U H , J( J, J(, U H , J and UI) 
Neve1'theless, we stu이 some axioms of the form T.엉 and obtain new char­
acterizatiOIls of Ta- spaces 

2. N ew separat ion axioms 

Proposition 2. 1. A topological space (X, T) is a TD-space iff one of the 
following conditions 1.• olds: 
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1) for every x E X , d{x}cs. [lJ 
2) for arbitrary x , ν E X , Y E d{x} imp/ie.s d{x}cs. 

3) for arbitrary x , y E X , ν Ed{x}imp/‘ e.s (d{x}cs^d{ν }cs ). 
4) for arbitrary x , ν e X , ν E d{x} imp/ie .s (d{x}cs ^ d{ν }udcs) 

Proof. Implications (1=추 2) , (3=} 4) and (4=추 1) axe immediate. 
(2=} 3) Let x belong to X. If d{ x} 0, then condition 3 holds ‘ If 
d{x} ￥ 0, then d{x} is a closed set and, for every point ν in d{x }, if 
d{y} is not empty it is a closed set from condition 2. 

Proposition 2.2. A topological .space (X , r) i.s a TUD- .space ifJ one the 
following condition .s hold .s : 

1) for every x E X , d{x}udcs ‘ [lJ 
2) for arbitrary x ， ν e X , ν E d{x} imp/ie.s d{x}udcs. 
3) for arbitrary x , ν E X , ν E d{ x} implie .s (d{ x }udcs V d{ν) = 0) 
4) for arbitrary x ， ν EX , ν E d{ x} imp/ie .s (d{ x }udcs ^ d{ν}udcs) 
5) for arbitrary x ,y E X , ν E d{ x} implie .s [d{ x }cs V (d{ x }udcs ^ 

d{ν }uμL“dc.야찌s야s) J 
6) for arbitrarν z , ν E X , ν E d{x} implie .s [(d{x}udcs V d{y) = 

0) ^ d{y }udcs)J 
7) for arbitra대 x ， ν E X , Y E d{x} implie .s [(d{x}cs V d{ν }udcs) ^ 

(d{x }udcs V d{ν) = 0)J. 
Proof. It is immediate. 

Definition 2.3. A topologic와 space (X, r) will be called a TH- space if 
for arb따axy x ,y E X , ν E d{ x} implies d{y}cs. 

Definition 2.4. A topological space (X , r) will be called a TuH- space 
if for arbitrary x , ν EX , ν E d{ x} implies d{y}udcs 

Definition 2.5. A topological space (X , r) will be called a Trspace if 
for arbitrary x , ν E X , ν E d{x} implies (d{x}cs V d{ν}cs) 

Definition 2.6. A topological space (X, r) will be called a Turspace if 
for arbi trary x , ν EX , ν E d{ x} implies (d{ x }udcs V d{ν}udcs) ‘ 

Proposition 2.7. A topological .space (X, r) i.s a TF- .s pace ifJ one ofthe 
following coπditioπ holds: 

1) for arbitrary x , ν E X , Y E d{x} imp/ie .s d{ν} = 0. [lJ 
2) for arbitrary x ,y E X , Y E d{x} implie .s (d{x}udcs ^d{ν) = 0) 

Proof. Implication (2=} 1) is immediate 
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(1=> 2) Let x belong to X. If d{x} = 0, then condition 2 holds. If d{x} =1 
0, then for every y in d { x }, d {y} = 0 as a consequence of condi tion 1 and 
consequently d{ x} consists of closed points. 

Prop osit ion 2.8. In a topological space (X , r) the following conditions 
are equivalent and, if they hold, the space will be called a TG - space: 

1) for arbitrary x ,y E X , y E.d{x} implies (d{x}cs V d{y} = 0) 
2) for arbitrary x , y E X , ν E d{x} implies [(d{x}cs ^ d{y}udcs) V 

d{ν} = 0]. 
3) for arbitrary x , ν E X , Y E d{x} implies [d{x}cs V (d{x}udcs ^ 

d{ν} = 0)]. 
4) for arbitrary x ,y E X , Y E d{x} implies [(d{x}cs^d{ν }udcs) V 

(d{x}udcs ^ d{y} = 0)] 

Proof Implications (4=> 3) and (2=> 1) are immediate. 
(3후 2) Let x belong to X. If d{ x} = 0, then condition 2 holds. If 
d{ x} =1 0 and, for every point ν ind{x} ， d{ν} = 0, then condi tion 2 is 
true. If there is a point y in d{ x} such that d{y} =1 0, then d{ x} is a 
closed set and d {y} is a union of disjoint closed sets. 
(1=>4) Let x belong to X. If d{x} = 0, then condition 4 holds. If 
d{ x} =1 0 and for every point y in d{ x }, d{ν} = 0, then d{x} is a union 
of closcd points and consequently condition 4 is true. If there exists a 
point ν in d{ x} such that d{y} =1 0, then d{ x} is a closed set and either 
d{ν } is a closed set or i t is a union of closed points. 

