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LIOUVILLE EQUATIONS 

M. F . El- Sabbagh and A. H. Khater 

1. Int r odu ct io n 

For partial differential equations (pde) , the painleve’ property is de­
fined to mean that the solu t ion of a given pde can be represented locally 
as a singl• valued exp없lsion about its movable singular manifold, [1- 3, 
1이 That is if tt = tt( Z j , ’ ,Zn ) is a solution of the pde then we can 
、vri te tt = tþ" ε풍 o tt j </Y , where tþ = tþ(z"" , ,zn) is analytic function 
for which tþ( Z I> .. . , zn) = 0 defines the singular manifold of the pde 
The U j = Uj(Z I ,. " , zn) are certain an떠ytic functions of the independent 
variables Z j , Z2 , ... ,Zn of t he pde. 

For the painleve’ property to be satisfied we require (t to be negative 
integer to make the expansion single- valued. Als。 、;ve require the expan­
sion tt to be self consistent solution to the given pde with the requisite 
number of arbitrary functions which tþ itself can be one of them. The 
p。、rvers of tþ at which these arbit rary functions arise are called resonances 

1n fact the painleve’ property has shown great importal1ce as its sat­
isfication may provicle a simple criterion for complete ancl partial in 
tegrability of pde as wel1 as Bäcklund transformations and L없 pau's, 
[2,4,111 

The Liouvill ’s equation has emerged recently in current research in 
studying the phenomena of non- linear MHD equilibrium and its appli 
catiol1s in astrophysics a l1d plasma physics (e.g. flare models and fusion 
reactor models) [14- 17J . However we shall give a deta.ilecl analysis in 
MHD approximation in a forth comming pa.per [18J. 
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1n this paper , we sh。、.v that a general family of Liouville equations 
are of Painleve' type and const ruct a family of Bäckltmd transformations 
of these eq uations. 

2. Liouville Equations and The Painleve’ Property 

A family of Liouville equations is given by 

U ;r:;c + Utt = aebu (2. 1) 

where a and b are constant parameters. To apply the painleve’ analysis 
to this family of equations, we fil'st make the foll。、，ving transformation 
so t hat we can handle the equations: 

V = ebu (2 .2) 

Then (2. 1) becomes 

VVxx + V v" - (Vx)2 - (v, )2 = abV3 (2.3) 

Now, let 

V = "''' ε 끼W (2 .4) 

where 끼， J = 0, 1,'" and '" are functions of x and t , the independent 
variables in our case. Then applying (2.4) into (2.3) illld by the leading 
。rder term analysis, we get Q = - 2 and 

? 

Vo = 굶(갱 + 야) (2.5) 

Therefore 

V = "， -2 εI얘1 (2.6) 

Applying (2.6) in (2 .3) we get the recursion relation 

ε Vj_m(Cm + Dm) ε (A j_m Am + B j-mBm) (2.7) 
m=O 

+ab ε ε 낀 mVm _k Vk 



where 

The Painleve ’ Property, Compl ete Integrability 

A1 = 끼-'，r + (j - 2) ~생x 
Bj = 끼_'.' + (j - 2)끼q" 

83 

Cj = Vj - 2•%X + 2(j - 3) 11;- " 얘r + (j - 2)(j - 3 )끼야 (2.8) 

+(j - 3)끼- ， q,rr 

D j = 1I; -2.tt + 2(j - 3 ) 11; - " φt+ (j - 2)(j - 3)낀썩 
+(j - 3)끼- ， q， tt 

Now fo 1' different valucs of j a.nd from eqn. (2.7) we get thc following 
1'esults: 

Fo1' j = 0, %=￡(야 + 야) 
Which may be takcn in the f01'1TI 

2 . ð ð 
VO =-, (q,r ~ .. + φ， :... )q, 

ab δz δt 
(2.9) 

For j = 1 
2 .. ð ð ’ ‘ 

V, = -, ( rPr ~ + φt ~， ) log(야 + 야 - τ) tb \ 't' r ðx ' .,., ðt ‘ 
(2.10) 

For j = 2, we see that V2 is arbitrary and have the condit ion ψ = 0, 
where 

Iþ =끼[-4Vorq，r + 2V，장 - 2Voq,rr - 4Vo'φ ， + 2\끼야 

+2Voq,,, - 3abVol - Vo[Vo,rr - 2끼 ，r q，r - V, rP%X (2.11) 

+ VO•tt - 2V,.tq" - \꺼rP" + 4 rPr V' .r + 4 V; .tφ 

-8Vo검 -8Vo야l 프 0 

For j = 3, we have 

V2(CO + Do) + V; (C, + D ,) + VO(C2 + D 2) = (2.12) 

2AoA, + 2A~ + 2B oBl + 2B~ + 3abn강η + Vo v,2) 

Also for j = 4, we have 

V2(C2 + D 2) + 끼 (C3 + D 3 ) + VO(V2,%X + V2서 = 

2V2,r(VO,r - 끼따) + 2V2,t(Vo.t - V,q,t) (2.13) 

