
I(yungpook Ma t.hematical Jounlal 
VoJwne 29, Nwnbcz. 1, JlIne 1989 

lαEROMORPHICALLY STARLIKE FUNCTIONS 
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COEFFICIENTS 

B. A‘ Uralegaddi 

1. Introduction 

A ftmction f (z) = ~+aO+“ 1 Z + ... analy t ic in the annulus 0 < IZ I < 1 
and satisfying the condi tion 

|띈 + 11/1搭 -11 <α， 0 <α< 1 

for Iz I < 1 is said to be meromorphically starlike of order a and the class 
。f 려1 such functions is denoted by ε( a) . The class E( 1) is the same 
as the class of meromorphically starlike functions in the punctured disk 
satisfying the condi tion 

Rez j'(z)j f (z) < 0 for Izl < 1 

1n [1] 1<.5. Padmanabhan has obtained the radius of convexity for the 
class E(a). Let E[에 denote the subclass of E( a) consisti탬 이 functions 
of the form 

f(z) = f + ε lanlz
n n / ( 

Functions of the for111 (1) in ε[이 satisfy the coefficient inequality la l l ~ 
a[3]. Hence we may take I에 = pa where 0 ~ p ~ 1. Let εp[a] be the 
subclass of ε[a] consisting of functions of the form f ( z) = ~ + paz + 
Z풍2lan lzn . 

1n this paper 、"e obtain coefficient inequalities for the class εp[이 ancl 
sho\V that the class ì:p [이 1s closed under arithmetic mean ancl convex 
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linear combinations. Further the radius of convexity is obtained for the 
class Lp[O']' While determining the radius of convexity for the class 
εp[이， we have been able to show that the earlier result of the author [3] 
foll。、" as a special case of the result clerived here. Techniques used are 
similar to those of H. Silverman [2]. 

2. C oefficie nt Ine qua lities 

T h eore m 1. A fun ction f( z) = ~ + pO'z + ε뚱2 1an l zn is in the c1ass 
εp[O'] if and only if 

ε |씨(n + 1 + na - 0') :s:: 20'( 1 - ]J) (2) 

Proof It is kn。、.vn that f(z) = ~ + ε응I lanlzn E ε[0'] if and only if 
Z뚱， lanl(n + 1 + na - 0') :s:: 20' [3] 

The resul t follows by putting a, = pO' in the above inequality 

COI'olla r y 1. If f (z) = ~ + pO'z + L풍21an l z’‘ 1.5 I n. εp[O'] then lan I :S:: 

냥원많0 ' 11. = 2,3,4, 
The e.s timate i.! sharp for the function 

20'( 1 - )J) 
f (z) = .:. + pO'z + 

n+1+nO'-O' 

Cor olla ry 2 . If 0 :S:: p, :S:: 1)2 :S:: 1, th en L p2[O'] C εp， [0'] 

3. Closure Prope rties 

1n this section we shall show that the class Lp [이 is closed uncler 
arithmetic mean and convex linear comb‘nations. 

Theore m 2 . Let J.( z) = ~ + pO'z + ε풍2Ian . l zn fori=1 ， 2 ， ... m.lf 
j;(z) E Lp[O'] for each i = 1,2, ' " ,m then thefunction g( z) = ~+pO'z+ 
ε뚱2 1bn l zn also i3 a member of Lp[O'], where Ibnl = ! ε?，!.， lanJ 

Proo f Since fi E εp[O'] it follows from Theorem 1 that 

ε lan;l(n + 1 + nO' - a) :S:: 2a( 1 - p) 
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Hence 

ε I&nl(n + 1 + no: - 0:) 이
 -
이
 

뼈
 m 

-­• 

l 

n 

+ 

이
 

바
 

μ
써
 
n야
 

m

ε
넘
 ∞ε
녕
 시끼
 

l•
m 

mε

꾀
 1「

∞
ε
섭
 
1 
-m 

삐
 

--< 

and the reslIlt follows 

Theorem 3. Let fl(z) = ~+po= (md f ,, (z) = ~+pa.::+뚫않gz’‘ )11 = 
2,3,... . Th en f( z) is in εp[o:J if and only if f(z) can be expressed in 
tI.•e form f (z) = ε풍I À.nι， (z) where À’‘ 즈 o and ε응 ， Àn = 1. 

Proof SlIppose 

f (z) = ε Ànfn(z) 
"=1 
l 웅 시(1 - p)2α 

= - +pαz+ 、
z ;;n+1+m -o 

Since 

응 시(1 - ]))20: n + 1 + n o: - 0: 쁜 = ) . À. = 1-ι < 1 
설 n + 1 + n o: - 0: (1 - p)20: 설 n ‘ -

it follows from Theorem 1 that f (z) E Lp[o:J. 
Conversely sllppose f( z) = ~ + po:z + ε응'l lanlz n is in εp[O:] . From 

corollary 1, we have 

20:(1 - p) 
|씨 < . , 

- n + 1 + n o: - 0: 

T따ing Àn = 떻뿜으 I (lnl ， n = 2,3, .... and À, = 1 - ε윤2 시， 、"e get 
f( z) = ε~= ， Ànfn( z). 

4. Radius of Convexity 

Theorem 4. 1f f E L p[o:J then f is convex in 0 < Iz 1 < '" = 7‘ (o:, p) , 
ψhere r ( 0:, p) is the largest value for ψhich 

2 , n (n + 2)20:( 1 - P) n .... 1 3pm" ‘ + ~ " rnT I ~ 1.(n=2， 3 ， ‘ ’) 
n+ 1+no:-0: 
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The result is sharp for the function 

20(1 - p) 
f ,,(z) = .: + paz + 

n + 1 + no - 0 

Proof Since Izf"(z)/f '(z) + 21 < 1 implies Re( l + zf"(z)/f '(z)) < 0, 
the fllnct ion f (z) = ~ + ]JO'Z + ε풍2I o."lz" will be convex in any annllllls 
0 < Izl < ,. for which Izf" (z)/f' (z) + 21 < 1. Bllt 

| -| - 2pÜ'l.2 + ε얻2 n(n + 1)1 0.,, 1,."+1 
zJ"(z)/f' (=) + 21 ::; 

]Jo., .2 - ε~=2 njanlrn+1 

、.vhencver 3pÜ'l.2 + ε얻2 n(n + 2 )1o."lr."+1 < 1. Since f E Lp[O'], from (2) 
we may t와‘e 

2À’‘0(1 - p) |μ= - ""H-\- r l 

1+ 1 +nO'-0' 
ε À" ::; 1 
n=2 

For each {L,ed r , choose 뻐 integer n = n( r) for which 앞웹뜸 IS 

maχ1111띠. Then 

∞ n(n + 2)20' (1 -]JL"+l ε n(n + 2)1씨r"+1 < 
n=2 n+1+na-a 

Now find the value "0 = ro( O', p) and the corresponrung n(,'o) so that 

n(n + 2)20(1- p) . ,,+ 
3paT3 + 1‘ ... , 

U n + 1 + n O' - 0 

It is t his value "0 for which f (z) is convex in 0 < Izl < "0. By taking 
p = 1 and 0 = 1 in Theorem 4 the following result of the a.uthor [3] is 
。bt밍ned : If f( z) = ~ + L풍I la" Iz" is meromorphically starlike then 
f(z) is convex in 0 < Izl < 1/얘. 
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