D efinition 2.9 . A topological space (X , r) will be called a TK- space if 
for arbitrary x , ν E X , y E d{x} implies (d{x }udcs V d{ν}cs). 

D efinitio n 2.10. A topological space (X, r) will be called a T;-space if 
for arbi trary x , ν E X , Y E d{x} implies (d{x}cs V d{ν }udcs) 

D efinitio n 2.11 . A topological space (X , r) will be called a TFD- space 
if for arbitrary x , y E X , Y E d{ x} implies (d{ x }cs ^ d{y} = 0). 

Propositio n 2.12 . In a topolog‘cal space (X, r) the following conditions 
are equivalent and, ‘if they hold, the space will be called a THG - space 

l ) for arbitraryx ,y E X , ν E d{x} implies [(d{x}cs^d{ν )cs)Vd{y} = 

0]. 
2) for arbitrary x ,y E X , Y E d{x} implies [(d{x}cs ^ d{y}cs) V 

(d{x}udcs ^ d{y) = 0)]. 
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Proo f Implication (2=야) is immediate. 
(1=>2) Let x belong to X. If d{x} = 0, then condition 2 holds. If 

d{ x} # 0 and for every point ν in d{x} ,d{y} = 0, then d{x} is a union 
of closed points and consequently condition 2 is true. If there exists a 
point ν in d{ x} such that d{y} 폼 0, then d{ x} is a closed set and d{ν} 
is a closed set as a consequence of con이tion 1 

P r oposition 2 .13 . 1-π a topologicalspace (X, r) the following conditions 
are eqt“valent and, if they hold, the space ψill be called a THuD - space: 

1) for arbitrary x ,y E X , Y E d{x} implies (d{x}udcs ^ d{ν}cs). 
2) for arbitrary x , y E X , ν E d{ x} implies [( d{ x }udcs ^ d{y }cs) V 

d{y} = 이. 

Proof Implication (1=>2) is immediate 
(2=>1) Let x belong to X. If d{x} = 0, then condition 1 holds. If 

d{ x} # 0 and for every point y in d{ x }, d{ν} = 0, then d { x} is a union 
of closed points. If there exists a point y in d{ x} such that d{ν} # 0, 
then d{ x} is a union of disjoint closed sets and d{y} is a closed set as a 
consequence of condition 2 

P r oposit ion 2.14. In a topologicalspace (X, r) the follo띠ng conditions 
are equivalent and, if they hold, the space will be called a TIUD - space: 

1) for arbitrary x , y E X , ν E d{x} implies [d{x}cs V (d{x}udcs ^ 
d{y }cs )]. 

2) for arbitrary x ， ν E X , Y E d{x} implies [(d{x}cs ^ d{y}udcs) V 

(d{ x }udcs ^ d{y }cs )] . 
3) for arbitrary x , ν E X , Y E d{x} implies [(d{x}cs V d{ν}cs)^ 

(d{ x }udcs V d{y} = 0)]. 
4) for arbitrary x , y E X , Y E d{ x} impl‘es [(d{x}cs ^ d{y}udcs) V 

(d{x}udcs ^ d{ν }cs) V d{y} = 0)]. 

Proof Implication (2=> 1) is immediate. 
(4=>3) Let x belong to X. If d{x} = 0, then condition 3 holds. 

Let ν be a point in d{x} , if d{y} = 0, then condition 3 is true and if 
d{y} # 0, then either (d{x}cs ^ d{y}udcs) or (d{x}udcs^ d{y}cs); in 
any case condi tion 3 is verified 

(3=>2) Condition 3 implies trivially that the derived set, d{ x} , of 
every point x in X is a union of disjoint closed sets. 

Let x belong to X. If d{x} = 0, then condition 2 is true. If y is a 
point in d{ x} , both d{ x} and d{y} are unions of 떠oint clo않d sets and, 



Separation Axioms Between 끽 and To 119 

by condition 3, either d{ x} or d{y} is a cJosed set, therefore condition 2 
holds. 

