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INFINITESIMAL TRANSFORMATIONS WHICH
ARE RELATED TO CL-TRANSFORMATION IN
SASAKIAN MANIFOLDS (3)

Sang-Seup Eum

1. Introduction

A (2n + 1)-dimensional differentiable manifold M is called to have a
Sasakian structure if there is given a positive Riemannian metric g;; and
a triplet (¢x?, &%, my) of (1,1)-type tensor field o7, vector field ¢’ and
1-form n; in M which satisfy the following equations

(L1) pj'pi® = =6 +m;6", ;¢ =0, nig;" =0, g =1,
9ot @it = gji — nimis i = gnik"

and
(1.2) Vit =@i*, Vi = —g;it" + 6,
where V indicates the covariant differentiation with respect to g;;. By
virtue of the last equation of (1.1) we shall write 5" instead of £* in the
sequel. The indices h,i,7,k,- - run over the range {1,2,---,2n + 1}.

In a Sasakian manifold M, a vector field v* is called an infinitesimal
CL-transformation if it satisfies

h
(1.3) Ly { i } = p;&* + pibi® + a(njei® + nip;™)

for a certain covector field p; and a scalar function o where £, denotes
the Lie derivation with respect to v' and { T } is the Riemannian

connection.
In a previous paper ([1]), we proved the following
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Lemma A. If ¢ 2n + 1(n > 1) dimensional Sasakian manifold M ad-
mits an infinitesimal CL-transformation v* defined by (1.3), then a is
a constant.

In the present paper, we consider an infinitesimal transformation »"

in a Sasakian manifold M defined by the condition
/
(1.4) Ly { ; l?- } = p;&" + pi6)" + c(njei™ + mia;")

for a constant ¢, a certain covector field p; and a certain (1,1)-type
tensor field a;" such that

(1.5) gh"ﬂ‘jh = = —ay;.
The purpose of the present paper is to prove the following theorem.

Main Theorem. Let a Sasakian manifold of dimension 2n + 1(n >
1) admits an infinitesimal transformation v" defined by (1.4). Then
ca;' h is an infinitesimal CL-
transformation.

= ;' ¢ being a constant, that is, v

Thus, in a 2n + 1(n > 1) dimensional Sasakian manifold, there exists
no infinitesimal transformation v* satisfying (1.4) and ca;' # c'p;'.¢
being a constant.

2. Preliminaries
In a (2n+1)-dimensional Sasakian manifold M characterized by (1.1)
and (1.2), the following identities are well known ([2])
(2.1) Kij'n' = 8n; — 6",
(22) (1) #*Kii' =n'gii—mb's (2) Kijitne = megii — nigis
(2.3) K;m' = 2ny;,
(2.4) P Iy + 20, Kt = 2(2n — 1)p;*,

where I\’kjl‘h and K;; are the curvature tensor and the Ricei tensor of M

respectively.
Let us recall the definition of Lie derivation. For any vector field v",
we have the following identities

(2.5) 77177l-£ugji = 27?i'cvni1
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t t
(2.6) Vkﬁugji = gaifw{ k j } +g,-¢£u{ % 4 }
(2.7) { th } = V,-V,-v" = ‘Ur'I{tJ','h
and
. h h
(2.8) LKt = vkz,,.{ i }— v,-ﬁ.,{ Iy }

3. Infinitesimal transformation defined by (1.4)

First of all, substituting (1.4) into (2.8), we obtain

L, K" = (Vap; — Vpe)&" + (Vip)é;" — (Vip:)6i"
h

+e[2prj0™ + pria;" — pjian
+7]ij0’;" = m.V,-a‘-" + 13,-(Vkajh — Vja-kh)],
from which, transvecting with 7,

Lo = (Vap; — Vipe)mi + (Vapi)n; — (Vi)
(3.1) +c[20kmait + prima;t — i
+T?¢(?]J‘Vk0.’,'t — nkvja,—') + n.—m(Vkaj‘ = Vjak‘)].

Taking the Lie derivative of the both sides of (2) of (2.2), we obtain
(3.2) Lo Ikji* + Kiji' Lone = miLogji — 0 Lugri + 95:LoMk — gri Lo,
from which, transvecting with * and taking account of (1.5),

(3.3) Logii = 7'(Vep; — Vip)mi + 00" Vipi — Vpi
+enenin® Ve + nin*Via;t — Viai'] + nn' Lo gs-

Taking account of the symmetry of (3.3), we obtain
n'(n;Vipe — miV;pe) — (Vipi — Vip;) — en( Vit — Via')

+0° (i Logei — nilovgy) = 0,
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from which, transvecting with ',
(3.4)  n'Lugyj = (27 + p)n; — n'(2Vpe — Vip;) + enn’Vsa,
where we have put

' Vipi=p,  w'n'L.g; =2
Substituting (3.4) into (3.3), we obtain.

