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1. Introduction

In life testing, distributions of the exponential type are often proposed for the appropri-
ate models of the underlying mechanism. During the past years, there have been significant
developments in statistical inferences about the location and scale parameters of the ex-
ponential distributions. Sukhatme (1936) initially discussed the likilihood ratio(LR) test
for equality of parameters of several exponential distributions based on complete samples.
Epstein and Tsao(1953) proposed the LR test for the location and the scale parameters of
two exponential distributions based on type II censored samples. For testing the equality of
both parameters, an iterative procedure is used by Hogg and Tanis(1963). This procedure
is an iteration or repetition of the test proposed by Epstein and Tsao(1953). Snigh(1983)
developed the LR test for the equality of location parameters of several exponential distri-
butions based on type II censored samples. The main advantages of the LR test lies in its
relative simplicity and convenience.

In this paper, we consider the problem of the LR test for the equality of scale parameters of
several exponential distributions which have the same location parameters but are suspected
of having different scale parameters.

Let the i-th exponential probability density function be given by

o {200
~—~exp{ — , Ti2a, o0;>0, —w<a<oo,
o5 g;

(1) flz) = i=192.  k+1

0, otherwise

where ¢y is the scale parameter and a the common location parameter. In life testing,
the location parameter a is sometimes thought of as the guarantee period within which
no failures can occur while the scale parameter o; is the mean life beyond that guarantee
period.

A test for the equality of scale parameters of k + 1 (> 2) exponential distribution consists
of testing the null hypothesis

(1.2) Hy:01=09=---=0p4; =0, alis unspecified
versus the alternative hypothesis

(1.3) Hj : at least two ¢’s are unequal.

For this test, some distributional results are discussed in section 2. In section 3, the LR test
for testing H, versus H; based on type II censored samples is considered and the distribution
of the LR test statistic is derived. Section 4 describes concluding remarks.
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2. Preliminaries

Some distributional properties of a random sample drawn from a exponential type distri-
bution are discussed in the following lemmas.

Lemma 2.1. Let X;1,Xi2,...,Xin, be an order statistic of size n; in the i-th population
from (1.1) and let X1, X;a,..., Xir, be the v;th smallest order statistic. Define

(2.1)
2 [ .
Vi= ;:{2;()(;'1 - X))+ (ni —ri)(Xip, — Xil)}, i=1,2,...,k+1,
J:
and
(2.2)

o 2n; .
VVJ- = —&-n.J—(le—-Xu), le > X1, ]=2,3,...,k+1.
J

Then, V;’s are independently chi-square distributed with degrees of freedom (2r; — 2) and
W;’s are also independently chi-square distributed with degrees of freedom 2. Furthermore,
Vi’s and W;’s are independent.

Proof: See Epstein and Tsao (1953).

Lemma 2.2. Let X, Xo,..., X411 be mutually independent random variables, each hav-
ing a chi-square distribution with degrees of freedom: vy, va, ..., vp41, vespectively. Define
A X; .
(2.3) Y, = ———, 1=1,2,...,k+ 1.
' Zgll Xi ’

The, the joint distribution of (Y1,Ys,...,Y:) follows a Dirichelet distribution with parame-
lers %, %2 Lt

oy

Proof: See Johnson and Kotz (1976).

Lemma 2.3. If the joint distribution of (Y1,Ya,...,Y:) is a Dirichlet with parameters
di,dz,...,dgg1, where Yigy =1 —-Y, — - =Yy, and s1,82,...,85k41 are posilive integers,
then the probability density function ofnf:f Y’ is given in terms of an H-function as

1

24) LQud) preio [zl (Cd-Y Y«

P, 1,k+1
I1:2y T(di) (di = s1,81),(d2 — 82,82), - -, (dk41 — Sk41, Sk41)

i=1

where H-function is defined on Mathai(1971).
Proof: See Rogers and Young (1973).
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3. Likelihood Ratio Test

In life testing, experiments are discontinued as soon as a fixed number r; of items il
that is, in a random sample of size n; from the i-th population, we sometime observe only
the first r; order statistic. This random sample is called type I censored samples. Based ou
this type II censored samples, the LR test for testing Hy versus Hy is derived in lemma 3.1
and lemma 3.2

