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ISOMETRIES OF AlgLn 

Young SOO Jo ancl Taeg Young Choi 

1. Introduction 

The stucly of non- self- acljoint operator algcbras on Hilbert space was 
。nly beginnecl by vV.B. Arveson (1) in 1D74. Rcccntly, sllch algebras 
have been founcl to be of use in physics , in electrical engineering, ‘ancl 
in general systems theory. Of particular interest to mathematicians are 
reflexive algebras with commutative lattices of invariant subspaces ‘ The 
algebras AlgLn are important classes of sllch algebras. These algebras 
possess many surprising propert ies relatecl to isometries, isomorphisms , 
cohomology 따lcl extreme points. In this paper, wc shall investigate the 
isometric maps of these algebras. 
F irst we will intrαlllce the terminologies which are llsecl in this paper 
Let H be a complex Hilbert space ancl let A be a sllbset of B(H ), the 
class of all bounclecl operators acting on H. If A is a vector space over 
C and if A is closed llnder the composition of maps, then A is callcd 
an a lgebra. A is c떠led a self-adjoint algebra provicled A' is in A for 
every A in A. Otherwise A is called a non-self-adjoint algebra. A linear‘ 

map cp of one algebra A 1 illtO another algebra A 2 is 따1 isometry if i t 
preserves llorm. If L is a lattice of orthogona l projections acting on H , 
Algι denotes the algebra of all bounded operators acting on H that 
leave invariant every orthogonal project ion in L. A sllbspace lattice 
L is a strongly closed lattice of orthogonal projectiolls act ing on H , 
containing 0 and 1. Dually, if A is a subalgebra of B(H ), t hen LatA is 
the lattice of all orthogonal projections invariant for each operator in A 
All algebra A is reflexive if A = AlgLatA and a lattice L is reflexive if L = 
Lat .4. lgL. A lattice L is a commutative subspace lattice, or CSL, if each 
pair of projections in L commutes; Algι is then callecl a CSL-algebra 

This was parLially supporLed by Korea ~linistry of Education (1988) 
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If x [, X2 , ... , Xn are vectors in some Hilbert space, then [x [, X2 , .. ‘ , Xn J 
means the closed subspace generated by the vectors X" X2 ... , Xn. 

2. Isometries of AlgL2n and AlgL2n+l 

Let L2n (or L 2n+1) be t he subspace lattice of orthogonal projections 
generated by {[e,], [e3]' ... ' [e2n-1 ], [e,., e2 , e3], [e3' e4 , e5], ... , [e2n-3 , e2n-2 , 
e2n-l] , [e2n-l1 e씨} (or {[e,], [e2i+d , h • 1, e2i , e2i+tl ‘ i = 1,2, ... ,n}) and 
let A 2n (or A 2’‘

+ 1) be the algebra considering of all bounded operators 
acting on 2n(or 2n + l )-climensional complex Hilbert space H of the 
form 

*‘ 

‘, 

*’ 

*-T 

* 
* 
* 

* 
* * 

* 
* * * 

( or * 
* 

* 
* * * 

where all non- starrecl entries are zero, with an orthonormal basis {e" e2 , 
,e2n } (or {e"e2 , ... ,e2n+ d ). Then the lat t ices L 2n ancl L2>>+[ are 

commutative and refìexive. The algebras A 2n and A 2>>+[ are refìexive 
Also we have AIgL2π = A 2n and AIgL2n+l = A 2n+1(9) 

Let i and j be positive integers. Then Eij is the matrix whose 
(i , j )-component is 1 and all other component s are zero . Let x and 
y be two nonzero 、rectors in a Hilbert space H . Then x' 18> ν is a rank 
。ne operator defined by x' l8> y(h ) = (h , x)ν for all h in H 

Lemma 2.1 [12]. Let ζ be a commutative lattice and let x and y be 
two vector3. Then x' 18> ν is in AIgι if and only if there exi3t3 E in ι 
3uch that ν in E and x in E!: , 뻐ere 

K = V{F: Fis inCandF "t. E} and E= = (K).l 

Let cp : AIgL2n • AlgL2n (or AIgL2n+1 • AlgL2n+1) be a surjective 
isometry. Then we have the following lemmas 

Lemma 2.2 [13]. Let 1 be the identity operator, let cp(I) = A , and let 
E be a projectioπ in L 2n 뼈os e rank i3 at least tωo . Then IIA xll = IIxll 
for all x in E!:. 
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Le l11l11a 2.3 [13] . lf cp(I ) = A and ifx' 0 x i8 AIgL2n' then IIAxll = 11치 1. 

