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MEROMORPHICALLY STARLIKE FUNCTIONS
WITH POSITIVE AND FIXED SECOND
COEFFICIENTS

B. A. Uralegaddi

1. Introduction

A function f(z) = %—I—ao—%a]:—l—- -+ analytic in the annulus 0 < [z]| < 1
and satisfying the condition

+1|/] f{)—ll , 0<a<l

for |z| < 1 is said to be meromorphically starlike of order a and the class
of all such functions i1s denoted by Y(a). The class £(1) is the same
as the class of meromorphically starlike functions in the punctured disk
satisfying the condition

Rezf'(2)/f(z) <0 for |z|< 1.

In [1] K.S. Padmanabhan has obtained the radius of convexity for the
class E(a). Let I[a] denote the subclass of £(a) consisting of functions
of the form i 2
:+Z|an|z". (1)

n=1

f(2) =

Functions of the form (1) in X[a] satisfy the coefficient inequality |a;| <

a[3]. Hence we may take |a,| = pa where 0 < p < 1. Let ¥,[a] be the

subclass of 3"[a] consisting of functions of the form f(z) = 1 + paz +
ne2 |an|z".

In this paper we obtain coefficient inequalities for the class 3° [a] and
show that the class 3 [a] is closed under arithmetic mean and convez
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linear combinations. Further the radius of convexity is obtained for the
class 3°,[a]. While determining the radius of convexity for the class
2,(a], we have been able to show that the earlier result of the author 3]
follow as a special case of the result derived here. Techniques used are
similar to those of H. Silverman [2].

2. Coefficient Inequalities

Theorem 1. A function f(z) = 1 + paz + 5°°, lan|2" is in the class
z =32

Y,la] if and only if

i|an|(n+1+na-—a)_?.a(l—p). ' (2)

n=2

Proof. It is known that f(z) = 1 4 302, |a.|z" € Y[a] if and only if
Yo lanl(n+ 14 na — a) < 2af3).

The result follows by putting a; = pa in the above inequality.

Corollary 1. If f(z) = 1 + paz + £02, |an|z" is in ¥ [a] then |aa| <
2] BB A,

n+l4+na—a?
The estimate 1s sharp for the function
2a(1 - p)
z
n+l+4+na—a

n

fz) = +paz +
Z

Corollary 2. If0 < py <p; <1, then ¥_,,[a] C T, [a].

3. Closure Properties

In this section we shall show that the class }_,[a] is closed under
arithmetic mean and convez linear combinations.

Theorem 2. Let fi(z) = L + paz + 332, |ag,|z" fori=1,2,---m. If
fi(z) € £,la] for each i = 1,2,---,m then the function g(z) = 1+ paz +
ez |bn|z™ also is a member of ¥, [a], where |b,| = 2 T, |an,].

Proof. Since f; € ¥_,[a] it follows from Theorem 1 that

[=.e]

Y lan|(n + 1+ na — a) < 2a(1 - p)

n=2
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Hence
(= 9] o0
Z|bn|(n+1+na—a) = Z(—Z|an, Mn+14na—a)
n=2 n=2 t"l
= —ZZIan, l(n+1+na—a)
N 1n=2
< 2a(1-p)

and the result follows.

Theorem 3. Let fi(z) = 1 +paz and f,(z) = %"‘1’“3"‘;:_11&%'

2,3,---. Then f(z) is in 3 [a] if and only if f(z) can be empresccd in
the form f(2) = 102, Anfu(2) where Ap 2 0 and 32, An = 1.

Proof. Suppose

f(:) =z Z/\nfn(z)
=1
_— l -~ n(l_ )r)a _'n
B T +Z n+l4+na—a

Since

i A(l=p)2a n+l4na—a

= /\n= -\ < ]
n+l4+na—a (1-p)2a Z ) =1

n=2

n=2
it follows from Theorem 1 that f(z) € ¥,[a].

Conversely suppose f(z) =1+ pa., 4+ ¥l lan|z™ is in Y [a]. From
corollary 1, we have

Oall —
|a'"| S ya(l I)) -
n+1l+na—a
Talung A = npnestla,|,n = 2,3,-+-. and A =1 =372, As, we get

2a(1
£(2) = S Al ).
4. Radius of Convexity

Theorem 4. If f € ¥ [a] then f is convezr in 0 < |z| < r = r(a,p),
where r(a,p) is the largest value for which

n(n + 2)2a(1 — p)

i 1. (n=2,3,---)
n+l+na—a

3par® +
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The result is sharp for the function

1 2a(1 —
fn(z)=;+paz+n+(:(+n:)_az" for some n.

Proof. Since |zf"(2)/f'(z) + 2| < 1 implies Re(1 + zf"(z)/f'(z)) < 0,
the function f(z) = 1 + paz + 0%, |a,|z™ will be convex in any annulus
0 < |z| < r for which |zf"(z)/f'(z) + 2| < 1. But

2par? + ¥, n(n + 1)|a,|[r"*!
— par? — 32, nla, |r*t!

ol |

25" ()/f'(2) +2| < =5

whenever 3par? + Y22, n(n + 2)|a,|r"*! < 1. Since f € z [a], from (2)

we may take
2\ a(1 — o
lanl = '-0'( p) s Z An < ;|8

n+1+na—a -

. n+l
For each fixed r, choose an integer n = n(r) for which 2™ g
n+l4na—o

maximal. Then

e 2a(1 —
Z n(n + 2)|a,jr"t* < i+ 2l p)r“"'].
e n+l4na—a

Now find the value rq = rg(a, p) and the corresponding n(rg) so that

n(n + 2)2a(l _P)rn+l
n+1+na—a«

3pary + = 1.

It is this value rp for which f(z) is convex in 0 < |z| < ro. By taking
p=landa=1i Theorem 4 the following result of the author [3] is
obtained : If f(z) = 1 + £72, |a,|z" is meromorphically starlike then
f(2z) is convex in 0 < |z| < 1/V3.
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