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INFINITESIMAL TRANSFORMATIONS WHICH 
ARE RELATED TO CL- TRANSFORMATION IN 

SASAKIAN MANIFOLDS (3) 

Sang-Seup Eum 

1. Introduction 

A (2n + 1 )- dimensional c1ifferentiable manifold M is called to have a 
Sasakian structure if there is given a positive lliemannian metric gj. and 
a tr~plet ('f'k J , ÇJ , 1/k) of (1, l )-type tensor field 'f'k J , vector field çJ and 
1- form ’lk in M which satisfy the following equations 

(1.1) 'f' j ‘ 'f'.h = -이h + 낀'j çh， 'f' j ‘ ç J = 0, 1/‘'f'j ‘ = 0, ’l펴t = 1, 

g st%J SPI t = 9Jl 깨'j TJi ， η. = gh.çh 

and 
(1.2) ?‘상 = '1' / ‘ V'j 'f' .h = -gj ‘t h + 6jh끼" 
where V' k indicates the covariant differentiation with respect to gj.. By 
virtue of the last equation of (1.1) we shall write ηh instead of çh in t he 
sequel. The indices h , i , j , k , ' " run over the range {1 , 2,"', 2n + 1} 

In a Sasalü an manifold M , a vector field v‘ is called an infìnitesimal 
CL-tran3formation if it satisfies 

( 1 3) Cv { jhi } = P l 6 h + p 6 j h + @(ηj 'f' . h + 1/.'1'/) 

for a certain covector field P‘ and a sca떠la따xf“unc야tion 0' 、w야he밍re c. v denotes 

t“따he L바ie d떼e앙떼nv‘v빠뼈rat따ti。αI씨h 1때e않썩s밍pe따c야t to v' a뼈n띠1띠d { /씬i } 뼈 llie밍뼈ma뼈1111 
connection 

In a previous paper ([1 j), we proved the following 
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Le 1l1l11a A. !f a 2n + 1(n ~ 1) dimensional Sasakian manifold M ad
mits an infinites imal C L-transform.αtion v l‘ defined by (1.3), then 0' is 
a constant. 

In the present papcr, we consider an infinitcsimal transformation v h 

in a Sasakian manifold M defined by the condition 

(1.4) ιu { /S } = P16lh + 1)l6jh + c(?쐐 
for a constant c, a certain covector field Pi a.nd a certain (1, 1 )- type 
tensor field a,h sllch that 

(1.5) 9hiCXjh = Cl'jl = -O: ij 

The pllrpose of the present pa.per is to prove the following theorem. 

Main Theore111. Let a Sasakian manifold of tlimension 2n + 1(n > 
1) admits an infinitesimal transform.“ tion vh tl e껴n ed by (1 μ Th en 
ccr/ = c’?jt , c’ bein9 a constant, that is , v h is an infinitesimal CL
transformation 

ThllS, in a 2n + 1(n > 1) ωmensional Sasakian manifold , there exists 
no infini tesimal transformation v h sat isfying (1.4) and CCi;' ￥ C'꺼 ‘, c' 
being a constant. 

2. Preliminaries 

In a (2n+1)- dimensional Sasakian manifold M cha.racterized by (1.1) 
and (1.2), the foll。、ving identities are well known ([2]) 

(2. 1서1 ) J(k샤Jμt/펴l 

(2.2) ( 1씨1η) 7깨，k [{k셔，.’;'='1센1'9ji - ηi Ó/ ’ ( 2띠2낀) !，‘' k세; 

(2.3) /<ιK‘〔ιjμ， 7바1 

(2.4쩌4잉) '1"“sηJ(ιt“’”1//}h‘ + 2'1'/ηJ{，‘〔-;?th = 2끽(2n - 1n)p1/lhK 
., 
’ 

where J(kjih 없ld J(ji are the curvature tensor and the Ricci tensor of !vI 
respecti vely. 