Theor밍.11 2.4. lf cp : AIgL2n • AIgL2n (or AIgL2n+' -• AIgL2n+1) i8 a 
8urjective i80met,.y, then rp(I) i8 a unitary diagonal operator in AIgL2n 
(or AIgL2n+l ) 

Proof. Let rp(1) = A = ((I ;j) be in AlgL2n . 5ince ei 0 e; is in AIgL2n 
for each i = 1,2, ' .. ,211, 1(1‘’ 1 ~ 1 for each odd number i. 5ince IIAII = 
11111 = 1, we have 

a12 = 0, a32 = a3-t = 0,"', a2n-1 ,2n-2 = 02n- 1.2n = 0 

Hence tp( 1) = .4. is a cliagonal mat1'ix ancl 1μ1 = 1 fo1' each i = 1,2, ‘ .. ,2n 
(or 211 + 1). 50 A = cp(1) is a unita1'Y diagon려 ope1'ator in AIgL2n (or 
AIgL2써 ) . 

Let cp(I ) = U. Then U A ancl U. A are in AIgL2n (or .4. lgL 2n+, ) 
for all A in AIgL2n (or AIgL2써 ) . Defìne φ AIg2n • AIgL2n (01' 

.-1셔 .Lt2 1'1 + 1 • ..J.IgL 2n+l) by ψ(A) = U'cp( A ) for eve1'y A in AIgL2n (or 

.4IgL2n+d. Then φ is a surjective isometry and ψ(1) = 1. Let M be 
the smallest von Neumann algebra containing L 2n (or L 2n+,). Then 
M = (AIgL2n ) n (AIgL2n )" (or M = (AlgL2n+d n (A IgL2n+1 )"), where 
(AIg .c )" = {A ‘ : A is in AIg.c} fo1' any subspace lattice ι 

Le l11ma 2.5 [11]. Let U, and U2 be C' -algebra8 and let cp : U, • U2 
be a linear map which carrie8 the identity in U, into th e identity in U2 
and 11ψ (A ) II = IIAII f or al/ normal operator8 A in U , . Th en cp pre8erve8 
adjoints , i. e, rp( A' ) = ψ(A))" for all A in U,. 

Deflnition 2.6 [9] . Let U, and U2 be C'-algebras. A Jordan isomor
ph.ism or C' -isomo1'phism cp U, • U2 is a biject ive linear ma.p such 
that tp(An) = (cp( A ))’‘ for all A in U, and cp( A ) = (cp( A ))" whenever A 
is self-adjoint in U, 
Lemma 2.7 [11]. (1) A linear bijection cp of one C'-algebra U, 
onto another U2 ψhich is i8omet,‘ic i8 a C' -isomorphi8m follow ed by left 
multiplication by a fixed unitary operator, viz, cp( 1). 

(2) A C '- isomorphism ψ of a C' -algebra U, onto a C' -algebra U2 i8 
i80metric and pre8erves commutativity. 

Le l11ma 2 .8 . Let ψ : AlgL2n • AIgL2n (or AlgL2n+l • AIgL2n+l) be a 
surjective isometrν defin ed by φ(A ) = U'cp( A ) for all A in AIgL2n ( or 

A IgL2n+l), ωhere U = ψ(I). Then cp( M ) = M 
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Proof Since M is C"- algebra, ~(I) = I and ψ is a.n isometry, we have 
cplμ preserves adjoints by Lemma 2.5. If ψ(A)isin ψ(M) ， then A is in M 
and so A‘ is in M. Hence φ(A") = (φ(A))" isin β(M) and hence ~(M) is 
self-adjoint . Thus φ(M) c M. Since ~IM: M • M is an injective linear 
map and M is a fìnite dimensional vector space, we have 에，\.1 : M • M 
is onto. Hence ~(M) = M 

CorolIary 2.9. If cp : A.lgL2n • AIgL2n (or AlgL2n+ l • AlgL2n+ l ) Ü 

a surjective isometry such that cp(I) = I , then cp(M) = M. 

