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A GENERALIZATION OF CONTINUOUS POSETS *

Y.H. HAN, S.S. HonGg, C.K. LEE AND P.U. PARK

0. Introduction

Since the concept of continuous lattices has been introduced by Scott
[12], it has played an important role in the study of various mathe-
matical structures, e.g., logic, computer sciences, topological structures,
topological semilattices and algebraic structures (see [1], [2], [3], [8], {10},
[12).

Instead of complete lattices, Hoffmann generalized this concept to that
of continuous posets and obtained many interesting results ([3], [6], [7],
8], [10]).

Recently, Lee [9] further introduced a concept of countably approxi-
mating lattices which properly contains that of continuous lattices and
showed that this new larger class enjoyed almost all properties of con-
tinuous lattices.

The purpose of this paper is to introduce another class of posets which
generalizes countably approximating lattices and continuous posets and
to extend those properties of above two classes to the new class.

Using the countably way below relation [9] and o-ideals, we intro-
duce countably approximating posets as those posets A with countably
directed joins such that the join map V : 6Idl(A) — A has a left adjoint.

We then show that countably approximating posets are precisely re-
tracts of o-algebraic posets by maps preserving countably directed joins
and that the countably way below relation on a countably approximating
poset satisfies the interpolation property.

Furthermore, introducing o—Scott topology on a poset, we characterize
countably approximating posets by those posets whose o—5cott open sets
can be determined by countably way below relations.
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For the terminology not introduced in this paper, we refer to [3], [9],
[10].

1. Countably approximating posets

In this section, we introduce countably approximating posets and char-
acterize them by o—ideals.

We recall that a subset I of a poset A is said to be a o—ideal if I is a
lower set and countably directed.

For a poset A, the set of o—ideals of A will be denoted by oIdi(A) and
then oIdi(A) with the inclusion relation is obviously a poset which has
countably directed joins. Indeed, for a countably directed sequence (I,;)
in oIdl(A), the join is simply UI,.

I A has countable joins, then oIdl(A) is closed under arbitrary inter-
sections; hence o Idl(A) is a complete lattice.

Every poset A can be embedded in oIdl(A) by the principal ideal map
A — olIdl(A) (a —|a). Furthermore, one can easily show that a poset
A has countably directed joins iff the map |.: A — oIdl(A) has a left
adjoint.

In the sequel, we will assume that every poset has countably directed
joins.

DEFINITION 1.1. For elements a, b of a poset A, we say that a is
countably way below b, in symbol a <. b provided for any o—ideal I with
a< VI, onehasb e I.

The following is immediate from the fact that for any countably di-
rected subset S of a poset A4, |S is a o—ideal in A.

REMARK. Let a, b be elements of a poset A, then a <, b iff for any
countably directed subset S of A with a < VS, there is an s € S with
b<s. y

Furthermore, if A has countable joins, then a <. b iff for any subset
S of A with a < VS, there is a countable subset C of S with b < VC.

DEFINITION 1.2. An element a of a poset A is said to be a Lindelof
element if whenever a < VB (B C A), there is a countable subset C of
B witha < VC.
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We note that for the open set lattice 0(X) of a topological space
X, A €. B in 0(X) if there is a Lindel6f subspace L of X with A C
L C B. Furthermore, an element A of 0(X) is a Lindelof element iff A
is a Lindelof subspace.

The following is immediate and we omit the proof (also see [9]).

PROPOSITION 1.3. Let A be a poset, then one has :

1) fb<.ain A, then b < a.

2) Fb¥ <b<.a<d inA, thenb <. da'

3) If a is a LindelSf element of A, then a <. a. Moreover, if A has
countable joins and a < a, then a is a Lindelof element of A.

4) If A has countable joins, then for any a € A, |.a = {z € A|z <,
a} is a o~ideal of A.

Now we introduce a concept of countably approximating poset.

DEFINITION 1.4. A poset A with countably directed joins is said to
be countably approzimating if the join map V : oIdl(A) — A (I — VI)
has a left adjoint.

Using countably way below relation, we characterize countably ap-
proximating posets.

THEOREM 1.5. For a poset A with countably directed joins, A is coun-
tably approximatingiff for any a € A, |.a isa o-ideal anda =V |, a.

