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GLOBAL CLASS FIELD THEORY SUMMARIZED
AND ITS APPLICATION

JA KYUNG K0oO, SUNGHAN BAE AND SANG GEUN HAHN

1. Introduction Hopefully this summary will communicate the sim-
plicity and power of the results of class field theory even though no proofs
are presented—a fact which is bound to eliminate to some extent the
sharp precision found in a complete course.

The first part of this summary will be a very classical presentation of
global class field theory such as it can be found in the work of Hasse
[11], i.e., pre-World-War II class field theory. The second part will re-
summarize class field theory in a more modern fashion using ideles, i.e.,
Chevalley’s formulation [6, 7, 8].

What are the goals of class field theory ? To answer this we need some
definitions.

Let K be a finite extension of the rationals Q. Unless otherwise stated
all fields discussed in this summary will be finite extensions of Q. Let
Yk be the ring of algebraic integers of K. A fractional ideal, ¥, is a
nonzero finitely generated ¥ x-module where the generators are in K.
So we can write A = (ay,...,a¢) where a’s are the generators of .
If € = (f,...,0,) we define the product A€ = (..., a;B;,...) as the
Jg-module generated by the products of the various generators of A
and €. Under this multiplication the set of fractional ideals forms a
multiplicative group Ag, the ideal group of K, with 9 = (1) as the
1dentity element.

The arithmetic of K is the study of the ideal group Ay, subgroups
of Ak, factor groups of subgroups of Ak, groups isomorphic to these
groups and certain ideals in Ax. We can now state the three-fold goal
of class field theory.

(I) Describe all finite abelian extensions of K in terms of the arith-

metic of K. (L is an abelian extension of K if the Galois group
G(L/K) is abelian.)
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(IT) Canonically realize G(L/K) in terms of the arithmetic of K when
G(L/K) is abelian.
(III) Describe the decomposition of a prime ideal from K to L in terms
of the arithmetic of K whenever G(L/K) is abelian.

2. Terminologies Let L be a Galois extension of K of degree n.
Let 9k (91 resp.) be the ring of algebraic integers of K (L resp.). It is
known that if p is a prime ideal in 9k, then

poL = (Pr---By)*

where Py, ..., B, are distinct prime ideals in 9. The integer e is called
the ramification indez of p. If P|p, then I /p is a field which can be
thought of as a subfield of 9L /B, and [J; /P : Ik /p] = f is called the
restdue class degree of p (or of ). It is also known that efg = n =
[L : K]. We say p splits completely from K to L if ¢ = n. Why look
at primes which split completely ? An answer is given by the following
theorem.

THEOREM 2.1. [13, p.136]. Let Ly and L, be Galois extensions of K
and Sy,-S2 be the set of primes which split completely from K to L,
Ly resp. Then S, C Sz (with finitely many exceptions) if and only if
Ll D Lz. So Sl = Sg if and only fle = Lg.

3. The beginnings of class field theory Kronecker (1821-1891)
looked at Abel’s work and saw that certain equations in one variable aris-
ing from elliptic curves give abelian extensions of imaginary quadratic
fields. He wondered if such a procedure would give all abelian exten-
sions and because of this he set forth the problem of finding all abelian
extensions of a given algebraic number field. Kronecker had posed one
of the major questions of class field theory. Furthermore, he stated the
following which was proved completely by Weber (1842-1913).

THEOREM 3.1. (Kronecker-Weber, 1886-1887). [13, p.165]. Let L be
a finite abelian extension of Q. Then there exists a positive integer m
such that L C Q(ehi/m).

It was basically Weber during the period 1891-1909, Takagi during the
period 1920-1922, Artin in 1927 and Hasse during the period 1926-1930
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who gave the world class field theory in its general classical form which we
persent now. A summary of class field theory over the rationals is given
in [12, p. 4-6]. We adopt a convention. Let Q,, = Q(e?™*/™) where m
is a positive integer. We shall always assume that m is not of the form
2a where a is odd, because then Q;, = Q,. So we are not eliminating
any cyclotomic fields by this restriction. The attainment of the first goal
of class field theory is an immediate benefit of the Kronecker-Weber
theorem. We say such an m in Th. 3.1. is a defining(or admissible)
modulus of L. The conductor fi, of L is the greatest common divisor of
all defining moduli m of K.