Lemma 2.10. Let cp : AlgL2n • AlgL2n (or AlgL2n+l • AlgL2n+1 ) be 
a surjective iiJometry such that cp(I) = I , Then E is a projection in M 
η and only if cp(E ) is a projection in M 

Proof Suppose that E is a p1'ojection in M. Since cp씨 is a J ordan 
isomorphism, cp(E) = cp( E" ) = cp( E )‘ and ψ(E) = cp( E 2) = cp( E j2. S。
이E) is a projection in M because cp( M ) = M. Conversely, suppose that 
cp(E ) is a projection in M. Then since cp-1 1M is a Jor따n isomorphism , 
cp-l 0 cp( E) = E is a projection in M 

Lemma 2.11 [11]. Let μ1 and U2 be C" .algebras and cp : U, • U2 a 
C".isomorphism. Then cp( BAB ) = cp(B )cp(A )cp(B ) for all A ,B in U1 • 

Let E and F be orthogonal projcctions acting on a Hilbe1' t space H 
Then the partial order relation ::; is described as follows ’ 

E::; F if and only if EF = FE = E. 

Theor em 2.12. Let cp : AlgL2n • AlgL2n (or AlgL2n+' • AlgL2n+') 
be a surjective isometry such that cp(I) = I . Then cp([eó]) is a rank one 
operator for all i = 1,2, ' .. ,2n (o r i = 1,2, . ‘ ,2n + 1) 

Proof For given k = 1,2," ', 2n (01' k = 1,2, ‘ ,2n+1) , [e서 IS a 
projection in M . By Lemma 2.10, cp([ek]) is a p1'ojection in M. Let 
E be a non-zero p1'ojection in M such that E ::; cp( [e서). Then there 
exists F in M such that cp( F) = E and F is a projection by Lemma 
2.10. Since F[떼 = [eklF and 씨M:M • M is an isometry such that 
cp(I ) = I , it follows by Lelmna 2.7, cp(F )cp(h]) = cp( [ek])cp(F). Since 
F[ekl = [eklFhl , cp(F[ek]) = cp([edFh]) = cp([ek])cp(F)cp([e서). Hence 
ψ(F[ek]) = cp(F )cp(h]) . Since Ecp([e서) = E , we have 

ψ(F) = E = Ecp([ek]) = cp(F)cp([ek]) = cp(F[ek]). 
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50 F = F[ek] because cp is an injection. Thus F :::: [e서 5ince IIEII = 
11ψ(F)II = IfFlI t- O. F = [ e서. 50 E = cp( F ) = ψ([ek]) ' that is, cp([ek]) 
is a minimaJ project ion in .M . Thus cp([e서) is a rank one operator for all 
k = 1,2,." ,2n (resp. k = 1,2, ... ,2n + 1) 

Le l11l11a 2.13 [8] . Let R be aη operator and Jup pO Je that there iJ a 
non-negative nt따wrr뼈1 
M2 +1써a머1 2 f，μor a띠써11 a in C uψw，띠1Jit’th la씨a에| 으 N. Then R = O. 

Le l11m a 2.14 [1 3]. Let 1{' : AIgL2n • AIgL2n (or AIgL2n+l • AIgL2n+1) 
be a Jurjective ÍJometry Juch that I{'(I) = 1, and let P be a projection 
in .M and let T be in AIgL2n (or AIgL2n+l) with T = PTp l.. Th en 
cp(T ) = I{'(P )cp(T)cp(P )l. + cp( P )l. cp(T )cp(P ) 

Theore l11 2.15 [8]. Let cp : AIgL2 • _41gL2 be a JUηective iJometry 
JUch that cp(I) = 1 and cp( E;;) = E“ for i = 1, 2. Then there exiJtJ a 
unitary operator U Juch that cp( I) = U AU' for every Â in AIgL2. 