Lemma 3.1. Let Hip, = {Xi1 < Xj9 < -+ < Xin,, 1=1,2,...,k+ 1} be an ordercd
random sample from (1.1) and let H;,, be the set of r; smallest observation of Hip,. Suppose
that these samples are ordered such as X;; > X1y, j=2,3,...,k+ 1. Then, for testing Hy
based on type II censored sample IH;. , the LR lest is that we reject Hy in favor of Hy if

k+1
(3.1) A=K ]Y" <X

i=1

where Ag 1s some fized constant salisfying 0 € Ao < 1, and

S.
(3.2 Yi= ———, i=12...,k+1,
) Efill Si
(33) S,' :Z(X;j—X11)+(n;—7*;)(,¥;,. —Xn), i=1,2,...,k+1,
j=1
k+1 r
R 3
(3.4) K = 1;[1 (7) ,
and
k41
(35) R = ri.
i=1

Proof: The likelihood function, based on type II censored samples, is given by

Lloy,02,.. . 0k11,0 | X110, Xia, oo, Xipys oo Xignh -+, Xigiry,)
k41

(3.6) = H pp— )‘ T eXP -?.1_—‘. {2()\’;,’ —a)+ (n; — W Xir, — a)}
j=1

In the parameter space Q = {(01,02,...,0k41,a); ~c0 < a < 00,0y > 0,i=1,2,.... k+1},
the maximum likelihood(ML) estimator of a and o; are obtained as follows.

(3.7) a= X1

and

(3.8) 5 =

3
l

, t=1,2,...,k+1.
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Similarly, the ML estimator of a and o in the parameter space w = {(01,03,...,0k41,@); —00
<2< 00,0, =0y = =0y =0 >0} are
a=Xn
and
ok
(3.9) i=% ; S;.

Therefore, the likelihood ratio, denoted by A, is given by A = K 374! Y/ and hence the
proof is complete.

This LR test is equivalent to test that reject Hg in favor of H; if Hk“ YY" < c where cis
a constant. It remains to determine ¢ so that the critical region has the desued size of test.
The distribution of the LR test statistic is needed to find the exact value of c.

Lemma 3.2. Suppose that all the conditions in lemma 3.1 hold. Then, the propbability
density funciton of the likelihood ratio test statistic Hf:ll Y]} is given in terms of an H-
function as

MR- 1) g [, (<1A)

(3'10) A= r(ry - 1)F(7'2)...P(Tk+1)H1’k+l (1)r1)»(01r2)a'"’(O’rk“"l)

where H-function is defined on Mathai(1971).
Proof: Define

(3.11) T =) (Xij = Xa)+ (% —ri)(Xer, — X)), i=1,2,..,k+1
j=1

Then, by lemma 2.1, T s are independently chi-square distributed with degrees of freedom
2(r; - 1). Furthermore from the definition of W; in (2.2), S; in (3.3), and T; in (3.11), S;’s
can be expressed by

S =
and

(3.12) s,-=73.+i'ziwj, i=23,... k+1.

Therefore, by lemma 2.1, ——Sl and = _J 7i=2,3,...,k+1, are independently chi-square

distributed with degrees of freedom "(r — 1) and 2r., respectively. Provided ¢y = 02 =
= Ok41 = 0, the sum of 35,. = Zf:ll Si, is then chi-square distributed with degree of

freedom 2(R ~ 1) and hence, by lemma 2.2, the joint distribution of (V},Ya,...,Y;) is to

have a Dirichlet distribution with parameters ry ~ 1, r5,..., 7, 7k 41. The proof immediately

follows from lemma, 2.3.
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4. Concluding Remarks

This paper gives the LR test for the equality of scale parameters of several exponential

distributions based on type II censored samples and shows that the LR test is to reject Hp

in favor of H; at o level of significance if Hf:ll Y < ¢, where a constant c is determined

so that A > A,, where A, is the upper 100 percentile of A function. This LR test reduces
to that of Epstein and Tsao(1953) if we compare two scale parameters o1 and 3. Since
the iterative procedure of Hogg and Tanis(1963) involves the sequence of nested alternative
hypothesis, it is very tedious and inconvinient. Unlikely the interated procedure, the LR
test is straightforward and sometime optimal because of the desirable features of the LR
test.
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