(1=?4) Let x belong to X. If d{x} is not a closed set then , it is a 
union of disjoint cJosed sets and, for every point y in d{ x }, d{y} is a 
closed set . If d{ x} is a non--ernpty closed set , for every point y in d{ x }, 
d{y} is a closed set or it is a union of disjoint closed sets by cond.ition 1 
Therefore in any case condi tion 4 is verified. 

D efinition 2.15 . A topological space (X , r) will be called a T /UH- space 
iffor arbi trary x , y E X , ν E d{ x} irnplies [( d{ x }cs ̂ d{y }udcs) V d{ν }cs] ‘ 

Definition 2.16. A topological space (X, r) will be called a TKuH- space 
if for arbitrary x , ν E X , ν E d{ x} irnp lies [( d{ x }udcs ^ d{y }udcs) V 
d{ν}cs] 

Definition 2.17. A topological space (X , r) will be called a TKrspace 
if for arbitrary x , y E X , ν E d{x} irnplies [(d{샤cs v d{ν}udcs) ^ 
(d{x}udcs V d{y}cs)]. 

Proposition 2.18 ‘ A topological space (X , r) is a To.space iff one of 
the following conditions holds : 

1) for everν x E X , d{x}ucs. [1] 
2) for arbitrary x ， ν E X , y E d{ x} implies d{ x }ucs 
3) for arbitrary x , ν EX, ν E d{ x} implies d{ν }ucs 

Proof Irnplications (1=? 2) and (2=?3) are irnrnediate. 

(3=상) Let x belong to X. If d { x} is not a union of closed sets, there is 
a point ν in d{x} such that {y} = {x}. Therefore x belongs to d{y} and, 
since d{y} is a union of closed sets frorn the hypothesis, d{ x} 드 d{y} 
against the fact that ν E d{ x} . . newpage 

3. Relations among these axioms 

Proposition 3.1. 
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TFD • TD 

TF --• THG --• TG 

THUD • T /U D • TUD 

TH -• T /U H • TκUH → -• TUH 

TJ ---+ TJ{} ---+ TJ 

TK --’ TU1 -• To 

Proof It becomes immediate by comparing their respective chracteriza­
tions. 

We give now a list of examples to prove that all these classes of 
topological spaces are different. In all the examples X is the set of real 
numbers and it is understood that the null set and the set X are closed 

Example 3.2. Let the sets [x, +∞[(x E R ) and ]x , +∞[(x E R ) be 
closed. This space is TD but not TF • 

Example 3 .3. Let the sets R\{O} , {x} (x f. O;x f. 1) and their finite 
unions, be closed. This space is TG but not TH . 

Example 3.4. Let the sets {x} (x E R \ Z),]x -1 ,x] (x E Z;x > 0) , 
[x ,x + 1[(x E Z; x < 이 and their finite unions, be closed. This space is 
TUD but not TJ • 
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Example 3 .5. Let the sets [-1 , 1] , {x}( -1 ~ x ~ 1; x # 0) , [-1 , 1]U {x} 
(x ￥ 2) and thei1' fìnite unions, be c\osed. This space is TU H but not TK . 

Example 3.6 . Let the sets [x , +∞[( x E R) be c\osed. This space is To 
but not TU1 

Example 3 .7. Let the sets {x} (x ￥ 0) and thei1' fìnite unions be c\osed 
This space is TF but not TD . 

Example 3 .8. Let the sets {x}(x > 이， {-x , x}(x > 0) and thei1' fìnite 
unions, be c\osed. This space is TH UD but not To. 

Example 3 .9. Let the sets [x , x + 1[(x E Z) ， ]ν ， x+ 1[ (xE Z;x<y< 

x+1) , [y , x+1[(x E Z ;x < ν < x + 1) and thei1' fìnite unions , be c\osed. 
This space is TH but not TUD 

Example 3 .10. Let the sets R\{-1 }，{이 ， {O ,x} (x # -1;x # 1) and 
thei1' fìnite unions, be c\osed. This space T1 but not TU H . 

Example 3 .11 . Let the sets]x -1 , x] (x E Z ;x > 0) , [x , x + 1[(x E Z 

;x < 0) , {x + ~， y} (x E Z;x < y < x + 1) and thei1' fìnite unions , be 
c\osed. This space is Tg but not TJ . 