(8.8) Lugji = u'ni(Vpj — Vip) — Vipi — eq(Viai' —nin®V,a;t)
+0;[(27 + p)ni + 20 (Vipi — Vip) + 2eni® V']

Taking account of the symmetry of (3.5), we obtain

(3.6)  V,pi — Vip; = 0'[ni(Vepi — Vipe) = ni(Vip; — V)]
+ene[Viait — Via;' —n°(n;Visai' — iV,a;')) = 0.

On the other hand, substituting (3.1) into (3.2), we obtain

Kiii'lLome = —(Viepj — Vipi)ni — (Vipi)nj + (Vipi)nk
—c2pxmeait + rinea;’ — i’
(3.7) +0e(n; Viai' — meViai') + nime(Vie* — Viait))

+¢;iLoik + MLogii — grillonj — 1; LoGiiy
from which, transvecting with ¢*7,

" Kijit Cone = [@" {—(Vkpj — Vipe) — en(Viaj' — Vjai') Hms
(3.8) =2(2n + 1)ena;* — 20, Lon,.

Transvecting (3.8) with ' and taking account of (2.1), we obtain
(3.9) 0 = ¢"{V;pr — Vip; + en( Vi — Vjai')}.
Substituting (3.9) into (3.8), we obtain

(3.10) P Kt Lome = =2(2n + V)enay® — 20, Loy
Transvecting (3.7) with ¢’* and substituting (3.4) into it, we obtain

(3:11) KLy = —(27 + p)m — 3epinias’ + 2nLoymk
+Vep' — en'Veal® + ¢ Log;i)nk,
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from which, transvecting with n* and taking account of (2.3),
(3.12) 0=—(2r 4+ p) + Vip' — en'Vaea® + ¢ L9
Substituting (3.12) into (3.11), we obtain
(3.13) K 'Lon = —3coi*niast + 2nLn;.
Substituting (3.10) and (3.13) int.o the equation

Kt Come + 20 K Loy = 2(2n — 1) Lo,
which is obtained from (2.4), we obtain

(n = 1)na;* = 0.

Thus we have the following

Theorem. Ifa 2n+ 1(n > 1) dimensional Sasakian manifold admits an
infinitesimal transformation defined by (1.4), then the relation

(3.14) na;t =0
holds good.
4. Proof of the main theorem
The condition (1.4) is rewritten as
(41)  V,; Vol + 0 K = p;6t 4 pibt + (et + niai?).

Contracting with respect to h and 2 in (4.1) and taking account of (3.14),

we obtain
Vi(Vw') = 2(n + 1)p;.

Thus, p; is a gradient vector field, that is, the following equation holds

good:
(4.2) Vjp,‘ = V,'p_,' =)

Differentiating (3.14) covariantly, we obtain
(4.3) nVia;t = —pna;’,
and consequently substituting (4.2) and (4.3) into (3.6), we find

(4.4) ga,-ta‘-‘ — (p,‘tajt =)
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On the other hand, substituting (4.2) and (4.3) into (3.5), we obtain
(4.5) Logii = =V;pi + cpjeai’ + (27 + p)y;mi.

Substituting (1.4) and (4.5) into (2.6) and taking account of (3.14), we
obtain

—~ViVpi + c(njair + @5 Viai') + 0imi V(27 + p)
(4.6) +(27 + p)(prini + ¢rin)
= 2pigji + Pigki + Pigik + c(njar + niag;).

Substituting (4.6) into the Ricci identity:
ViVipi = V;Vapi = —=Ky;i'pi,
transvecting it with #* and taking account of (1) of (2.2), we obtain

;" Viai' + 0 nmVi(2r + p) — 0iV;(27 + )
—(27 + p)pji + 2caji = 0,

from which, transvecting with @7,

(4.7) e Vi + mien V(21 + 1) — (27 + p)(gri — 7ani)
—2ccph"(xk; = 0.

Transvecting (4.7) with 7' and using the fact that
"0 Viain = n*Vi(n'ain) =0,

we obtain
en'Ve(27 +p) = 0,

from which, transvecting with ¢",

(4.8) V(27 + p) = men' V(27 + p).

Applying ¢'*V; to (4.8), we can easily see that
N'Vi(27 +p) =0

and hence
27 + p = constant.
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Substituting (4.8) into (4.7), we obtain
(4.9) en*Viag — (27 + 1) gni — i) — 2cntay = 0.
Taking the symmetric part of (4.9) and taking account of (4.4), we obtain
(27 + p)(gni — i) — 2epmai’ =0,
from which, transvecting with ;" and taking account of (3.14),
2cag; = (27 + p)pri-

Taking account of the fact that 27 + u is a constant, the proof of the
main theorem is completed.
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