If m is any positive integer, let C,, be the unit group of Z/mZ. Let m
be a defining modulus of L. Since G(Qm/Q) = Cr., L is the fixed field
of some subgroup of C,, which we denote by I, ,». Thus we have that

(I) each abelian extension L of Q is given in terms of the arithmetic
of Q.

With m as before let gcd(a,m) = 1. Then a € C,,,. Let (L/a), the
Artin symbol, be the automorphism on L given by restricting ( — ¢*
(where ¢ = €?™*/™) to L. Then (L/ ) maps C,, onto G(L/Q) and has

kernel Iy, ., i.e., we have the following theorem.

THEOREM 3.2. (Artin’s Law of Reciprocity). If L is an abelian ex-
tension of Q with defining modulus m, then the following sequence is
exact

1— Iy — Cm 22 G(L/Q) — 1.

Thus (L/ ) induces an isomorphism G(L/Q) = Cy,/Iy . Another
way to put this is

(II) G(L/Q) has been canonically realized in terms of the arithmetic
of Q.
Let L be a Galois extension of K. If the ramification index e of p
equals 1, then we say p is unramified in L. If e > 1, then p ramifies in
L. If a € Z, let (a) be the principal ideal aZ. If p is a prime number, we
identify p and the prime ideal (p).

THEOREM 3.3. (Conductor-Ramification Theorem). If L is an abelian
extension of Q, then p ramifies in L if and only if p|fL.

THEOREM 3.4. (Decomposition Theorem). Let m be a defining mod-
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ulus of L. If p{m then the order of pIj, ,,, in Cpn /Iy is f, the residue
class degree of p.

Let L be a Galois extension of K. Let Spl(L/K) denote the set of all
prime ideals of K which split completely in L.

Let m = fr. Then, since efg = n = [L : Q), p € Spl(L/Q) if and
onlyif e=1and f =1if and only if pt f and p € I 5,. This is the
realization of

(III) describing the decomposition of a prime in terms of the arithmetic

of Q.

4. Classical global class field theory (Classical presentations of
class field theory are found in [11], {13] and [14]).

Since the Kronecker-Weber theorem does not hold for an arbitrary
ground field K, we need to replace the notions mentioned in §3 with
something more general.

A K-modulus M is a formal product of an ideal My C 9, and some
real infinite K-primes. All the infinite primes are raised to the first
power here. Let po, denote the real infinite Q-prime associated with the
identity map on Q. We let M = (m)po, when K = Q.

Let Asn be the set of all fractional ideals A € Ag such that the unique
factorization of A and 9 into K-primes has no K-primes in common.
Let K* = K — {0}. If a € K*, let (a) be the principal ideal adf.
K (a) € Am, then it turns out that o = a/b for a, b € I and (a),
(b) € Amm. Let (a) € Amm. Then “a =1 mod IM” means a = bmod My
where a = a/b are as above and oa > 0 for each real infinite K-prime p,
occuring in M. We have generalized the notion of congurence. The ray
mod M is the subgroup Rogp of Amm, Rap = {(a) € Am | @ = 1 mod M}.
The ray class group mod M is the quotient group Con = Am/Ro which
turns out to be finite. In case K = Q and M = (Mm)ps, Cn = Cy, via
¢ : (&)Ron — ab~! where a = +ab™!. Thus Ca generalizes Cp,. If M =
1, the modulus having no K-primes, then Asp = Ax and Rm = (K™)
and so C1 = Ag /(K™) the ideal class group of K.

Generalizing Iy, ,, is not at all trivial because we do not have the
Kroecker-Weber theorem. Let L/K be an abelian extension. Let 90
be a K-modulus. Let Ap an be the set of all fractional ideals U € Af
such that the unique fractorizations of ¢« and My, into L-primes con-
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tain no L-primes in common. Let By g = {(a) € AL m | @« = 1 mod
MyIdr and 7a > 0 for all real infinite L — prime B, such that P, | p,
where p, occurs in M}

Let CL’gm = AL,gm/RL,gm and let IL/K’QR = NL/K(CL,SJ'(), a Subgroup
of Cop. If m is a defining modulus of L/Q and M = (m)p, then it
turns out that Iy qm & IL,m. So Ik m generalizes Iy, ., and, in fact,
I k,m will play the same role in the theory over K as I ;. played in
the theory over Q.