+ V,2r + ~깐t + ab(VoV2
2 + 3끼2V2 ) 
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P rovided V3 = 0, 씨 = O. Also for j = 5, wc a.re lead to 

V , V2 , XX + 1-'I 112,tt - 2V,,.-c V2•x - 2끼 t V2,t 

= 2ab끼 l강 

Wi th Vs = O. La.st ly for j = 6, we get 

η까，XX + ηι“’ - vgx - 않 = ubIGJ 

a.nd 끼 = 0 for j 즈 3. Therefore, we get the p,ùnleve’ expanslOn 

V = q,- 2VO + q,- ' V, + V2 

To obta.in t he resonance, we solve eqn. (2.7) for 11; a.ncl get 

j (j - 3)11; Vo (야+야) = F(끼-1， 'V,-'2, ' " , \'0 ， φ ， φ" φx .... ) 

(2. 14) 

(2.15) 

(2.16) 

T herefore the resonance occω for j = 0 a.ncl j = 3. The ca.se for j = 0, 
corresponcls to the a.rbitrary function <þ itself, ancl for‘ j = 3, since V3 = 0, 
it is satisfiecl iclent ically a.nd we a.re lead to eqn. (2.12 ) aga.in 

T hus t he t runcated expansion (2.16) , we just have for V proves tha.t 
the fa.mily of Liouville equa.t ions sa.tisfy t he Pa.inleve' property. 

3. Integrability and B äcklund Transform ations 

1n fa.ct, in Ref. [1,7], it wa.s conjecturecl t hat the Painleve’ property is 
sufficient for inte망a.bility of the pcle a.ddmitting it . However, in Ref.[4], 
a.nother conjecture 、;va.s shown a.nd it anlounts a.bout t he nccessity of the 
pa.inleve’ property fo l' the integrabili ty s싫e a.ncl not sufficiency. T here­
fore t he term pa.r tia.l integra.bili ty is introducecl to clenote other a.ddition­
허 compa.t ibili ty conditions tha.t ma.y be a.dded to the sa.t isfication of the 
pa.inleve’ property to ensure complete integ;r떠)ili ty， [3] 

Thus, this general family of Liouville equations uncler consideration 
are partia.lly integra.ble a.nd conditions (2.11 )- (2.14) a.re requirecl for 
complete inte!?;ra.bility. It is worth mentioning tha.t one ma.y use the 
Schwarzia.n deriva.tive to simplify these compa.tibility condi tions as in 
Ref. [2,3J but it is not a straightforwa.rd as it contains the Schwa.rzian 
deriva.tives with respect to both x ancl t 

To look for Bäckluncl tra.nsforma.t ions for this fa.mily of equa.tions, we 
ca.ll a.ga.in equa.t ions (2.15) 없lcl (2.16), i.e. 

V = <þ- 2VO + q,- ' V, + V2 
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and V2 V3 •xx + ιV2• tt - V2:" - 씬t = Qbl?. 
We notice that V and V2 are both solutions of equation (2.3) as 

expected, [3] and equation (2. 16) ma.y be written 잃 

2(챔+야) 
----'..:--='-='-":..!.' + “ [야@ 

ab !f>2 • ab(형 + 야 암) 

+2!f>"φ，!f>"， + !f>Z!f> tt] + V2 

V = 

0 1' simply 

2 . Ô Ô ‘ • 

V = ~ , (!f>,,:' +!f>, :.l log !f>(쉴 + 야 - τ) + V2 ab !f> ' H ôx . TO ôt ‘ 

n ” ” J ( 

Equa.tion (3.1) gives a family of Bäcklund transformations for eqn. (2.3). 
J。、.v . with b" = ln V and bU2 = ln V2 eqn. (3.1) becomes 

bu 2 11 a J Ô , 1 _ J/12 , 1 2 ab , . b 
e'U = _ ~ 1 ( !f>" :._ + !f>, ~J log !f>(야 + 야 - τ) + e'"2 ab<þ \.T""ôX , r<8t'. - Or \r x , T[ 2 (3.2) 

Where tL and tL 2 are both solutions of eqns. (2.1) wlúle tL 2 and !f> satisfy 
the compatibility conditions (2 .11)- (2.14). 

As a matter offact , a Biicklund transformation for the Liouville equa­
tion, with a = 1, b = 2 was obtained in Ref. [13] by a different approach. 
Also for the equation tL", = e" in Ref. [12] by a similar way using the 
Painleve’ analysis 

It is worth mentioning that eqn. (3 .2) may give auto- Bäcklund trans­
formations , [11] as well as ordinary Biicklund transformations as shown 
for the eqn. tL", = e" in Ref. [12] 

We think that the compatibili ty conditions, eqns . (2. 12)-(2.14), are 
not just to provide complete integTability but also one may use them t。
classify some classes of pde as they have some kind of relation with the 
Biicklund transformations. This problem in general is a topic for study 
Now and will be completed and shown elsewhere. 
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