Proof. Suppose A is countably approximating and let r : A — oIdI(A)
be a left adjoint of V, i.e., for any @ € A and I € oIdl(A), r(a) C I iff
a < VI. Take any b € r(a) and any o—ideal I witha < VI, b€ r(a) C I
and hence b <. a i.e., b €|.a. Thus we have r(a) C|.a. On the other
hand, take any b €}.a. Since r(a) C r(a), a < Vr(a); hence b € r(a).
Thus we have |.a C r(a). In all, {.a = r(a) is a o-ideal of A. Since
lea=r(a)Clea, a <V ]a<a,sothat a =V |a.

Conversely, suppose |.a is a o-ideal and @ = V }.a for all a € A,
then let r : A — oIdl(A) be the map defined by r(a) =|.a. By the
above proposition, r is clearly an isotone. Suppose a < VI for a o-ideal
I of A, then for any ¢ € r(a), ¢ € I; hence r(a) C I. Furthermore,
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r(a) =]ca C I implies that a = Vr(a) < VI. Thus r is a left adjoint of
V :0ldl(A) — A. This completes the proof.

REMARK 1.6.

1) Since |._: A — oIdl(A) (a —|.a) is a left adjoint of V : o IdI(A) —
A, one has the following :

A poset A with countably directed joins is countably approximating
iff for any a € A there is a smallest o-ideal I with a < VI.

2) By 4) of Proposition 1.3, a poset A with countable joins is countably
approximating iff for any a € A, a = V |.a. Hence every countably
approximating lattice (See [9]) is a countably approximating poset. But
the converse need not be true. Indeed, take any infinite discrete vrdered
set A, then oIdl(A) = {{z}|z € A}. Thus olIdl(A) can be identified
with A and the join map V : ¢Idl(A) — A is the identity map 14, which
has clearly a left adjoint r : A — oIdl(A) (r(z) = {z}). Hence A is a

countably approximating poset but not complete.

DEFINITION 1.7. A poset A is said to be o—algebraic if there is a poset
X such that A is isomorphic with the o-ideal poset oldl(X).

Suppose A = oIdl(X) for a poset X, then for any z € X, |z < |z,
because the join of countably directed family in oIdl(X) is given by
the union of the family. The converse is also true. Indeed, for any
I € old(X), {lz| z € I} is again countably directed; hence for any
I <. I =V{]z|z €I} = U{lz| z € I}, there is an z € I with
I Clz C I so that I =|z. Using this, one has the following :

PROPOSITION 1.8. Every o—algebraic poset is countably approximat-
ing.

Proof. Let A = olIdl(X) for some poset X, then forany I € A, I =
U{lz|lr € I} = V{lz|z € I} C V{J € oldi(X)|J <. I} C I and
therefore, I = V{J|J <. I}. It remains to show that § = {J|J < I} is
a o—ideal in A. Clearly, the set S is a lower set. Now take any sequence
(Jz) in S, then for any n, J, <. I = V{]z|z € I}, so that there is an
z, € I with J, Clz,. Let zo be an upper bound of (z,) in I, then
Jn Clzn Clzo Kclzo C I so that |zg is an upper bound of (J,) in S.
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LEMMA 1.9. Suppose A is a countably approximating poset and e :
A — A is a self map such that eoe = e and e preserves countably directed
Jjoins. Then a subposet ¢(A) of A is again countably approximating.

Proof. We note that e is an isotone. Let B = ¢(A). Since any
countably directed subset D in B is clearly countably directed in A,
the join V4D of D in A exists. Since e¢(VaD) = Vqe(D) and eoe =
e, e(VAD) = VD, so that V4D belongs to B, which is clearly the join
VBD of D in B. Hence B has countably directed joins. Suppose a <. b
in A and b € B, then for any countably directed subset S of B with
b < VpS =V4S5, thereis an s € S with a < s and hence e(a) < e(s) = s.
Thus we have e(a) €. bin B. Forany b € B, b = e(b) = e(Va{a €
Ala <. bin A}) = Va{e(a)la < bin A} = Vp{e(a)la <. b in A}, for
{a € Ala <. bin A} is countably directed. But b < Vg{e(a)la <. b
in A} < Vp{z|z <. bin B} < b ; therefore b = Vp{z|r <. bin B}.
Take any sequence (b,) in {z|z <. b in B}, then there is a, in A
with b, < e(e,) and a, <. b in A, for b = Va{e(a)la <. b in A}.
There is ap in A such that gy <. bin A and a, < ag for all n. Thus
bn, < e(an) < e(ag) for all n and e(ag) <. bin B, ie., e(ag) is an upper
bound of (b,) in {z|r <. b in B}. This completes the proof.