To generalize the notion of “the conductor of L” and “a defining mod-
ulus of L” we need the following very deep theorem.

THEOREM 4.1. (Weber-Takagi-Chevalley). Let MM be a K-modulus.
Given abelian extension L/K there exists a unique K-modulus fr /k
such that (Con : I k) = [L : K] if and only if fr c|IN.

The unique modulus f/x in the theorem is called the conductor of
L/K and any K-modulus M such that f1,x|MN is called a defining mod-
ulus of L/K.

If K = Q, then it can be shown that

_[()  HICR
f”Q"{(fL)poo ifL¢R.

So f1/q is a generalization of f;. Let L = Q(\/El) where d is a square
free integer. Then

{|4d| if d=2or 3mod 4
L:

|d] ifd=1mod4

[13, p.198]. In order to replace Q,, by something more general we need
the following theorem proved by Takagi (1920).

THEOREM 4.2. (Existence Theorem). Given a K-modulus M and a

subgroup Isn of Con there exists a unique abelian extension L of K such
that

(a) M is a defining modulus of L/K and
(b) Ip;x,m(= NpykCr,m) = Im.
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Let Isp be a subgroup of Csp and L an abelian extension of K. We
say L is the class field of Iy if (a) and (b) of Th. 4.2. are satisfied.
Let Isp = {1} C Can. Then the class field of I, denote K(Rgm), is
called the ray class field of K modM. When M = 1, the ray class
field K(R(;)) = K is called the Hilbert class field of K. In this case,
G(K/K) = Ag/(K*). ¥ K = Q, it turns out that Q,, is the ray class
field of Q mod I where M = (Mm)p. So the ray class field modIN is
what replaces Q.. in the general theory.

THEOREM 4.3. (Takagi, 1920). Given L/K abelian, there exists a
K-modulus M such that L C K(Rm).

THEOREM 4.4. The conductor fr k is the “smallest” K-modulus M
such that L C K(Ram). “Smallest” means that if L C K(Ram) then .
fLy|9M. Also M is a defining modulus of L/K if and only if L C

K(Rgp). ,

Thus we have found all abelian extensions of K, i.e., they are the
subfields of the ray class fields of K. But the construction problem is
another and is still one of the major open problems in number theory,
so called “the Hilbert’s 12-th problem”. (For more on this topic see [3],
[15], [17], [18] and [19]).

We shall now canonically realize G(L/K)-Artin’s law of reciprocity.
Let 901 be a defining modulus of L/K. Let p be a finite K-prime such
that p + M. Then there exists a unique automorphism in G(L/K),

denoted (-L—{J-Ii) , such that

(%I-{-) a = aVx1P mod pd;,

for all @ € 9. The Artin symbol is the natural extension of this map as
follows. f A = pi*---p% (a; € Z), then

() -() (59
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It can be shown that if (a) € Ray then E{I—K = 1 and so we can

define the Artin symbol on Cap = Asm/Rap as follows. If ¢ € Conp and
¢ = ARgn, then let (L/CK = (L/K

2A
I K = Q and M = (m)p is a defining modulus of L/Q, it is not
difficult to show that —Ii{{-) = (L/¢(c)) where ¢ is the map given in
c

Cam = Cp, and (L/ ) is the map defined in Th. 3.2. Thus this definition
of the Artin symbol is a generalization of that given before theorem 3.2.
In 1927 Artin proved the following theorem.

THEOREM 4.5 (Artin’s Law of Reciprocity). The following sequence

is exact
Lix)

COROLLARY 4.6. Let M be a defining modulus of L/K. Then L C
K(Ram), G(K(Ram)/K) = Con and G(K(Ram)/L) = Ik .

