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C-LINDELOF SPACES

JONG-SUH PARK

ABSTRACT. In this paper we introduce the notion of C-lindelof
spaces, and we discuss some of the properties that C-Lindelof
spaces satisfy. '

Every closed subspace of the Lindelof space is also Lindelof. But
a closed subspace of the W-Lindelof space need not be W-Lindel6f.
Thus we get the notion of C-Lindelof spaces. In this paper we intro-
duce the concept of C-Lindelof spaces and discuss some properties of
the C-Lindelof space.

DEFINITION 1: A space X is said to be W-Lindelof if for each
open cover {U;} of X there exist countably many i) such that X =
UcCKu;,). , '

DEFINITION 2: A space X is said to be C-Lindelof if for each closed

subset Y of X and each open cover {U;} of Y there exist countably
many ¢ such that ¥ C |J Cl(U;,).

It is easy to show that the following theorem holds.

THEOREM 1. Every Lindelof space is C-Lindeldf.

A C-Lindelof space need not be Lindeiéif as the following example
shows.

EXAMPLE 1: Let X = R x Rt. For (z,y) € X and r > 0, let

B, (z,y) ifr<y

Nr(xsy) = { Br(-’lf,r) U {(.13,0)} §] B,.(O, 7") ify=0

We take {N,(z,y)} as a basis for the topology on X.

We shall show that X is C-Lindelof; For a closed subset Y of X,
let Y =Y,UY, whereY; =Y N(Rx {0}) and Y2 =Y —-Y;. We
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may assume that Yj # 0. Let (a,0) € Y;. Given an open cover U of
Y, there exists U € U such that (a,0) € U. We can choose r > 0
so that Ny(a,0) C U. We claim that Y; C CI(U). Let (z,0) € Y;.
For any 0 < s < r, B,(0,s) C N,(z,0) N N.(a,0) C N,(z,0)NU.
Thus (z,0) € CI(U). Let A = {A € B : there exists V € U such that

A C V} where B = {B,(z,y) : z,y, r € Q and r < y}. It is clear that
A is countable. Let A = {A,}. For each n, there exists V, € U such
that A, C V,,. Weclaim that Y5 C |JV,.. Let (z,y) € Y,. There exists
V € U such that (z,y) € V. We can choose r € @ so that 0 < r < y/2
and By(z,y) C V. There exist b, ¢ € Q such that (b,¢) € B,(z,y).
Since By(b,c) C Bar(z,y) C V, B,(b,c) € A. Thus there exists n;
such that B,(b,c) = Ap,. Then (z,y) € B.(b,c) = A, C V,,. Hence
Y c UVn UCI(U) and so X is C-Lindeldf.

Let us show that X is not Lindel6f. {N;(z,0)}U {Ni(z,y):y > 1}
is an open cover of X. Since (2,0) ¢ Ny(z,y) if y > 1 and (2,0) €
Ni(z,0) if and only if £ = 2, above open cover has no countable
subcover. Thus X is not Lindelof.

Every C-Lindelof space is W-Lindelof, but its converse does not
hold as the following example shows.

EXAMPLE 2: Let X = R x R*. For (z,y) € X and r > 0, let

B.(z,y) ¥ fr<y
N"(may)= ! UzEQBT(zar)U{(maO)} lf:t EQ a.ndy=0
By(z,r)U {(=,0)} freR-—Qandy=0

We take {N,(z,y)} as a basis for the topology on X.

We shall show that X is W-Lindelof. Let & be an open cover of X.
There is U € U such that (0,0) € U. We claim that R x {0} C C(U).
There exists a > 0 such that N,(0,0) C U. Let x € R. For each
0 < b < a, we can choose y € Q so that |z — y| < 2v/ab. Since
VE—-y)?2+(b-a) <a+b,

8 # By(z,5) N Bu(y, a) C Ny(z,0) N Na(0,0) C Ny(z,0) N U.

