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C-LINDELOF SPACES
Jong-Suh Park

Abstract. In this paper we introduce the notion of C^lindelof 
spaces, and we discuss some of the properties that C-Lindel6f 
spaces satisfy.

Every closed subspace of the Lindelof space is also Lindelof. But 

a closed subspace of the W-Lindel6f space need not be TF-Lindelof. 

Thus we get the notion of C-Lindel6f spaces. In this paper we intro­

duce the concept of C-Lindel6f spaces and discuss some properties of 

the C-Lindel6f space.

DEFINITION 1: A space X is said to be W-Lindelof if for each 

open cover {Ui} of X there exist countably many ik such that X = 

Uci(t수).

DEFINITION 2: A space X is said to be C’Lindelof if for each closed 

subset Y ci X and each open cover {Ui} of Y there exist countably 

many ik such that Y C |JCl(Uik).

It is easy to show that the following theorem holds.

THEOREM 1. Every Lindelof space is C-Lindeldf.

A C-Lindelof space need not be Lindelof as the following example 

showk

EXAMPLE 1: Let X = R x For (：r,y) G X and r > 0, let

N (x v) = I Br^V} " 으

r ’ 1 Br(:r,r) U {(:r,0)} U Br(0,r) if t/ = 0

We take {2Vr(o:, t/)} as a basis for the topology on X.

We shall show that X is C-Lindelof^ For a closed subset Y of X, 

let y = 요 U 유 where 匕 = V D (1? x {0}) and 오 = K — ：匕. We
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may assume that Yi 羊 0. Let (a, 0) € Y\. Given an open cover U of 

y, there exists U E U such that (a,0) € U. We can choose r > 0 

so that JVr(a,0) C U. We claim that Y\ C C1(U). Let (:r,0) € Y±. 

For any Q < s < r, B昌(0,昌) C Ns(x^0) Cl 7Vr(a,0) C 2\『s(:r,0) Pl U. 

Thus (:r,0) G C1(I7). Let A= {A E B : there exists V EU such that 

A G V} where B = {Br{x^y) : 하, r G Q and r < y}. It is clear that 

A is countable. Let A = {An}. For each n, there exists Vn EU such 

that An C Vn. We claim that 之 C U Vn. Let (x^ y) € Y2. There exists 

V EU such that (:r, y) € V. We can choose r E Q so that 0 < r < y/2 

and (:M/) C V. There exist b, c E Q such that (6, c) G Br(x,y). 

Since Br(6,c) C B2r(해, !/) C V, Br(6, c) € A. Thus there exists ni 

such that Br(b, c) = Ani. Then (x9 y) € Br(5,c) = Ani C Vni. Hence 
K C U K U C107) and so Xis (7-Lindel6f.

Let us show that X is not Lindelof. {i\『i(：r, 0)} U {2\『1(鉛, y) : y >1} 

is an open cover of X. Since (之,0) g Ni(x丁j) if ?/ > 1 and (之, 0) G 

7\『i(:r,0) if and only if x = z, above open cover has no countable 

subcover. Thus X is not Lindelof.

Every C-Lindelof space is VK-Lindel6f, but its converse does not 

hold as the following example shows.

EXAMPLE 2: Let X = Rx For (:r,y) € X and r > 0, let

( Br(x,y) . if r < ?/

y) = I Br(z, r) U {(x, 0)} if 鉛 G Q and y = 0

( Br(:r,r) U {(:r,0)} i£ x e R — Q and y = 0

We take {吐(하, !/)} as a basis for the topology on X.

We shall show that X is VF-Lindeldf. Let Z/ be an open cover of X. 

There is 17 G W such that (0,0) G U. We claim that R x {0} C Cl(l『). 

There exists a > 0 such that 2Va(0,0) C U. Let x E R- For each 

0 < 6 < a, we can choose y E Q so that \x — y\ < 2y/ab. Since 

r - j/)2 ； (ft — a)2 < a + 6,

0 / A Ba(y,a)，C 此(：仏0) Cl 7\『a(0,0) C M(:r,0) CllL

Thus (x,0) G Cl(l『). Let {A E B : there exists V EU such that 

A C V} where B = {Br(x,y) : x, y, r E Q and r < y}. Then A is 

countable. Let A = {An}. For each n, there exists Vn^U such that 
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An C Vn. We claim that 7? x (0, oo) C |J Vn- Let (⑦, y) e Rx (0, oo). 