Artin’s reciprocity law thus allows us to give a Galois interpretation
to class field theory, i.e., the following picture gives the basic.

K(Bm)

I k,m ( Il,
| Com -
K

THEOREM 4.7. (Takagi’s Conductor-Ramification Theorem, 1920). A
K-prime p ramifies in L if and only if p|fy k.

Let L/K be Galois. Then L is an unramified eztension of K if no
K -prime, finite or infinite, ramifies in L.

THEOREM 4.8. The Hilbert class field K of K is the maximal unram-
ified abelian extension of K.

THEOREM 4.9. (Takagi’s Decomposition Theorem, 1920). Let 9 be
a defining modulus of L/K. Let p be a finite K-prime such that p+ 9.
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Let p = pRog in Coan. Then the order of PIp k,m in Co/Ip xom is f,
the residue class degree of p.

COROLLARY 4.10. Let p be a K-prime. Then p € Spl(I?/K) if and
only if p € (K*).

COROLLARY 4.11. Let L/K be abelian and p a finite K-prime. Then
p € SP(L/K) if and only if ptfr/x and <L{JK) = 1.

5. Post World War II Class Field Theory (Presentation of class
field theory using ideles can be found in [2], [5], [9], [10], [14] and [16].)

Let K be a finite extension of Q and let Cx = Jx /K™, the idele class
group. Let L be a Galois extension of K. There is a natural embedding
Jg — Jp, e, j — j where jg = jp for Plp. Think “Jx C Jp”.
K o € G = G(L/K), there is a unique topological isomorphism also
denoted by ¢ mapping L,-1 onto Ly which extends 0 € G(L/K).
(lalo-1p = |oalp for a € L, ie., | |,-1q is defined via | |p. Soif P =
B, is infinite, then |a|,-1q, = |oalg, = |ro(a)| on C,ie, o' P, =
Bro gives the action of o~! on the infinite L-prime P,.) To turn J
into a G-module we define the PB-component of o7 where 7 € J;, as
follows (0)p = 0(j,-1g)- One also naturally embeds Cx in C via
JK* — jL* where j € Jg. Think “Cg C C.”. Make Cp a G-module
via 6(jL*) = o7 - L* and define the norm map Ny x : Cp — Cg via

Niyk(GL*) = ] oGL?)
ocG

due to the fact that Ck is the fixed G-submodule of Cjy,.

Let Dy be the connected component of the identity in the topological
group Ck. Then D is characterized algebraically as the set of all
infinitely divisible elements of Ck, i.e., if a € Dk then for any positive
integer n thereis b € Cr, such that a = ". Also D = n Np;kCL where

L
L runs through all finite abelian extensions of K. It can be shown that
Dk is a closed subgroup of Ck and so Cx = Ck/Dg is a topological
group. Since Nz gD C D, we can extend Ny to Nyjx : Cp — Cj,



Global Class Field Theory Summarized 339

where Ny x(aDL) = Npjka- Dg. Let I},/K = Np/kC;. H L/K is
abelian, then I} /k is an open subgroup of Ck-

THEOREM 5.1. (Existence Theorem). Let I' be an open subgroup of
Ck-. Then there exists a unique finite abelian extension L of K such

that I’L/K(z NL/KC},) =1TI.

Let I' be an open subgroup of Cj and L a finite abelian extension of
K. Then L is the class field of I' if Ny jxC = I'.

Let 7,7 € Jk and let M be a K-modulus. Then “j = ¢ mod 9MM” means
ordy(5i~* — 1), > ordp, M for all finite K-primes p|9M and (ji™'), €
(K;)? for all infinite K-primes p|9. Write “j = imodM” if it is also
true that (ji~'), € U,, the unit group of K, if pt M. Let J;y = {j €
Jx |7 = 1modM}. Let Im = Jop - K*/K*, the congruence subgroup of
Ck mod M. It can be shown that Cx /L) = A /(K*).