4. T엉-aXlOms 

In the above c1asses of topological spaces, T,,, it is easy to prove that 
thei1' respective characterizations 1'emain equivalent if we change in thei1' 

statements the arbit1'ary point x of X fo1' an arbit1'ary subset A of X ‘ 

The co1'1'esponding c\asses of spaces obtained in this way will be denoted 
by T，잉-spaces. It is c\ear that T，엉 드 Ta 때d T.。 드 강 Implies TZ 드 T￡ . 

1n the f，“。이씨110，、w씨v 

밍1띠d To-녕spaces in te1'ms of Tt - spaces 

Defl l1 ition 4.1. A topologic허 space (X, T) 1s a Ts space lf f。r every 
point x in X , eithe1' {x} is open 0 1' c\osed 

Remark 4.2. Tk - space we1'e introduced by Levine [4] in te1'ms of the 
concept of gene1'alized c\osed sets. Late1', they have been studied by 
McShe1'1'Y [5] unde1' the name of Tss-spaces; by Jah [3] unde1' the name 
。f TM -spaces and by Dunham [2] 
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Proposition 4.3 끽 = TFD = TF. 

Proof. It is immecliate that TJ곁D 드 T곁-
If (X,r) is a Tι space, then i t is T D 때 and therefore dA is a closed 

set for every subset A of X . On the other hand, if ν is a point in the 
derived set of a subset A of χ ， then {ν} is not open, and so d {ν} ￥ O 
Hence (X, r) is TßD 

Let (X, r) be a Tß-space l\ ucllet x belong to X . If x ~ dX , then {x} 
is open, and if x E dX , then {ι } is closed. Hence (X , r) is 끽 · 

Proposition 4.4. TD = Tg = TßG = TßUD = TJ겁 
Proof. It is known that TD = TØ [1]. 

It is immecliate that Tg 드 TßG 드 T껴UD 드 Ta 
Let (X , r) be a Tß-space and let x belong to X. If x ~ dX , then 

{x} is open 뻐d so d{ x} is closed, and if x E dX , then d{ x} is closed. 
Therefore (X, r) is TD . 

Proposition 4.5. A topological space (X, r) is TUD iJJ it is TðH . 

Proo f. It is immecliate that T U D 드 T업H 
Let (X,r) be a TðH and let x belong to X. If x ~ dX , then {x} 

is open and so d{x} is closed, and if x E dX , then d{x} is a union of 
disjoint closed sets. Hence, (X , r) is TUD . 

Proposition 4.6. A topological space (X , r) is To ‘JJ ‘t is T￠. 

Proof. See [6] 

Remark 4.7. The or내 spaces for which T: T" 따e for a = D and 
a = O. 1n the other cases, T: 드 끄， as it is shown in the following 

1n 외1 the examples, X is the set of real nurnbers and it is understood 
that the null set and the set X are closed. 

Example 4.8. Let the sets {x}(x 으 0) , {-x ,x} (x > 0), [-x ,x] (x > 0) 
and their finite unions, be closed. This space is TFD but it is not T，겉D= 
T겉. (Take the subset [-1 ,1]). 

4.9. The space of example (3.7) is THG but it is not TD = T，져G = TaUD 
=TjJ. 

Example 4.10. Let the sets ] - ∞， 이 ， ]0, +∞[， {x} (x f. O;x ￥ 1) and 
their finite unions, be closed. This space is TG but it is not Tt. (T:와e 
the subset ] - ∞， 이 U{l}). 
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Example 4.11. Let thesets {x} (0 < x ~ 1), {-x ,x} (0 < x ~ 1), ]x , l] 
(x ~ -1), [x , l] (x ~ -1) , ]0껴 (x > 1), ]0, x] (x 즈 1) and their fini te 
unions, be closed. This space TUD but it is not 1ì업'D. (Take the subset 
{O} U [1 ,2]) 

4.12. The space of example (3.9) is TKUH but it is not TUD = TðH" 

Example 4.13. Let the sets {x} (x < -1) (0 < x ~ 1), {-x ,x} (0 < 
x ~ 1), [-1 ,1], [2,4] , ]O ,x[ (1 < x < 2) (4 < x) , ]O ,x] (1 ~ x < 2)(4 ~ x) , 
{3, x} (2 ~ x < 4) and their finite unions, be closed. This space is Tf( J 

but it is not Tðl. (Take the subset {이 U [1,4]) 
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