Thus (z,0) € CI(U). Let A= {A € B : there exists V € U such that
A C V} where B = {B,(z,y) : z,y,r € Qand r < y}. Then A is
countable. Let A = {A,}. For each n, there exists V;, € U such that
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An C V,. We claim that R x (0,00) C |J Va. Let (z,y) € R x (0,00).
There exists V € U such that (z,y) € V. We can choose r € Q so
that 0 < r < y/2 and B;,(z,y) C V. There exist a, b € Q such that
(a,b) € B,(z,y). Since B,(a,b) C By, (z,y) CV, B,(a,b) € A. Thus
there exists ny such that By(a,b) = An,. Then (z,y) € B(a,b) =
Ap, CV,,. Thus X =JV,UCI(U) and so X is W-Lindelof.

We shall show that X is not C-Lindeldf. Let Y = (R —0) x {Q}.
Then Y is a closed subset of X. {N;(z,0): z € R — Q} is an open
cover of Y. We claim that Cl(N;(a,0)) = Bi[a,1] U (Q x {0}) for all
" a€R-Q. Let (z,y) € X.

(1) (x—a)’+(y—1)2>1and y > 0. Let

r = min(y, /(z — af + (y — 1) - 1).

Since \/(z —a)? + (y — 1)? > r + 1, By(z,y) N N1(a,0) = 0.
Thus (z,y) € X — Cl(Ny(a,0)).
(2) (z—a))+(y—1)2=1and y > 0. For any 0 < r < y, since
V(E—-a)?+(y—-1)2 <r+1, By(z,y) N Ni(a,0) # 0. Thus
(z,y) € Cl(Ny(a,0)).
(3) e R—(QU{a}) and y = 0. Let 0 < r < (z — a)?/4. Since
V(@ —a)2+(r—1)2 > r+1, No(z,0)N Ny(a,0) = 0. Thus
(z,0) € X — Cl(N1(a,0)).
(4) ¢ € Q and y = 0. For any r > 0, there exists b € Q such that
la — b] < 24/r.
Since \/(a — b)2 + (1 — r)? < r+1, 0 # B,(b,r)NBy(a,1) C N, (z,0)N
Ni(a,0). Thus (z,0) € Cl(Ny(a,0)). Since (z,0) € Cl(N1(a,0)) if and
only if £ = a, Y ¢ |JCl(N1(zi,0)) for all countably many z;. Hence
X is not C-Lindeldf.

THEOREM 2. Let X be a space. If every closed subspace of X is
W -Lindelof then X is C-Lindeldf.

PROOF: Let Y be a closed subset of X and let {U;} be an open
cover of Y. Since {U;NY} is a cover of Y by sets open in Y, there exist
countably many ¢; such that Y = | JCly(U;, NY). Since Cly(U;, N
Y)=Cl(U;, NY)NY C CU;,) for all i, Y C |JCI(U;,). Thus X is
C-Lindelof.

The converse of above theorem does not hold as the following ex-
ample shows.
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EXAMPLE 3: In example 1 let Y = R-x {0}. Then Y is a closed
subspace of X. Since N;(z,0)NY = {(z,0)} forallz € R, Y is an
uncountable discrete space. Thus Y is not W-Lindelof.

THEOREM 3. Let X be a regular space. Then the following state-
ments are equivalent.

(1) X is Lindeldf.

(2) X is C-Lindelof.

(3) X is W-Lindeldf.

PROOF: (1) = (2) = (3) It is clear.

(3) = (1) Let U be an open cover of X. For each £ € X there
exists U; € U such that = € U,. Since X is regular, there exists a
neighborhood V; of z such that CI(V;) C U;. {V; : ¢ € X} is an
open cover of X. Since X is W-Lindel6f, there exist countably many
z; € X such that

X =UClV;,;) CcUly,.

Thus X is Lindelof.

THEOREM 4. Let X be a locally compact Hausdorff space. Then
X is C-Lindelof if and only if X is o-compact.

PROOF: (=) For each z € X there exists a neighborhood U; of =
such that Cl(U,) is compact. {U, : £ € X} is an open cover of X.
Since X is C-Lindelof, there exist countably many z; € X such that
X = JC(U;,;). Thus X is o-compact.

(«) Let X =X, and X, compact. Given a closed subset Y of
X,letY, =Y NX,. ThenY = JY, and Y,, is compact. For any
open cover U of Y, since U is an open cover of Y,,, there eixst finitely
many U, ; € U such that ¥, C JUni. Then Y = Y, C YU Un,-
Thus X is C-Lindeldf.