Theor e l11 2.16 . Let cp : AIgL2n -• AIgL2n be a Jurjective iJometry J1LCh 
that cp(I) = 1 and cp( E;;) = Ekk , cp( E jj) = Emm for i , j = 1,2,"' , 2n 
Ifli-j l =l, thenlk-ml=l 

Proof. Let i = 2r-1 and j = 2r for l' = 1,2, .. ‘ ,n . Then E카 2rE2r- t .2rE 2r,2r 
= ~r-l ，2r and 

E2r-l ，2r- IE2r- l ，2rE강-싸-1 = E2r- l.2r" 

From Lemma 2.14 

cp(E2r- 1,2r) = E하1<;?( E2r- l ，2r)Emm + Emr써(E2r - 1 ,2r )E;"‘ and 

(*) 'P(E2r - I,2r) = Ekk cp(E2r_ l ，2r)E，따 + Etkcp(E2r- I .2r)E，μ 

50 we can get the following from the second equation of (*); 

(1 ) If k is 1, then 'P(E2r- I,2r) is a matrix all of 빼。se entries are zero 
except for the (1 , 2)-component . 

(2 ) If k is an odd number and k ￥ 1, then cp(E2r - l,2r) is a matrix 떠lof 
whose entries are zero except for the ( k, k - 1 )- component and the 
(k, k + l )- component 

(3 ) If k is an even number and k ￥ 2n , then 'P (E2r- I,2r) is a matrix aJl 
of whose entries are zero except for the (k - 1, k)- component and 
the (k + 1, k)-component . 
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(4) If k is 2n , then '1'( E2T- 1 ,2T) is a matrix all of whose ent ries are zer。
except for the (2n - 1, 2n )- component. 

From the first equation of (*) we have the following; 

(a) If m is 1, then ψ(E2T-I.2T) is a matrix 허1 of whose entries are zer。
except for the (1, 2)- component 

(b) 1f m is an odd number and m ￥ 1, then cp(E2T - 1,2T) is a matrix all 
。f w hose ent1'ies a1'e zero eχcept for the (m , m - 1)- component and 
the (m , m + 1 )- component. 

(c) If m is an even numbcr and m ￥ 217 , then '1'( E2T_1 ,2,) is a matrix 
all of whose entries are zero except for the (m - 1, m)- component 
and the (m + 1, m )--eomponent ‘ 

(d) 1f m is 2n , then CP( E2T - 1,2T) is a matrix 벼1 of w hose entries are zer。
except fo1' the (2n -1 ,2n)- component 

Then the following cannot happen at the same time 
(1) and (a) because 1.: 츄 m. 
(1) and (b) because k = 1 and m ~ 3 
(1) and (d) because k = 1 and m = 211(n > 1) 
(2) and (a) because k 즈 3 and m = 1‘ 

(2) and (b) because 1.: # m 
(3) and (c) because 1.: # m. 
(3) and (d) because k ::::: 2(n - 1) and m = 2n 
( 4) and (c) because k = 2n ancl m ::::: 2( n - 1) 
(4) ancl (d) because k # m. 
Then the following can happen at the same time; 

(1) and (c) if k = 1 and m = 2. 1n this case, ψ(E2r- 1. 2r) is a lnatrÎx 
혀1 of whose entries are zero except for the (1, 2)- component. 

(2) and (c) if Ik - ml = 1. 1n this case, cp( E2T- 1,2T) is a matrix all of 
whose entries are zero except for either the ( 1.:, k - 1) component or the 
(k , k + l )-cor째onent 

(2) and (cl) if k = 2n - 1 and m = 2n. 1n t lus case, cp( E2T - 1,2T) is a 
matrix all of whose entries ar‘e zero except for the (2n-1 , 2n)- component 

(3) and (a) if k = 2 and m = 1. 1n this case, cp( E 2T- 1,2T) is a matrix 
all of whose entries a1'e zero except for the (1 , 2)- component. 
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(3) and (b) if Ik - ml = 1. 1n this case, r.p(E2r- l ,2r) is a matrix all of 
whose entries are zero except fo1' either the (k - 1, k )- component or the 
(k + 1, k)-component 

(4) and (b) if k = 2n and m = 2n - 1. 1n this case, ψ(E2r-l ，2r) is a 
matrix all of w hose entries are zero e앉xc야ep마t fo。αr t“he (α2n-1 ，’ 2n띠)-componen따lt 

80 we can get the result of t he theorem 

With the same proof as Theorem 2.16, we can get the following the
orem. 