Let L/K be abelian. M is called a defining modulus of L/K if Ism C
Np/kCr. Let MM be a defining modulus of L/K. The global norm
residue symbol ( ,L/K) : Jx — G(L/K) is defined as follows. Let
J € Ji. Then there exists a € K* such that j = a mod 9. Define

U,L/K) = prll (L_{J}_{)ord.ua-l).

p finite

L
where —/—E) is an Artin symbol. This is well defined and it can
be shown that if « € K* then (a,L/K) = 1. Hence we can define
( ,L/K) on Cx by (jK*,L/K) = (j,L/K). Moreover, if jK* € Dk
then (jK*,L/K) = 1. So we can define ( ,L/K) on C% = Cx /Dy via
(7,L/K) = (j, L/K) where 7= jK* - Dx € C.

THEOREM 5.2. (Artin’s Law of Reciprocity). Let L be a finite abelian
extension of K. Then

1— Iy — C 20 qryry — 1

is exact.
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Define ( ,K):C}y — G(K**/K) by

(7, K) = lim(3, L/K) € lim G(L/K) = G(K™/K)
L L

where L runs over all finite abelian extensions of K. One can show us-
ing Th. 5.2. that ( , K) gives an isomorphism from C}; onto G(K?®/K).
(This is true for a finite extension K of Q, not for function fields over fi-
nite constant field.) So C} will replace {Can | M is a K-modulus}. Fur-
thermore this map gives an isomorphism G(K®*/L) = N ,xC} = I} /K
and so Ile will replace {I1/k om | M is a defining modulus of L/K}.
Since Dk = (| Im, let Iiy = Ie/Dk(C C). Let M be a K-
K-m%’ctlulus
modulus. Then it can be shown that I;{(Rm)/K = NK(Rm)/KC}((R,,) =

Itn. If 9 is a defining modulus of L/K, then I, C I;'/K and we have
the following Galois interpretation.

Kab

| )) Iy
K(Rm Ii/x
C |
L

|
K

The conductor fr i of L/K is the greatest common divisor of the
defining moduli of L/K.

THEOREM 5.3. (Conductor-Ramification Theorem). A K-prime p
ramifies in L if and only if p|fr k.

If p is a prime ideal, let j(p) be the element of Jx whose g-th compo-

nent is given by
m fp=q

j(p)q={1 hge

where ¢ is a K-prime and 7 is a unifomizing parameter of Kp. j(p) is

called “the idele of p”. Let j(p) = j(p)K* - D in C}.
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THEOREM 5.4. (Decomposition Theorem). Let L/K be abelian. Sup-
pose p is a finite K-prime which does not ramify in L. Then the order
of j(P)I1;x in Ci [T}, i is the residue class degree f of p.

COROLLARY 5.5. p € Spl(L/K) ifand only if p{ fr;x and (3(p), L/K)
= 1.

6. Remarks Gauss (1777-1855) tried to decide when z?—a = 0 mod
p has a solution (p{ a and p is a prime). He came up with his law of
reciprocity—one formulation of which is the following theorem.

THEORME 6.1. (Gauss’ Quadratic Reciprocity). [1, p.122]. Ifp and ¢
are odd primes not dividing a and p = ¢ mod 4a, thenz2 —a=0modp
has a solution if and only if 2 — a = 0 mod ¢ has a solution.

In other words, whether or not there is a solution to z2 —a = 0 mod p
depends only on the arithmetic progression mod4a to which p belongs.
But the following can also be shown.

THEOREM 6.2. [4, p.236]. Let L = Q(+/d) where d is a square free
integer. Then an odd prime p splits completely from Q to L if and only
if 2 — d = 0 mod p has a solution and ptd.

If p is an odd prime, a € Z, and p+{ a, the Legendre Symbol (a/p) is
given by
<a) _ { 1  if 22 = a mod p has a solution
p) | =1 if 22 = a mod p has no solution.

If b is an odd prime integer where b = p7*...p% and gcd(a,b) = 1, the
-Jacobi Symbol (a/b) is given by

H=-G) G

Let L = Q(+/d). Identify G(L/Q) and the multiplicative group of order 2
generated by —1 by mapping the generator of G(L/Q) to —1. Under this
identification if p is an odd prime not dividing fz, then (L/p) = (d/p).
This follows from Th. 6.2., the Decomposition theorem and Artin’s law
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of reciprocity which say (d/p) = 1 if and only if p € Spl(L/Q) if and
only if (L/p) = 1. Since (L/ ) is a homomorphism, if b is an odd positive
integer and ged(d, b) = 1 then (L/b) = (d/b). Therefore the Artin symbol
is a generalization of the Jacobi symbol which is a generalization of the
Legendre Symbol.