THEOREM 5. A space X is C-Lindeldf if and only if for each closed
subset Y of X and each regular open cover {U;} of Y there exist
countably many iy such that Y C |JCI(Us, ).

PROOF: (=) Itis clear. '

(=) Let Y be a closed subset of X. Given any open cover {U; }
of Y, since {Int(Cl(U;))} is a regular open cover of Y, there exist
countably many i; such that ¥ C |JCl(Int(CI(U;,))) = UCUs,).
Thus X is C-Lindeldf.
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THEOREM 6. A space X is C-Lindeldf if and only if for each closed
subset Y of X and each family {A;} of closed subsets of X such that
NInt(A;,)NY # 0 for all countably many i, ((A;NY # 0.

PROOF: (=) Suppose that (J4;NY =0. SinceY C X —(4; =
U(z — 4;), {X — A;}is an open cover of Y. Since X is C-Lindelof,
there exist countably many ¢; such that Y C JCl(X — 4;,) = X —
N(X —CYX — 4;,)) = X — N Int(Ai,). Then NInt(A4;,)NY =0,
this is a contradiction. Hence (14 NY # 0.

(<) Let Y be a closed subset of X and let {U;} be an open cover of
Y. Suppose that Y ¢ | JCl(U;,) for all countably many ix. {X —U;}
is a family of closed subsets of X and

NInt(X —U;,)NY =n(X - CI(U;,))NY
= (X —UCKU;,))NY #0

for all countably many ix. Thus (X —JU;)NY =(X -U;)NY #0.

Then Y ¢ |JU;, this is a contradiction. Hence there exist countably

many #; such that Y C () Cl(U;,) and so X is C-Lindeldf.
DEFINITION 3: Let X be a space. A filter Ain Y C X is said to

r-accumulate to z € Y, denoted by A & , if for each neighborhood
U of z and each A € A, ANCIU) # 0.

DEFINITION 4: Let X be a set. A faimly A of nonempty subsets
of X is said to be a §-filter in X if

(1) if Ay, Az, --- € A, then A, € A,

(2) if AC B C X for some A € A, then B € A.

THEOREM 7. A space X is C-Lindeléf if and only if for each closed
subset Y of X and each é-filter A in Y there exists t € Y such that
Axz.

PROOF: (=) Suppose that A ¢ z forallz €Y. Foreachz € Y
there exist a neighborhood U, of z and A, € A such that 4, N
Cl(U;) =0. Then A, C X — CI(U;) for all z € Y and {U.} is an
open cover of Y. Since X is C-Lindeldf, there exist countably many

z; € Y such that Y C |JCI(Uy;). Since

NAg, CN(X = CYU,,)) =X —UCU,,) CX -Y and N4,, CY,
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Az, = 0. This is a contradiction for () A;; € A. Thus there exists
z € Y such that A & z.

(«<) Let Y be a closed subset of X and let {U;} be an open cover of
Y. Suppose that Y ¢ | JCl(U;, ) for all countably many 4. Let A be
the family of all subsets of Y containing ((X — Cl(U;,))NY for some
countably many ix. Then Ais a é-filterin Y and (X —Cl(U;))NY € A
for all 5. There exists z € Y such that A & z. There exists i, such that
z € U;,. Since (X - Cl(U;,))NY € A, Cl(U;, )N(X =CI(U;, ) )NY # 0.
This is a contradiction. Thus there exist countably many i; such that
Y c YCI(U;,) and so X is C-Lindeldf.

THEOREM 8. If X is C-Lindelof and f : X — Y is a continuous
surjection, then Y is C-Lindelof.

PROOF: Let A be a closed subset of Y and let {U;} be an open
cover of A. f~1(A) is a closed subset of X and {f~1(U;)} is an open
cover of f~1(A). Since X is C-Lindelof, there exist countably many
ix such that f~1(4) Cc JCf~1(U;,)). Since

A= ffY(4) C FUCKS(T,)))
= Uf(CIf~'(Us,))) c UCK(FF~Y(Us,)) = UCI(U,),

Y is C-Lindelof.
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