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1. Introduction 

A function f analytic in the unit disk is said to be of class H P (0 < 
p< ∞) if 

Mp(r,J) = (츠 / 2” |f(1 el8)|Pd8)￡ ， O < P < ∞ 
ι7r 10 

remains bounded as l' • 1. 

The class GP is defined by f E GP if and only if J~ M 1 (1', fγdr < ∞. We 
shall denote by ß the space consisting of all analy tic functions f such 
that SUPO<r<,(l - r)I J'(z)1 < ∞(1' = Iz l). These functions are called the 
Bloch junctionJ. It is well kn。、.vn that G' is the dual space of Bloch 
functions and G' C H". 

The Hadamard product of two power series f( z) = ε양 anzn and 
g(z) = ε~ bn Zn is defined as the power series 

(J *g)(z)= ε anbnz’‘ 

Let A, B and C be spaces of a때ytic functions. A complex sequence {Àn} 
is called a multiplier of A into B if L:~ anz’‘ ε A implies ε~ Ànan zn E B 
We denote by (A, B ) the spac야e 0이fm따l 
m뻐1때a머lyt“따lκc functions can be regarded as a s않eq아ue얹n따C야e s얘pa야ce by identifying 
each function with its sequence of Taylor coefficients. Then we are easy 
to see that C c (A , B ) if and only if C * A C B 

1n this paper , we have the following results 
(1) ß * ß c ß 
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(2) (H' ,e(q ,2)) = e(q, ∞) if q 즈 l 
(3) GP * G1 C GP. 
(4) H 2 * H 1 CGl 

2. Definitions and notations 

Definition 2.1. For 1 ~ 0 , ß ~ ∞ we d~note by I!( 0 , ß) the set of those 
sequences {ak} (k 즈 1) for which 

{(ε lad")~ }응oE I!i3 (0< ∞) 

and 
{sup lak l}응oE 앤 (0 = ∞) 

where In = {k: 2n ~ k < 2n+l) 
See C.N. Kellogg [5] for further information on them. We remark 

that I!(p ,p) = I!p. 

Definition 2.2. A sequence space A is said to be 30lid if, whenever 
it contains {an} it also contains {bn } with Ibnl ~ lanl. We denote the 
largest solid subspace of A by s( A ). 

3. Results 

Theorem 3. 1. For q 즈 1, (H 1, I!(q , 2)) = e(q , ∞) 

Proof By the result of Paley on the gap series of H' functions, we have 
H' C I!(∞， 2). Thus 

(H' ,e(q ,2)) 그 ( I!(∞ ， 2) ， e(q , 2)) = e(q, ∞) 

The Köthe dual, denote by (A)K , is defined to be (A , I!'), the multipliers 
from A to e'. From Theorem 3.12 ([6]) we have (G')KI< = e(∞， 1). 
Since G' c H' , 

(H' ,e(q,2)) c (G' ,e(q,2)) = ((G')I(J{,I!(q , 2)) 

= (e(∞ ， 1) ， e(q, 2)) 

= e(q ， ∞)， 

where we used Lemma 4 of [1]. 



Hadamard Products of Bloch Functions and Its Dual Spaces 9 

Corollary 3.2. 8 * H 1 C H 2 

Proof Frorn Theorern 3.1 we have (H' ,e2 ) = e(2 , ∞) . Since 8 c e(2 , ∞) 
(see [1]) , 8 C (H t, H 2

) . Thus 8 * H 1 C H 2 

Remark. The multipliers (e(a , β) ， e( a', β') are easily determined, this has 
been done by Kellogg [5]. 

Theorem 3.3. 8 * 8 c 8 . 

Proof In [1 ], e( 1 ， ∞) C B C e(2 ， ∞) . Hence (e(2 ， ∞)， 8 ) C (8 ,8 ). Frorn 
Lernrna 3 ([ 1]) we ha ve 

(e( 2 ， ∞) ， 8 ) = (e(2 ， ∞)， s(8 )) 

( e( 2, ∞)， e(1 ， ∞)) 

= e( 2 ， ∞) . 

Since B C e(2 ， ∞)， 8 C (8 , 8 ). Therefore the space 8 is closed under 
Hadarnard product 

Theorem 3 .4. GP * G 1 C GP (0 < p < ∞) 
Proof Let f (z) = ε양 anzn be in GP , let g(z) = I:g" bnzn be in G1 , and 
let h(z) = (J * g)(z) = ε『 anb“ n Then 

2~ 

h(p.) = (2π)-1 10 f (peil)g(ze-“ )dt. 0 < p < 1 

Differentiation with respect to z gives 

.2π 

pμ야샤써?써까싸싸hκ씨l'이'(p야z) = ( 27l'찌7π끼r샤t카1 10 fκ(pκ￠κ써e낭얀헤‘“.， )껴')g'πνg'(zeεF쉰헤-카애커‘“")e-녁l“t 

Hence pM,(rp,h') :5 M ,(r ,g’)M1(p ,f). 5ince 9 E G' ,M1(r ,g') = 
O (1 -r>-l . Takingr =p, 

M 1(r 2 ,h' )P :5 const.(1- ,YPM1(r,f) p. 

Since f E GP , J~ M 1 (,,, f' )Pdr < ∞. By the theorern of Hardy a띠 Little­
wood on fractional integrals ([4]) we know that 꾀 (1 - rtPM1 ( r，f)Pdr < 
∞ if and only if 피 Ml(I',j’)Pdr < ∞. Hence Jo1 Ml(r, h' )Pdr < ∞. Thus 
h E GP. 

Remark. G1 is the dual space of Bloch functions. Hence the dual space 
。f Bloch functions is closed under the Hadarnard product. 
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Theorem 3.5. (2 C (H' , G') c e(∞， 2) 

Pmof By Lemma 6 and Lemma 9 of [1 J, s(G') = f(2, 1). From Lemma 3 

([1]) and Lemma 4 .5 ([6]) we have 

10 

(e, G’, ) 
((2 ,S(G ' )) = (e2, e(2 ,1)) 

f(∞， 2) 

(H' ,G') c (s(H') ,G') 

( f(∞ ， 2) ， G ' )=(e(∞， 2 l， s(G ' )) 

( e(∞， 2) ， e(2 ， 1)) 

((2,2) = (2 

그 

Since J-J' C f(∞， 2) ， 

(IJ' ,G') 

Corollary 3.6. IJ2 * J-J' C G' 

Remm'k. ln [1 ], e( l , ∞) = s(8) c 8 c ((2, ∞). By lhe similar method 

of Theorem 3.5, (8 , G') = e(∞， 1) . Since e(2 ,1) c G' c f(∞， 1) (see [IJ 

p.263), G' c (8 , G'). Hence 8 * G' c G'. 
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