Not only does the Artin symbol generalize the Legendre Symbol but
Gauss’ law of quadratic reciprocity (Th. 6.1) can be deduced from Artin’s
law of reciprocity (Th. 3.2) as follows. Let p and ¢ be odd primes not
dividing a and let p = ¢ mod 4a. Then the following six statements are
equivalent.

(1) z? = a mod p has a solution.

(2) z? = d mod p has a solution where a = d- square and d is square
free.

(3) p € Spi(Q(v/d)/Q). (By Th. 6.2.)

(4) (Q(vd)/p) = 1. (By Th 3.4 and Artin’s law of reciprocity.)

(5) (Q(\/J)/q) = 1. (Sincep=qgmod4a = p=qgmod4d = p =
g mod fo/z = (Q(Vd)/p) = (Q(Vd)/g) by the definition of
(Q(Vd)/p).)

(6) z? = a mod ¢ has a solution.

7. Application An appropriate conclusion would be an application
to a Diophantine problem which we now present. Given a prime p do
there exist z, y € Z such that p = 2% + zy + 9y® has a solution? We
will show that there is a solution if and only if p = 1, 4,9, 11, 16 or
29 mod 35.

Let K = Q(+/—35). Then 9k has an integral basis 1 and (1++/-35)/2,

ie.,
I =ZDZ (Lt__ g‘%) .
Also
14 /=35 1-+/=35
oo (1) (12

2
14++/-35
e (s + 2.



Global Class Field Theory Summarized 343

Thus the question is : For which p is there an element of Yx whose
norm is p? To answer this we need the following general definitions and
theorem.

Let K/Q be a Galois extension of degree n. Let a;, ..., a, be an inte-
gral base of K. The norm form associated with K (which is independent
of the integral basis chosen) is

FK(:IJI, “ee ,.‘l:,,) = NK/Q (Z x,-a,-) .

i=1
The form Fg is homogeneous of degree n with coefficients in Z.

THEOREM 7.1. Let K be a totally imaginary abelian extension of Q
with [K : Q] = n. Suppose pt fx. Let Fk(z1,...,Z,) be the norm form
associated with K. Then Fk(zi,...,%n) = p has a solution with z; € Z
if and only if p € Spl(K/Q).

PRrOOF: K o is a complex conjugation, then we can write G(K/Q) =
{m1,--+3Tn/2,071,...,07Ty2}. Let @ € K*. Then

n/2
Ngjqa = H(T,-a)cr(r,-a) > 0.

=1

Hence Fk(z;,...,%s) = p has a solution if and only if Nx;qa = p for
some a € Y if and only if there is a principal prime ideal p of K having
norm p. On the other hand p € Spl(K/Q) if and only if there is a K-
prime p having norm p ; and p is principal by Cor. 4.10 if and only if
p € Sp(K/K) . .

We will show that the Hilbert Class field K of K is Q(v/5, v=7).

Let Cpn be the character group of the unit group Cp, of Z/mZ. I
ged(a,m) > 1, then let X(a) = 0 for any X € Cm. A positive integer b
is a defining modulus of X € Crm if a =1modb implies X(a) = 1. The
conductor fy of X € Cpm is the smallest defining modulus of X. f m is a
defining modulus of a number field L, let

Xim={X€Cm|X(h)=1 forall hel,n}
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the character group of L mod m.
THEOREM 7.2. (Hasse Conductor-Discriminant Formula) Let m be a
defining modulus of L. Then

fr= lcm{fx | X e XL,m}

and

zl= JI #x

XEXL,m
(lcm = least common multiple, dj, = discriminant of L).