Let llS recall the definition of Lie dcrivation. For any vector field vh, 
we have the following identities 

(2.5) 71' '1’.Lu9j i = 2'1’C,,17i , 
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(2.6) \1 k.cv9j‘ = 9'; .c v { ktj } + 9 j' .c v { / i } 
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3. Infinitesimal transformation d efined by (1.4) 

First of all , substituting (1.4) into (2.8), we obt없n 

ι，Kkj;h = ( 'hpj - \1 j Pk ) c5/ + (\1kP;) c5/ - (\1j ]J;)c5k
h 

+c{2Pkja ,h + PklQjli - 9?1,akh 

+1)j \1 k D:;h - T}k \1 j o: ;h + 1)
‘
(\1 kO:/ - \1j D:k h)J , 

from which , transvect ing with ηl‘ ’ 
(\1kP j - \1jpdη; + (\1 kP;)T}J - (\1 jp;)l)k 

+C[2'P kjηta.t + Pkl11taj t - P1”
1takt 

+η，( l)j \1 kO:;' - ηk \1j O:;') + η.η， ( \1k o:;' - \1j O: k')J . 

Taking the Lie derivative of the both sides of (2) of (2.2), we ob때n 

l)h .c vJ(kj ;h = 

(3.1 ) 

(3.2) T},.c v J(kj;' + K kj ‘
'.cv T}, = ’ )k.c v 9 j; - η'j .c v9k; + 9j;.c ，까

from which , transvecting with l)k and taking account of (1.5) , 

(3.3) .cv9j; = T}'(\1,Pj - \1jp，)η;+ η1’1‘ ?tp， - ? 1PI 

+Cη，[ 1)j’lk ?ka‘'+ T};I)k\1 ko:;' - \1j o:;'J + T} j T}‘.c v 9'; . 

T싫ing account of the symmetry of (3.3), we obta.in 

η'(η'j \1;p, - 1)
‘
\1j ]),) - (\1jP; - \1꺼 ) - Cl1<(\1 j o:;' - \1;0:;') 

+1)'(I)j .cv9 ,; - η;.cv9'j) = 0, 
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from which , transvecting with ’/' , 

(3.4) 1/'ι v9'j = (2r + μ)ηj - rt' (2 \7 jp , - \7,p)) + CI7t1/꺼7sajt ， 

where 、，ve have put 

ηk 1/’ \7Wi = μ， η) 1/’ι v9ji = 2T. 

Substituting (3.4) into (3.3), we obtain 

(3.5 ) .cv9ji = ηtηi( \7 'Pj - \7 jP,) - \7jp‘ - C1/t(\7 jcr/ - ηi 1/ ' \7 ，α/) 

+1비(2r+ μ)η‘ + 2η '( \7'Pi - \7 iP,) + 2cI]바 

Taking account of the symmetry of (3.5) , we obtain 

(3.6 ) \7 jPi - \7 iPj ’/ '[ I]j( \7 'Pi - \7 ip,) -1)i( \7써 - \7 j]J,)] 

+C1),[\7)cr/ - \7 iOl/ -1/'(1), \7,cr;' -1)‘\7.01/)] = O. 

On the other hand , substituting (3.1) into (3 .2) , 앤 obtain 

J{kj/ .cV I7' = -( \7k]Jj - \7 j ]Jk) 1)i - ( \7k]Ji)’/j + ( \7j ]Ji)ηk 
-C[2'Pkj1),OI/ + ψk，ntajt - 991l?1tCYkt 

(3.7) +1)，(η1?ka， t - ηk \7jOli' ) + 1) iη， ( \7k Ol/ - \7jOlk')] 

+9ji.cv'7k + ’/k .cv9ji - 9k iι v 17j - 1)j .cv9ki , 

from which, transvecting with ψAJ ， 

vkjIfkJ·‘ .cv'7' = ['P
kj 

{-(\7k]Jj - \7j ]Jk) - C'7,(\7kOl/ - \7 jOlk')}] 1)i 

(3.8 ) -2(2n + 1)C1/tOl i' - 2'P i' .cv'7, ‘ 

Transvecting (3.8) with '7’ and taking account of (2.1), we obtain 

(3 9) O = pkj{?1Pk - ?kPj + cη， ( \7k Ol/ - \7 j Ol k ')} 

Substitu ting (3.9) into (3.8) , we obtain 

(3. lO) ￠;1IfkJ ‘ '.c v '7， = -2(2n + 1)c'7, OI/ - 2'P/ιην 

Transvecting (3.7) with 9' ‘ and substituting (3.4) into it, we obtain 

(3 .11 ) K k' .cv'7, = -(2r + μ)ηk - 3C'Pk'η， 01; + 2n.cvηk 
+(\7껴 - nlt?, @ts + g1 ’ .c v9j까k ， 
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from which , transvecting with Ttk and taking account of (2.3), 

