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1. Introduction

A function f analytic in the unit disk is said to be of class H? (0 <
p < o0) if

2r . 1
My(r,f) = (5 [ Ifrepas?, 0<p <.

remains bounded as r — 1.
The class G? is defined by f € G? if and only if fol My (r, f)Pdr < co. We
shall denote by B the space consisting of all analytic functions f such
that supg.,<,(1 —7)[f(2)| < oco(r = |z]). These functions are called the
Bloch functions. It is well known that G' is the dual space of Bloch
functions and G' C H'.

The Hadamard product of two power series f(z) = }_5° a,z" and
g(z) = 257 b,2™ 1s defined as the power series

(f*xg)(z) = ianbnz“.
0

Let A, B and C be spaces of analytic functions. A complex sequence {A,, }
is called a multiplier of A into B if 3°3° a,2™ € A implies }_3° A\a,2™ € B.
We denote by (A, B) the space of multipliers from A to B. A space of
analytic functions can be regarded as a sequence space by identifying
each function with its sequence of Taylor coefficients. Then we are easy
to see that C C (A, B) if and only if C' * A C B.

In this paper, we have the following results.

(1) B+*B CB
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(2) (H',€(q,2)) = £(g,00) if ¢ > 1.
(3) G? « G' C G*.
(4) H*x H' C G".
2. Definitions and notations
Definition 2.1. For 1 < a, 3 < co we denote by ¢(a, 3) the set of those

sequences {a}(k > 1) for which

(a2} €€ (a < )
I,

and
{sup |ax|}oo € & (a = o0)
kel

whese L= {ki 2V < b < 2041,
See C.N. Kellogg [5] for further information on them. We remark
that é(p,p) = 7.

Definition 2.2. A sequence space A is said to be solid if, whenever
it contains {a,} it also contains {b,} with |b,| < |a,|. We denote the
largest solid subspace of A by s(A).
3. Results
Theorem 3.1. For ¢ > 1, (H',{(q,2)) = £(gq,0).
Proof. By the result of Paley on the gap series of H' functions, we have
H! C {(c0,2). Thus

(H',0(g,2)) D (£(00,2),4(q,2)) = £g,0).

The Kothe dual, denote by (A)¥, is defined to be (A4, ¢'), the multipliers
from A to €. From Theorem 3.12 ([6]) we have (G')*F = {(00,1).
Since G' C H!,
(H',€(q,2)) C (G",£(¢,2)) = ((G")**,0(q,2))
= ({(o0,1),4(q,2))
= {(g,0),

where we used Lemma 4 of [1].
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Corollary 3.2. B« H' C H.
Proof. From Theorem 3.1 we have (H',{?) = £(2,00). Since B C 4(2,0)
(see [1]), B C (H',H?). Thus B * H' C H>.

Remark. The multipliers ({(a, #),{(a’, ') are easily determined, this has
been done by Kellogg [5].

Theorem 3.3. B+B C B.

Proof. In [1], £(1,00) C B C 4(2,00). Hence ({(2,00),B) C (B,B). From
Lemma 3 ([1]) we have
(£(2,00),B) = ({2,00),5(B))

= (£(2,00),£(1,00))

= §(2,00).
Since B C {(2,00),B C (B,B). Therefore the space B is closed under
Hadamard product.
Theorem 3.4. GP *G' C G” (0 < p < 00).

Proof. Let f(z) = L3 anz" be in G?, let g(z) = 1§ b,z"™ be in G', and
let h(z) =(f*»g)(z2) = EF anbsz™. Then

h(p.) = (2x)™" [)h flpet)g(ze™™)dt. 0<p< 1.
Differentiation with respect to z gives
ph'(pz) = (2m)~1 [)% f(pet)g'(ze e dt.
Hence pM,(rp,h') < M,(r,¢')M;(p, f). Since g € G, M;(r,¢') =
O(1—r)~'. Taking r = p,
M, (r%, k)P < const.(1 — ) PMy(r, f)P.

Since f € GF, [y My(r, f')Pdr < co. By the theorem of Hardy and Little-
wood on fractional integrals ([4]) we know that [ (1—r)"?M(r, f)Pdr <
oo if and only if [} Mi(r, f')?dr < co. Hence f[; My(r,h')Pdr < co. Thus
h € G*.

Remark. G' is the dual space of Bloch functions. Hence the dual space
of Bloch functions is closed under the Hadamard product.
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Theorem 3.5. ¢ C (H!,G") C {(c0,2)

Proof. By Lemma 6 and Lemma 9 of [1], s(G') = £(2,1). From Lemma 3
([1]) and Lemma 4.5 ([6]) we have

(H',G") C (s(H"),G") G
= (EZ*S(GI)) = (fﬂsf(gs 1))

= {(c0,2).

Since H! C {(00,2),

(H,G') D (€(c0,2),G") = (£(c0,2),s(G"))
= ({(00,2),£(2,1))
= #2,2)=1£,

Corollary 3.6. H?> x H' C G!
Remark. In [1], {(1,00) = s(B) C B C £(2,00). By the similar method

of Theorem 3.5, (B,G') = {(c0,1). Since £(2,1) C G" C {(o0,1) (see [1]
p.263), G' C (B,G"). Hence B * G* C G*.
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