There exists V € ZZ such that (x,y) G V. We can choose r € Q so 

that 0 < r < y/2 and 日아⑦? !/) C V. There exist a, 6 € Q such that 

(a,5) G Br{x^y). Since Br(a, 6) C B2r(a:, y) C V, Br(a, b) € A. Thus 

there exists ni such that Br(a, b) = Ani. Then (x, y) G Br(a, b) = 

Ani C Vnt. Thus X = |J K U C1(17) and so X is VK-Lindel6f.

We shall show that X is not C-Lindelof. Let Y = (I? — 0) x {Q}. 

Then Y is a closed subset of X. {2Vi(:r,0) : x G 2? — Q} is an open 

cover of Y. We claim that 01(^ (a, 0)) = Bi [a, 1] U (Q x {0}) for all 

a e R — Q. Let (x,y) 6 X.

(1) {x — a)2 +(1/ — l)2 > 1 and y > 0. Let

r = min(히, y/(x — a)2 + (y — l)2 ” 1)-

Since 스/(x _ a)2 + (y — l)2 > r + 1, Br(x,y) Cl M(a,0) = 0. 

Thus (x,y) EX — Cl(M(a,0)).

(2) (x — a)2 + (y — I)2 = 1 and y > 0. For any 0 < r < y, since 

y/(x - a)2 + (y - l)2 < r + 1, Pl 2\『i(a,0) / 0. Thus 

(⑦川) G Cl(川i石, 0)j.

(3) x G K — (Q U {a}) and 3/ = 0. Let 0 < r < (⑦ 一 a)2/4. Since 

y/(x — a)2 + (r — l)2 > r + 1, JVr(x,0) A 7\『i(a,0) = 0. Thus 

(a:,0)GX —Cl(2\『i(a,0)).

(4) x E Q and t/ = 0. For any r > 0, there exists b E Q such that 

|a — 이 < 2y/r.

Since y/(a — &)2 + (1 — r)2 < r+1, 0 羊 Br(6,r)nBi(a, 1) C Nr(x^0)n 

2\『i(a,0). Thus (:r,0) e Cl(M(a,oj). Since (:r,0) e Cl(2Vi(a,0)) if and 

only if a; = a, y (JCl(7Vi(Xi,0)) for all countably many Xi. Hence 

X is not C-Lindel6f.

THEOREM 2. Let X be a space. If every closed subspace of X is 

W-Lindelof then X is C-Lindeldf.

PROOF: Let y be a closed subset of X and let {17}} be an open 

cover of Y. Since {UidY} is a cover of Y by sets open in V, there exist 

countably many such that Y = |JCly(L7tfc Pl V). Since Cly(l수 A 

Y) = Cl(Uik n K) n r C Cl(Uik) for all 하, r c U C1(C수). Thus X is 

C-Lindelof.

The converse of above theorem does not hold as the following ex­

ample shows.
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EXAMPLE 3: In example 1 let Y = R x {0}. Then K is a closed 

subspace of X. Since JVi(x,0) PI F = {(鉛, 0)} for all a: 6 21, K is an 

uncountable discrete space. Thus Y is not IF-Lindelof.

THEOREM 3. Let X be a regular space. Then the following state­

ments are equivalent.

(1) X is Lindeldf.

(2) X is C-Lindeldf.

(3) X is W^Lindeldf.

Proof： (1) :今 (2) =수 (3) It is clear.

(3) =수 (1) Let Z/ be an open cover of X. For each x € X there 

exists Ux EU such that x G Ux- Since X is regular, there exists a 

neighborhood Vx ci x such that C1(T4) C Ux. {Vx : x € X} is an 

open cover of X- Since X is VF-Lindel6f, there exist countably many 

Xi E X such that

X^UCl(VXi)CUUXi.

Thus X is Lindelof.

THEOREM 4. Let X be a locally compact Hausdorff space. Then 

X is C-Lindeldf if .and only if X is a-compact.

PROOF: (=>) For each x E X there exists a neighborhood Ux of x 

such that Cl(l『x) is compact. {Ux : x G X} is an open cover of X. 

Since X is C-Lindel6f, there exist countably many Xi 트 X such that 

X = |JC1(17X.). Thus X is a-compact.