(3.12) 0 = - (2r + μ ) + \1 ,p' - CTt ' \1 s o:t' + g' ’ιvgji 

Substi tuting (3.12) i따。 (3 . 11 ) ， we obtain 

(3.13) ]{k 'ι.'7t = - 3 C<P k sTt,o: s' + 2n{..ηk 

Substituting (3.10) and (3.13) into t he equation 

<pk
j ]{kjκ‘l71t + 2p ， A; ICAtι•Tt， = 2(2n - 1 )11';'ιv1]t ， 

which is obtained from (2.4), we obtain 

(n - 1)'7 ,0:;' = 0 

Thus we have the f01l。、，vmg

T h eor e m. 1f a 2n+ 1(n > 1) dimen.sioπal Sasakian m anif old adm따 an 
infinitesimal transformation defined by (1 .4), then the relation 

(3.14) Tt,o:/ = 0 

holds go od 

4 . Proof of the main the orem 

The condition (1.4) is rewrit ten 잃 

(4 .1) \1 j \1 ivh + V' ]{'j ih = pjð/ + p써h + c(깨jO:‘ h + TtiO:/) 

Contract ing with respect to h and i in (4.1) and taking account of (3.14) , 
we obtain 

\1j( \1 ,V') = 2(n + 1)pj 

Thus, Pi is a graclient vec tor field , t hat is, the fo1l0wing equa tion holds 
good: 
(4.2) \1 jPi - \1i]Jj = O. 

Differentiating (3.14) covariantly, we obtain 

( 4.3) ’1tR7kQjt = - %ktQ1t, 

and consequently subst ituting (4.2) and (4.3) into (3.6), we find 

( 4 .4) <P j ‘a ‘ ‘f' i'O:/ = 0 
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On the other hand , subs따uting (4.2) and (4.3) into (3 .5), we obt며n 

(4.5) .c ugji = - 'V jPi + C'P j'OI;' + (2r + μ)ηJ끼· 

Substituting (1.4) and (4.5) into (2.6) and taking account of (3 .14), we 
obtain 

-'Vk'V jPi + C( 17j Cl: ‘k + 'P j,'V kα，‘) + 1/j 1/i 'V k(2r + μ) 

(4 .6) +(2r + μ)( 'Pkj l7i + 'Pki꺼) 
= 2pkgji + P,9ki + Pi9jk + c(ηj Cl:ki + I/iOl kj) 

Substituting (4.6) into the llicci ident ity: 

'V k 'V j ]Ji - 'Vj ‘i7 k]Ji = - !'kji'P" 

transvecting it with 17 k and taking account of (1) of (2. 2), we obtain 

C'Pj'η싸7 
-(2r + μ)'Pji + 2CO: ji = 0, 

from which, transvecting with 'Ph' , 

(4.7) Cη k 'V kOl ih + 1/i 'P얀 'Vk (2r + μ) - (2r + μ)(9hi - '7hη‘) 
-2C'P h kOlki = 0 

Transvect ing (4.7) with η‘ 없1d using the fact that 

'7k'7‘'V kCl: ih = 1/
k
'V k(η‘ OIih) = 0 , 

we obtain 
'P h ' 'V, (2r + μ) = 0, 

from which, transvecting with 'P k h, 

(4.8) 'Vk(2r + μ) = 'w7''V, (2r + μ). 

Applying 'P, k 'V j to (4.8), we can easily see that 

η' 'V ,(2r + μ ) = 0 

and hence 
2r+ μ = constant 
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Substitu t ing (4.8) into (4.7) , we obtain 

(4.9) Clt'\1 kaih - (21" + μ)(9h‘ -I/hl/i) - 2C'f' h'이i= O 

Taking t h e 5원ymmetric pa따I야t 。이fη(μ4.9찌9아)ar뻐1(띠d tak ing accou nt 。이f (μ4.씨， weobt혀n 

(2T + μ)(9hi - 까n‘) - 2C'f'h,a;' = 0, 
from which , t rar1s、recting with 'f' k h arld t aking account of (3 .14) , 

2caki = (21" + μ)'f' ki. 

T따，ing accoun t of the fact t h at 21" + μ is a constan t , the .proof of the 
main th eorem is completed . 
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