Theorem 2.17. Let r.p : AIgL2n+l • .4IgL2n+l be a surjective isometry 

such that ψ(I) = I and p(Ell) = EAk and p (EJ1) = EMl, 2, “ , 2n + 1. If li - j 1 = 1, then Ik - ml = 1 

From Theorems 2.16 and 2.17 we can get the following corollarys. 

Corollary 2.18. Let r.p : AIgL2n • AIgL2n (or AlgL2n+l • AIgL2n+1 ) 
be a surjeetive isometrν sl,eh that r.p(I) = I . Then r.p( E2r_1 ,2r) and 
r.p(E2r+ I,2r) have the form 

0 

o * 
0 

。r

0 

where all non-starred entries are zero. 

0 

0 

* 0 

0 

Cor olla ry 2 .1 9 . Let '{J : AIgL2n • AIgL2n (or AIgL2n+1 • AIgL2n+l) 
be a surjective isometry sueh that ψ( I) = I. Then either '(J(E II ) = EII 
or '(J(E l1 ) = E 2n ,2n. (1업p. either ψ(EII ) = E ll or '(J(E ,,) = E 2n+ J,2n+ ,). 

Cor ollary 2 .20 . Let '{J : AlgL2n • AIgL2n (or AlgL2n+1 • AlgL2n+l) 
be a surjeetive isometry and '(J(E;;) = E“ for eaeh i = 1,2,' ", 2n (res p 
i = 1,2,"' , 2n + 1). Then there exists a complex number a니 such that 
'(J(E;j) = C>ijEij for eaeh E ;j in AIgL2n (resp . AIgL2n+I). 

Define J : c 2n • c 2n by J((X l ,X2 ,'" ,X2n)') = (X2n ,X2n-b “ . ,x,)‘ 
for every (Xl , X2 ,"', X2n)' in C 2

n . Then J is a conjugation ; that is, 
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(1) J is a bijection. 
(2) J(x + ν) = Jx + Jν for all x , y in c'n 
(3) J ( OIX) = Öi. J x for every <l' in C and every x in c'n 

(4)J' = 1 ‘ 

(5) (Jx ,y) = (Jy ,x) fo1' x ， ν in c 'n 
(6) (Jx , Jy) = (ν ， x). 
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Define '1'1 AlgL'n • A lgL'n'by ψ ， (A) = JA-J. Then '1' 1 is a 
surjective isometry 없ld '1'1 (1) = 1. F1'om these facts , we get the following 
Lcmma. 

Lemma 2.21. Let '1' : AlgL'n • AlgL,’‘ be a surjective isometry such 
that 'P(I) = 1 and 'P(Ell ) = E'n ,' n' Then ,:p = 'P I 0 'P : AlgL'n • AlgL'n 
IS a Si껴ective isometry such that ψ(Ell ) = E ll and ,:p( I) = 1 

Proof Let ψ = '1'1 0 '1' for the above '1' 1. Then 껴 is a sll1'ject ive isometry 
and 'P l 0 'P(I) = 1 and '1' 1 0 'P(E ll ) = '1' 1 (E'n ,'n) = JE'n.'n J = Ell ' 

Theore m 2.22. Let cp : AlgL'n • AlgL'n be a siLrjecti'ue isometry S 1LCλ 

that '1'(1) = 1 and '1'( E ll ) = Ell ‘ Then there exists a iLnitary operator 
V sv.ch that ψ(A) = VAY- for all A in AIgL'n' 