Let L = Q(v/5,v/—7). Then we have the following diagram :

Qs - Q7 =Qss
/ |
T avsvm-r. T
ovd) =

Now G(Qs5/Q) = Cs which is cyclic generated by say a; and G(Q7/Q)
= C; which is also cyclic generated by say a;. Then C35 22 G(Q35/Q) =
G(Q5/Q) x G(Q7/Q) = {a; mod 5) x (az mod 7). Define characters X;
and X, on (a; mod 5) x{az mod 7) asfollows: Xj(a;) = v~1, Xj(az) =1
and Xa(a;1) = 1, Xz(ag) = % + —\g—gi. Then we can take (X;) x {X3)
to be the character group of Css. Since G(Qs5/Q(V/5)) 2 (a} mod 5)
and G(Q7/Q(V-T)) = (a} mod 7), we get G(Qss/L) = (a} mod 5) x
(a3 mod 7). Hence X 35 = (X3) x (X3) by Th. 3.2. Now the following

proposition can be shown.

PROPOSITION. The defining moduli of X € Crm are precisely the mul-
tiples of fy.

Thus since 5 is a defining modulus of X2, f = 1 or 5. But clearly 1 is not
a defining modulus of X2. So fo = 5. Similarly fxg =1, fX'{'Xf =35
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and fy, = 1 where Xo = 1 is the principal character. Therefore by
Th. 7.2 |d| =5%-7% and fL =5-7.

We are ready to show that K = Q(V5,v/=T7). Let L = Q(+/5,V/=7).
Since K and L are both non-real abelian extensions of Q, no infinite
K-prime ramifies in L. By Th. 3.3, considering the conductors fx = 35
(see §4) and f; = 35, the finite Q-primes which ramify in K are the
same as those which ramify in L, namely, 5 and 7. The ramification
index of 5 inK is 2. Thus since 5 does not ramify in Q(v/=7), 5 ramifies
in L with ramification index 2. Similarly, the ramification indices of 7 in
K and L are the same. Therefore L is an unramified extension of K and
so L C K by Th. 4.8. Now the following result can be deduced without
using class field theory from facts about Dirichlet L-series.

THEOREM 7.3. Let K = Q(v/d) where d < —2. Suppose fx is odd.
Let (a/|d|) be the Jacobi symbol. Then the class number of K is

1
hK=—————2—(2) Z (—Eﬂ)
T} o<e<i
ged(z, fi)=1
(A similar but slightly more complicated result holds if fk is even (4,

p-346].)

Thus if K = Q(+/—35), then fx = 35 and (2/|d]) = (2/35) =
(2/5)(2/7) = —1. Therefore hx = 1/3{(1/35) + (2/35) + (3/35) +
(4/35)+(6/35)+(8/35)+(9/35)+(11/35)+(12/35)+(13/35)+(16/35)+
(17/35)} =1/3{1-1+141—1—1+1+14+1+1+1+1} =2 and so
the order of G(K /K) is 2, which implies [K : K] = 2. Since [L:Q]=4
and LC K,L=K.

When L = Q(v/5,/=7), we will show that p € Spl(L/Q) if and only
if p=1,4,9,11,16 or 29 mod 35. Let a; = 3 and a; = 5. As in the ex-
ample given just before Proposition, under the natural isomorphism we
have G(Qs35/Q) = (a; mod 5) x (a2 mod 7) = (3 mod 5) x (5 mod 7)
and G(Qss/L) = G(Qs/Q(V5)) x G(Q:/Q(V-T)) = (3° mod 5) x
(5% mod 7). Therefore Iy, 5, = G(Qss/L) = (4 mod 35). The result
follows from Th. 3.4.

Returning to the original problem if follows that if K = Q(1/—35) and
pt fx = 35 then, by Th. 7.1, p = z? + zy+ 9y* has a solution if and only
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if p € Spl(K /Q), which is equivalent to p € Spl(Q(v/5,v/—7)/Q), which
in turn is equivalent to p = 1,4,9,11,16 or 29 mod 35. Now suppose

p=5 H5=2+ay+9% = (s+zy+($)’) - (1) + %’ basa
solution, then 20 = (2z + y)? + 35y* has a solution which is not the

case. A similar argument shows that 7 = 22 + zy + 9y? does not have a
solution.
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