Using the above lemma, one has the relationship between countably
approximating posets and o—algebraic posets.

THEOREM 1.10. A poset with countably directed joins is countably
approximating iff it is a retract of a o—~algebraic poset by maps preserving
countably directed joins.

Proof. Suppose A is a countably approximating poset. Let s:oIdl(A)

— A be the join map, i.e., s(I) = VI and r : A — oIdI(A) the map
defined by r(z) =|cz. Then for any z € A, s(r(z)) =V lc.z =z, ie,
sor = 14. Furthermore, r and s have right adjoints; hence they preserve
joins,in particular, countably directed joins, so that A is a retract of o-
algebraic poset 0Idl(A) via r and s.

Conversely, suppose there is a o—-algebraic poset B and there are maps
f:A— Band g: B — A preserving countably directed joins with
gof =14. Thenlet ¢ : B — B be the map fog, then e clearly preserves
countably directed joins and eoe = e. Thus e(B) = f(g(B)) = f(A)isby
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the above lemma a countably approximating poset and moreover, A and
f(A) are isomorphic posets. Thus A is also a countably approximating
poset. This completes the proof.

REMARK. Since a retract of a complete lattice is again complete, one
can have similar characterization of countably approximating lattices

(See also [9]).

2. Topological characterization of countably approximating
posets

In this section, we define o.~topology on a poset and then characterize
countably approximating posets and countably approximating lattices by
their o.—topology.

Let A be a poset and let 0.(A) = {U C AU =1U and for any
countably directed subset S of A with VS € U, SNU # ¢}. Then it
is easy to show that o.(A) is closed under arbitrary unions. Moreover,
for any sequence (Uy,) in o.(A), let U = NUy,, then U =TU. Suppose
VS € U for a countably directed subset S of A, then VS € U, for all n;
hence SN U, # ¢. Pick s, € SN U, and let sy be an upper bound of
(sn) in S, then so € SNU. Thus U is again a member of g.(A). Thus
oc(A) is a topology on A whose Gjs—sets are again open. We call the
topology a.(A) on a poset A the 0—Scott topology on S. Clearly every
Scott open set on A, i.e., a subset U of A which is an upper set and for
any directed S C A with VS € U, U N S # ¢, is a 0—-Scott open set.

REMARK 2.1. 1) A subset F of a poset S is closed in (A, o.(A)) iff
F =|F and F is closed under the formation of countably directed joins.

2) Let A, B be posets and f : A — B a map, then f : (A, 0.(4)) —
(B, oc(B)) is continuous Hf f perserves countably directed joins.

THEOREM 2.2. (Interpolation property) Let A be a countably ap-
proximating poset. If a €. b in A, then there is an x € A such that
a Lz &b

Proof. Let S = {d € A| there is z € A with d €, z < b}. Pick any
z €. a, then z €. a €, bso that |ca C S; hence S # ¢. Take any
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sequence (d,) in S. Let z, be an element of A with d,, <. z, <. b for
all n. Since |.b is a o-ideal, (z5) has an upper bound, say zo in |.b,
so that d, <. z, < zo. Since [,z is also a o-ideal, (d,) has an upper
bound, say dy in |.zo. Then for all n, d, < dy and dy €. o < b.
Hence do is an upper bound of (d,) in S. Thus S is countably directed.
Since VS = V{V [cz|z €: b} =V |b and a <, b, there is a d € S with
a < d. Since d € S, there is an £ € A with d €. ¢ <. b; hence we have
a €. ¢ <. b. This completes the proof.

PROPOSITION 2.3. For a countably approximating poset A, we have
the following:

1) The family {{.a|a € A} forms a base for o.(A), where T.a = {z €
Ala <L z}.

2) For any U =1U, U= U{t.bb € U}, where U denotes the interior
of U in (A, o.(4)).