Proof From Theorem 2.16 ψ(E;;) = E;; fo1' all i = 1,2, .. . ,2n 타。m 
Corollary 2. 20 ‘p(E;j) o;jE;j for all E;j in AIgL'n and some com
plex number OI;j' 5ince ψ IS an lsometη， 11ψ(E;j) 1I = 1I 00;jE;JII = IIE;jll 
and so 100;j 1 = 1 for 혀1 i , j sllch that E ,‘ j in A lgL'n ' Let A (a;j) 
be in .41 9 L 'n and let V be a 2n by 2n cliagon외 mat1'ix with e;o. the 
( k, k)-component for all k(k 1,2, ‘ .. ,2n) . T hen VAV- is the 2n 
by 2n mat rix with a’‘ the (i , i)-component for all i(i 1,2, ... , 2n) , 
a'j_ I,'je‘(0,,_1- 0,,) the (2j - 1, 2j)- component for all j(j = 1,2, . .. , n), 
a'k+l ，'ke;(O강+1-8，.) the (2k+ 1, 2k )-component for all k( k = 1,2,' .. , n-1) 
and 0 the othe1' components. 50 t he theorem will be proved if we can 
determIne eI8l , e·82, , , e’8,. satisfying the following relat ions; 

e ;(01- 8,) 
0112 

e ;(03- 8,) 
013' 

e;(03- 84) 0134 

;(8’ n-1-82n_2 ) 
e-'-~ 0'2n- l ,2n-2 
e i(282n_1 - 82n ) 

Cl'2n- l.2n 
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The equation can be solved recursively (lil may be set equal to 0) 

From Lemma 2.21 if cp : .41gL2n • AlgL2n is a surjective isometry 
such that ψ(1) 1 and cp( E ll ) = E2n,2n , then there exists a uni tary 
。perator V such that CP1 0 cp(A) = V AV" for 따1 A in A.lgL2n , where 
CP l : AlgL2n • Alg L2n is a surject ive isometry defined by '1'1 (A) = J A" J 
Hence ψl 。 ψ(A) = V AV" = J (ψ(A))" J ， and so JVAV"J = (cp(A))" ‘ 

Since (J AJ)" = J A" J for all A in AlgL2n , we have cp(A) = JV A"V" J. 

Lemma 2.23. Let '1' : A. lgL2n+l • AIgL2"+ 1 be “ "'!Lrjective ìsometry 
such that cp(I) = 1 and 'P (E II ) = E2n+I ，2써 Then there exis t.s a sur
jective isometry CP2 AlgL2n+l • AIgL2n+1 Sltch that ψ2(1) = 1 a.nd 
CP2 。 에EI1 ) = EII 

Proof. Let U be a 2n + 1 by 2n + 1 matrix whose (k ,2n - k + 2)
cηmponent is 1 [or k 1,2, ... ,2n + 1, and all other entries are zer。

Define CP2 AI 9 L2n+ 1 • AlgL2n+' by 'P2(A) = U"AU. Then '1'2 is a 
surjective isometry, 'P2(I) = 1 and CP2 0 'P(EII ) = 'P2(E2n+I,2n+ l) = EII 

With the sa.me proof as Theorem 2.22, we ca.n gct the following the
。rem

Theorem 2.24. Let 'P: AlgL2n+1 • AIgL2n+1 be a surjecti'ue isometry 
such that ψ(I) 1 and cp( E II ) = EII' Then there ex;"ts a unitary 
operator V S'U ch that cp(A) = V AV" for all A iπ AlgL2n+1 

From Theorerns 2.23 a.nd 2.24 we can get the following Theorem 

Theorem 2 .25 . Let ψ : A IgL2n+1 • AlgL2"+ 1 be a surjective isometry 
such that cp(1) = 1 and cp(EII ) = E2n+1 ,2n+l ' Then there is a unitary 
operator W such that cp(A) = WAW' for all A in AIgL2n+l 

Now by stating a J。’s result we will close this paper. Let L∞ be the 
lattice generated by {[e2;- I ], h;-" e2; , e2;+d: i = 1, 2,"'} and let A∞ 
be the algebra consisting of all bounded operators acting on separab le 
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infini te dimension떠 Hilbert space of the form 

* * 
* 
* * * 

* 
* 
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where all non-starred entries are zero, with an orthonorma.l basis {el , e2 , ... } 
Then Â∞ is a refl.exive algebra and AIgL∞ =Â∞ 

Theorem 2 .26 [8] . L et <p : AIgL∞ • AIgL∞ be a surjective isometry 

such th띠 <p(I) = 1. Then there exists a 'tmitary operator V such that 

<p(A) = V A V- for all A in AlgL∞· 
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