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Consider the linear regression model

(1) Yij = ai + Bizij + €55, i=1...,n; i=1,..k,

where the z{;s are known constants, the o;s are nuisance parameters, and the Bis are the
slope parameters of interest. The Y;;s are observable while the ¢;;° are mutually indepen-
dent and identically distributed unobservable random variables with continuous cumulative
distribution function {cdf)F.

We are interested in testing the parallelism of k regression lines against ordered alterna-

tives. That is, we want to test
(2) Hy:fy=---=p =0 (unknown)
against the ordered alternatives

(3) Hy:p < LBy,

where at least one inequality is strict.

In this paper we construct a nonparametric test statistic for testing parallelism of
several regression lines against ordered alternatives. We want to construct an asymptot-
ically distribution-free rank test statistic based on residuals.

In the linear regession model (1) we assume that the intercepts a; are equal, i.e.,

(4) a;=az=:--=o0; =a (unknown).
Then the regression model (1) can be written as
(5) Yi; = a+ Gizi; + &5, i=1,...,n; i=1,...,k.

Jonckheere (1954) has proposed a distribution-free rank test for testing homogeneity of
location parameters against ordered alternatives. The test statistic is a sum of pairwise
Mann-Whitney statistics. We now want to construct a Jonckheere type statistic, for testing
Ho in (2) against H, in (3), applied on the residuals.

Let B be a consistent estimator of the common slope 8 under Hy such as the Hodges-
Lehmann type estimators. For example, we may use the median or the weighed median of
the set of slope estimators

(6) {(}/it"'y;'a)/(zit“z'i.s)llssstsni; z::l,,k}
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Let Z;;(B) denote the residuals defined by

(7) Z,-,-(@:(Y},--,Bz,-j)sign(z,-j), j:l,...,n,-; i=1,...,k,

where sign(z) = 1 or —1 according as ¢ > O or < 0. For u < v, we define the Mann-Whitney
type statistic Uy, based on the residuals from the uth and vth lines as follows:

Ny Ny
®) Uu(B) =3 Y $(Zui(B) ~ Zus(B)),
s=1t=1
where ¢ is the indicator function defined by
1, t>0
i) = -
Q) { 0, t<90

The proposed test statistic is then defined by

: k
(9) J(ﬁ) = Z qu(ﬁ)
u<v

Under the ordered alternatives H in (3) the values of J(§) is expected to be large. We
thus reject Hy in favor of H; for large values of J (ﬁ)

If 3 is replaced by the true common slope 4, in (8) and (9), then the distribution of Uy, ()
is the same as that of the Mann-Whitney statistic and the distribution of J(8) is the same
as that of Jonckheere statistic, which has a distribution-free property. But, because of the
dependence among the residuals, the test statistic J(f) is not distribution-free.

Assuming the regression model (5), the proposed statistic J(3) in (9) is the sum of

Ny Ny

(10) qu(ﬁ) = ZZ'ﬁ(th(B) - Zua(ié))’

. os=lt=1

which is the Mann-Whitney statistic applied to the residuals from the uth and vth regression
lines. While, if 3 is replaced by 8 in (10), the statistic becomes

Ny Ny

(11) Uuu(ﬂ) = Z Z"/)(th(ﬂ) - Zua(ﬂ));

s=1t=1

which is the Mann-Whitney statistic applied to independent observations.
We now want to prove the asymptotic equivalence of Uy, () and Uuy(B) for each (u,v)
to show that J(B) and J(B) have the same limiting distributions. We assume that

1 n‘— . N y —
(12) A}Enoo-ﬁ_&, 0< <l i=1,...,k

with

k
N:Zn,-

=1
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The U statistics corresponding to Uuy(8)) and Uyu(8) are respectively given by

(13) Us(B) = ——Uu(§)
and
(14) Uz, (8) = ——Usu(B),

which are two-sample U statistics. The following theorem gives some conditions under which
the two-sample U statistics U}, () and U, (8) are asymptotically equivalent.

Theorem 1. Assume that the densily f of the error terms and the disign points z;
salisfy the following condilions:
D1 : f is bounded by My and symmetric about zero.
D2 : There exists an M3 > 0 such that for each (u,v)

max [zot| — |Zuzl| < Ma.

D3 : Let [X|; = nilz;.lllz,-jl, i =1,...,k. The, for each (u,v), |X|, — |
N — o0,
Then, under Hy,

Vi [UL(8) - Uz,(8)] 0.
Proof: Let
hs,t(Xus i Xut ) 7) = d'(zvt(7) - Zu,(’Y))

For convenience we omit the subscripts u and v, if necessary. Then &, () is the correspond-
ing kernel of degree (1,1), and we have

.Us‘t('Y) =Eg [hs.t(Xus i Xots 7)]

Eg [¢{(5vt + BXot — 7th,) Sign(th)
~ (Xus + BXus — ¥ Xus) sign(Xus)}]
Eﬁ[¢{thus — (v = B Xuel = 1 Xus D}

Il

(15)

1

where Wy, is defined by
Wotus = €ur 818N(Xy1) — €45 sign{ Xys).
Note that, since sﬁ-]-s are symmetric about zero, Wy, is identically distributed for every

(s,t). Let G and g be the cdf and density of Wysys, respectively. The, g, (y) in (15)
becomes

Bet(7) = Pa{W > (v — B)(1Xue| — [ Xus])}
=1-G((v = A1 Xut] = [Xusl))




50 E. S. Jee

Thus, according to D1 and D3,

(16) = —H(O)(,Xﬂ' - ,Xus ')

y=8

exists for all (s,t), and is achieved uniformly in (s,t). Then, from (16) we have

N Ny

= nunvZZ

s=1 t=1

op(y)
gt

=8 y=8

ny, n,

nun,, Z Z (0)('thl - IXusI)]

s=11i=1

= "-g(O)(lXIv - |X|u)

—s 0

as N — oo by the condition D3. Thus, we have

VN(UZ,(B) = Uz (B)) £ 0,

which completes the proof.

From Theorem 1 we have the following theorem which indicates the asymptotic equiva-
lence of J(B) and J(B).

Theorem 2. Assume that the conditions D1 ~ D3 are satisfied for every (u,v). Assume
also that the sample sizes satisfy the condition (12). Then, under Hy,
N5 - I(B)] 50,

where B is a vV N-consistent estimator of 3.

Since the null distribution of J(3) is the same as that of the Jonckheere statistic, we have
the following corollary.

Corollary 3. Under the conditions in Theorem 2, the limiting distribution of

[J(B) — Eo(J(B))]/[varo(J (B))]"/

is standard normal when Hy is true, where

roi o) = v - 3]

i=1
and

Varg(J(8)) = [N2(2N +3) - Z 2(2n; + 3)}

i=1
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To compare the proposed test with the other tests a small sample Monte Carlo study
is performed. We compare the efficiencies of our proposed test statistic J with Adichie’s

parametric statistics Y;‘:, EZ, Sy, nonparametric statistics Y?(é). S(#), and Rao-Gore non-
parametric statistic G. The proposed rank test based on J has higher empirical powers than
any other statistics.

The simulation results show that nonparametric test statistics ,\_‘i, S(0) and G have lower
empirical powers for light-tailed and moderately heavy-tailed distributions.

The Rao-Gore test based on G, which is a type of Jonckheere statistic. is much worse
than the proposed test based on J in its power for all distributions. There might be some
information loss to make the Rao-Gore test distribution-free.

The procedure for testing the parallelism of k regression lines without the assumption of
equal intercepts is an interesting subject for a further study.
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