(스) Let X = (JXn and Xn compact. Given a closed subset Y of 

X, let = y D Xn. Then Y = \j Yn and Yn is compact. For any 

open cover U of K, since Z/ is an open cover of Yn^ there eixst finitely 

many Un,i € U such that Yn C UJ7n>t- Then Y = (JYn C (JU沙 

Thus X is C-Lindel6f.

THEOREM 5. A space X is C-Lindel6f if and only if for each closed 

subset Y of X and each regular open cover {Ui} of Y there exist 

countably many ik such that Y C U (기(【&*)•

Proof： (=) It is clear.

(스=) Let K be a closed subset of X. Given any open cover {Ui} 

of y, since {Int(Cl(Z7i))} is a regular open cover of there exist 

countably many ik such that Y C |J Cl(Int(Cl(tGJ)) = |JCl(rijk). 

Thus X is C-Lindel6f.
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Theorem 6. A space X is C-Lindeldf if and only if for each closed 

subset Y of X and each family {A,} of closed subsets of X such that 

p|Int(Atfc) n Y 尹 0 for all countably many ik, Q A, D K / 0.

PROOF: (=) Suppose that P K = 0. Since Y C X — f)Ai = 

|J(x — Aj), {X — 사 is an open cover of Y. Since X is C-Lindelof, 

there exist countably many ik such that K C |JC1(X — Aik) = X — 

Q(X — C1(X — 八,)) = X — pInt(Aifc). Then AInt(A江) Cl K = 0, 

this is a contradiction. Hence Q A, D K 우 0.

(으=) Let y be a closed subset of X and let {17,} be an open cover of 

Y. Suppose that Y g (JCl(l7tfc) for all countably many ik- {X - U}} 

is a family of closed subsets of X and

n int(x — n y = n(x — ci(i수))n y

=(x —uci(i수)) nr 구 0

for all countably many ik- Thus (X —|J 1&)「11厂 = — Ui)QY 尹 0.

Then Y 오 『引 this is a contradiction. Hence there exist countably 

many ik such that Y C QC1(17휴) and so X is C-Lindel6f.

DEFINITION 3: Let X be a space. A filter Ain Y C X is said to 

r-accumulate to ⑦ € K, denoted by 우4 oc ⑦, if for each neighborhood 

17 of x and each A € X, A Pl Cl(l『) 羊 0.

DEFINITION 4: Let X be a set. A faimly A of nonempty subsets 

of X is said to be a 6-filter in X if

(1) if Ai, A2, … G 八 then Q An G 4,
(2) if A C B C X for some A G »4, then B E A.

THEOREM 7. A space X is C-Lindelof if and only if for each closed 

subset Y of X and each 6-filter A in Y there exists x e Y such that 

A OC T.

r
PROOF: (=^) Suppose that A()t x ior all x E Y. Fbr each x e Y 

there exist a neighborhood Ux of x and Ax E A such that Ax n 

C1(UX) = 0. Then Ax G X — C1(UX) for all ⑦ G K and {Ux} is an 

open cover df Y. Since X is C-Lindelof, there exist countably many 

Xi eY such that Y C |J＜기(l『하)- Since

QAXi C n(X — Cl(l『xJ) = X — U Cl(l느) C X — r and n C K,
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「) AXi = 0. This is a contradiction for Q AXi € A. Thus there exists 
T

x EY such that A<x x.

(<=) Let y be a closed subset of X and let {Ui} be an open cover of 

Y. Suppose that Y g |JCl(l『江) for all countably many ik- Let A be 

the family of all subsets of Y containing Q(X — Cl(l『하 ))nK for some 

countably many ik- Then </4 is a ^-filter in Y and (X —€ A 

for all i. There exists x EY such that Aoc x. There exists 近 such that 

z e 引초. Sincere—ci(i幻))nr g4,ci(t7£1)n(x-ci(r£1))nyy 0. 

This is a contradiction. Thus there exist countably many such that

Y C |JCl(?7ijfe) and so X is C-Lindel6f.

THEOREM 8. If X is C-Lindeldf and f : X Y is a continuous 

surjection, then Y is C-Lindeldf.

PROOF: Let A be a closed subset of Y and let {Ui} be an open 

cover of A. /-1(A) is a closed subset of X and {/is an open 

cover of /-1(A). Since X is C-Lindel6f, there exist countably many 

ik such that y“1(A) C U(기Cf"”1 (【&*))• Since

A = /r1(A)c/(ucicri(i수)))

= 니/(cicrvi수))) cuevr1^)) = uci(i수),

Y is (7-Lindel6f.
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