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MEROMORPHIC FUNCTIONS OF ORDER ZERO
THAT SHARE FOUR VALUES

Saneg Moon Kim

1. Introduction

Let f(Z) and g(Z) be meromorphic functions defined on the
complex plane. One says that two meromorphic functions f and g
share (have the same value) ¢ if f(z)=a if and only if g(2)=a.

A theorem of R. Nevalina (see [4]) says that two nonconstant
meromorphic functions f and g share five values, then f and g
are identical. He also proved that if two distinct meromorphic
functions f and g share four values with counting multiplicity,
then f is a Mobius transformation of g.

In [1], W.W. Adams and E.G. Straus proved that two polyno-
mials are identical if they share two finite values and two rational
functions are identical if they share three finite values.

On the other hand, in [3], G.G. Gundersen proved that if two
non-constant meromorphic functions f and g share four values a,
b, ¢, d and @ and b both counting multiplicities, then f and g
share four values counting multiplicities (if f=Fg then f is a Mobius
transformation of g).

In this paper we show that if two nonconstant meromorphic
functions of order zero share four values, then they are identical.

The notation and terminology in this paper will follow those in
[4]. However the following brief summary may be helpful.

For a meromorphic function f, we write n{t, /) for the number
of poles of F(2) in |z]<¢, and

N(r, f) :JO n(t,f);n(o,f) dt+n(0, a)log 7,
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m(r, £) =] log*| f(re") 140,
T(r, f)=m(r, )+ N, ).

Then the Jensen’'s formula becomes
TG, ) =T(r, %)+
For the simplicity, we write m(r,a), N(r,a), n(r,a) instead of
1 1 1 e e e
m(r, 7:?1_)’ N (r, _fl—c?)’ n(r’?a_) if a is finite, and m‘(r,
), N(r,), (n(r,oo) instead of m(r, f), N(@, f), n(r, ). Then
the First Fundamental Theorem of Nevalinna can be written as
m{r,a)+N@,a)=T(q, f)+0()

for every a, finite or infinite. ‘

We denote by N(#, @) the number of distinct roots of f(z)—# in
|z| <t, and define

N0 =N, f,0=[- NG, o —N(0. ) dt+N (0, a)log.

2. Main results

We will use the Ne\}alina's Second Fundamental Theorem in the
following from;

Seconp Funpamentar TreoreMm. Let f(2) be a meromorphic function
of order zero, and a,, a,, -, a, where q>2, be distinct finite
complex numbers. Then

)] ((q—l)+0(1))T(r,f)£§N(r, a)+N(r,o0) =N, f7,0),
) (g—2+0() T (@, 1) gﬁ;"lﬁ(r, a,) — Ny (7, f/, 0),

where N,(r, f',0) counts in N only those zero's of f' which occur
other- than roots of the equation f(z)=a, (v=1 fo q).
Since No(7, f/,0)>0, it is clear from (2) that

3 QHM) T, N<EN T @),

We will use the following results which are proven in [2]. But
for the convinience of readers we give a proof.

“LemMa 1. Let f and g be two nonconstank meromor phic functions
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of order zero and share four wvalues {a,, a», as, ai}, then the
following conditions holds:

o L(r, f)
@ Lim T(r,g) L
ZA:N(r,ai iﬁ(r,ai)
(5) lim—=L =]im-=2 =2,

e 17, f) e 1T(7,8)

Proof. One can assumc that oo is not shared value, because if
it is, then we can consider
1 and 1
—C g—c
where ¢ is not a shared value. By (3)

SNG,a@)<NG, F~2,0<T(, f~g,0)
<T@, )+ T, g)+0)
<A+0M) N, a).

Which means

©® ENG,@<TC,H+T0,0<U+00) ENG, @),
On the other hand (3) gives

@ @0 TC, HLEN G, a).

@+ TC, )<L N, a)

From (6) and (7), we will have (4) and (5). This proves the
lemma.

Now we are ready to prove the main results.

TureoreM 1. Let f, g be two meromorphic functions of order
zero so that for four distinct values ay, a,, a,, as we have f(2)=a;
if and only if g(2)=as; i=1,2,3,4. Then f and g are identical.