Proof. 1) For any a € A, T.a is an upper set by Proposition 1.3.
Suppose VS €7.a for some countably directed subset S of A. By Theo-
rem 2.2, there is a b € A with a <. b €. VS; hence there isan s € S
with b < s, so that s €TcaN S. Thus T.a is an open set in (A, o.(4)).
Now take any U € o.(A) and any b € U. Since V |.b = b € U and
lcb is countably directed, |[bNU # ¢. Pick any a €l N U, then
beTca CU = U. Thus {Tca|a € A} forms a base for o.(4). .

2) Singe U{T:b|b€ U} C U ,U{1:b|b € U} is contained in U. Take
any €U, then z =V |.z € U, so that |,z NU # ¢. Pick a €l.zNU,
then a € U C U and a <. z, so that z €T.a C U{T:b|be€ U}. Thus U
is contained in U{T.b|b € U}. This completes the proof.

THEOREM 2.4. Consider the following three statements for a poset
A:

a) A is countably approximating.
b) Forany U € 0.(A), U =U{lz|z € U} and for any z € A, |cz
is a o—ideal.
c) Foranyz € A, z = V{AU|z € U € o.(A)}.
Then one has,

1) a) and b) are equivalent for any poset A with countably directed
Jjoins.
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2) a), b) and c) are all equivalent for any complete lattice A.

Proof. 1) a) = b): This implication is immediate from the above
Proposition.

b) => a): It is enough to show that for any z € 4, z = V |.=.
Let y = V |cx, then y < z. Suppose y # z. Since |y is closed
in (A,0.(4)), A— |y is an open neighborhood of z. Hence by the
assumption, there is a z € A— |y with ¢ €1,z € A— ly. Hence z <, z.
Thus we have z < y, which is a contradiction to the fact that z € A— |y.

2) Suppose A is a complete lattice. It remains to show that a) and c)
are equivalent. Suppose A is a countably approximating lattice and y =
V{AU|z € U € 0.(A)}. Clearly one has y < z. Suppose y # z. Then
z € A— ly € 0.(A). By the equivalence between a) and b), there is a
z € A— |y such that £ €.2 C A- ly. By the above proposition, z €1,z
€ o.(A); hence z < A T,z < y, which is a contradiction. Conversely,
assume c). For any 2 € A and z € U € 0.(A), we claim AU < z.
Indeed, take any o—ideal I with # < VI. Since z € U =1U, VI €
U; hence INU # ¢. Pick u € INU, then AU < u and therefore
AU € I. Thus AU <. z. Now by the assumption, z = V{AU|z € U €
0c(A)} £V lcz < z and therefore, z = V |.z. Thus A is a countably
approximating lattice.

REMARK. It is known [12] that a complete lattice A is continuous iff
for any £ € A, x = V{AU|U is a Scott-open neighborhood of z}. We
define a complete lattice A to be é—continuous if for any ¢ € A, ¢ =
V{AU|U is a Gs— Scott neighborhood of z}. Then for a complete lattice
A, we have the following implication:

A is continuous = A is é-continuous =—> A is countably approxi-
mating, for {U|U: Scott-neighborhood of z} C {U|U : Gs—Scott neigh-
borhood of z} C {U|U : oc-neighborhood of }. We don’t yet know

anything about the reverse implication.

Another application of Theorem 2.2 is that o.(A)-open filters on a
countably approximating poset determine the order structure of A. In-
deed, one has the following:

LEMMA 2.5. Let a £ b in a countably approximating poset A. Then
there is a filter F on A such that F € 0.(A), a€ F andb¢ F.
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Proof. Since a = V [.a £ b, there is an z¢ € A such that 2o <. a

and zo £ b. By Theorem 2.2, there is a sequence (d,) such that =, <.
dpi1 €cdp €. afor all n. Thus let F =U, 1.d, = U, 1d,; then Fis a
filter, for each {d,, is a filter and (1d,), is directed. Moreover, F' is open
in (A,0.(A)). Since dy < a, a € F;since 29 £ b, d, £ bfor all n, so
that b ¢ F. This completes the proof.

By the above lemma, the following is immediate :

THEOREM 2.6. Suppose A is a countably approximating poset. Then

a < bin A iff for any o.(A)—open filter F witha € F, b€ F.

10.
11.

12.
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