Proof. We compare the following two functions
G=f(f—g), F=(f—a)(f—a)(f—a)(f~a).
It is clear that if F has a zero of order %&£ at z, then G has a zero
of order (at least) £ at z,. Unless f=g, we have
(8) N(G,r,0)>N(F,7,0).
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On the other hand
N(F,7,0)=%N(, f~a; 0)
=N, a),
N(G, 7, 00< NG, 1,00+ T(r, )+ T, 2.

Since f is of order zero, it can have at most one deficient value.
If f has no deficiency at a; (1=1,2,3,4), then
N(r, F,0)=>@+0)) T(, )
and
N(,G,0) <3T(, f).
This contradicts to (8), and we have f=g.
Now, suppose that f has a positive deficiency 6(1>>6>0) at a..
We divide it into two cases;
] ~ 1>6>0, and o=1.
First, if 1>d>0, then '
N(, F,0)>U+(1—-8)+o)) T(r, 1)
>3T(r, fY>N(r,G,0).
It is impssible, and we have f=g.
Finally, let 0=1. Futher, assume that a¢,=co. Set fi, f2, &1, and
g, be four entire functions of order zero such that
N — &1
I A g T,
T(r, £)=0D) T(r, ),
T(r, g) =0 T(r, ).
Since N(r,a)=0(1)T(r, f), we have

) i__:ll_\/" (r,a)
b=

Thus, we may assume @;=0, and N(7, al)z-%. Let {8y, by, -+, by, +++}

be the distinct zero points of f, and let

h(z):ﬁ(l——-i—>

»=1
Then we can find entire functions # and y such that
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@ =h@E), T, fEN<ET(, f) as r—oo,
8:(D)=h(D)7@), T(r,7@)<ET(,f) as r—oo,

and

(S@) =g @) =h@ (28— LE).

It is clear that

NG, f~8 0 <NG k(2,00 + T(r, - )+ T(r, L)

&2

<L TG, )+ 5 TG, H+ETC, H+0D T, f)

<ET(, H+0 TG, ).

It follows that
N, G,0<N@, f,0+N(r, f—g)+0)T(r, f)

<T@ P+ TE, H+NG, f,0),
and

NG, F,023N(, a)22T(, H+0D T, )+ NG, £, 0)

>2T@, H+0 T, fH+NG, f,0)

>N(r,G,0).
This is a contradiction, and we have f=g. The proof of the
theorem is now complete,

Let two entire functions f, g share three finite values a,, a,, as.
Then they have four common values ay, as, as, . Hence we have
the following corollary.

CoroLLaRY 1. Let f and g be two entire functions of order zero
and Share three finite values. Then they are identical

It is known that two meromorphic functions f and g share three
values, then outside a set of finite measure

lim sup—%—;’%—g&

r—oo

For the above result, see [2]. For the entire functions of order
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zero, we can say a little more;

Proposiion 2. Let f and g be two entire functions of order zero
and share two finite values {a,, a;}. Then

lim sup—%%g—))-gz

700

Proof. Set g=2 in (1), then
(1+0(D) T, HIKENG, £, a) + N, £, 0)=N(r, £, 0).
Since N(r, f, 0)=0, we have
A+0) TG, HLEN, £,a)—N, £, 0)

<IN f,a)
:é{lﬁ (r,g,a,)
<2T(r,8).

It follows that

; T(r,f)

lim Sup—wgz.

r—00

This proves the proposition.

Remark, There are two different entire functions which share
three finite values. The following examples are given in [2].
(i) f=e*, g=e*, shared values 0, +1, o;

(ii) f=ée", g:—lz—(e"‘“)+a§e""3’), shared values, a;F0, a,=—as,
o0

But we have noexample of two different entire functions of order
zero which share two finite values.

References

1. W.W. Adam and E G. Straus,. Non Archimedian analytic functions taking
the same points, Illinois J. Math. 15(1971), 418-424.

2. G.G. Gunderson, Meromorphic functions that share three or four values, J.
London Math, Soc. 20(1979), 457-466.

3. Meromorphic functions that share four values, Trans, Amer, Math, Soc.

— 102 —



Meromorphic functions of order zero that share four values

277(1983), 545-567.
4. W.K. Hayman, Meromorphic funciions, Clarendon Press, Oxford, 1964.

Seoul National University
Seoul 151-742, Korea

— 103 —





