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ZARANTONELLO TYPE INEQUALITIES
FOR LIPSCHITZIAN MAPPINGS
IN BANACH SPACES

Jae Ug Jeong and *Jong Yeoul Park

1. Introduction,

Throughout this paper X denotes a uniformly convex Banach space
and C is a bounded closed convex nonempty subset of X. A mappiag
T:C—>X is called a lipschitzian mapping if there exists a positive
number k such that

I Tx—Tyll <kllx—y 1l for every xyeC,
and especially nonexpansive in the case of k=1.

Zarantonello’ s inequality [1] is valid in Hibert spaces as fallows : Let
H be a real Hilbert space and C be a bounded closed nonempty
convex subset of H. If T is a contractive self-mapping of C, then

for all z&C and A20, i=12...n with SA=1

=1

u:r(gm.)~ g"}x.mﬂzs T aa(les—x 2= Ta—Ta 1®)

151550

Miyazakif2] provided an analogue of Zarantonello’s inequality in
uniformly convex Banach spaces with nonexpansive mapping.

The purpose of this paper is to provide an analogue of Zaranotonello’s
inequality in uniformly convex Banach spaces with lipschitzian mapping.
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First we introduce the definition of lipschitzian mappings of strong
type(y) and give a condition of lipschitzian mapping of strong type(y)
and second we prove an analogue of Zarantonello's inequality in
Banach spaces with lipschitzian mappings.

2. Lipschitzian mappings of strong type(y)

We denote by I the set of strictly increasing convex, hence continuous
functions y:R*—>R" with y(0)=0. In [2], a2 mapping T:C—X is
said to be strong type(y) if ysT' and for all xy in C and any ¢
0<c<1,

¥l cTx+(1~¢)Ty—Tex+(I—ci) )
Led—e)lx—pht — I x—Ty ).

Obviously, every mappings of strong type(y) is both a mapping of
type(y) and a contraction. But, not every contraction is of strong

type(y).

Definition. Let X be a Banach space, C be a bounded closed
convex subset of X. A mapping 7 :C—>X is said to be lipschitzian
strong type(y} with lipschitzian constant k if yeI' and for all xy
in C and any A, 0SAZI],

‘r(% Il ATx+ (1= NTy—Tox+(I—A)y) 1)

<A1=2 Nz~ | —%{-II Te—Ty 1)
@

Theorem 2.1. If X is a uniformly convex Banach space and C
be a bounded closed convex subset of X, then there exists a yel’
such that every lipschitzian mapping T : C—X is of lipschitzian strong
type(y) with lipschitzian constant k.
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Proof. Let & be the modulus of uniform convexity of X:
sy=inmfli— LY oy <o ol <z Bu—oli 2

Then & : (0210011 is continuous, increasing, 8(0)=0, and 5()>0
for >0, while

2 minA 18l u—o LI | A— (1Mo i 2)
whenever 0<A<1 and Null <1, Yol <1
Now we put

am= [L[ 56 as for 0<i<2
(2)+&2)(t—2) for >2,

and
a)=Lf a) as,

then it is shown that dy(Bel, dof)el, and df)<d(H)<8(t) for
05t<2 and df#) is two times differentiable and
reasing for {>0. From (2) we have

7 is inc-

2MI=N) d lu—v 1L<I— Au+(1-Wy I 3

whenever 0<A<I and luill <1, llvll £1. Since it is sufficient to
prove (1) for O<i<I and zsy, taking u={Ty—TOx+{I— )/ {Ak
Bx—=yll}, o={TOu+@-p)—Te)/ {(1—Wkllx—y 1}, we have from
(3)

| AT%+ ~{1-A)Ty-TQxA-(I-2v)i
NI df M-k Tay T )
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<i— | Tx-Ty FI'
klixyll

Hence t M d te the diameter of C and noting that A(I-A) kil x-

vy <— and t2 is increasing, we get

%{dz(fﬁ I AT+ (1-)Ty—TOx+(1-M)p) 1)
MLy I T T Ty 1),
Thus, defining v()= Feigt), we get (1). This completes the proof.
3. Zarantonello type inequalities for lipschitzian mappings

We state here an analogue of Zarantonello’'s inequality proved by
Bruck.

Lemma(Bruck[4]). Let X be a uniformly convex Banach space,
C be a bounded closed convex subset of X. If T C—X is a contraction,
then for all xeC, A20, i=12...,n with Z‘EL 1 there exists a st-
rictly increasing convex, contmuous function y : R*—>R* which is depen-
dent of n and y0)=0, such that

y( i T(EI Ax)— ,-2=:, ATl )515,‘_?,%’,‘, (Hx—21 -l To—Tx, |I).

Following Brucks way, we now show a variant of this lemma for
mappings which are not necessarily nonexpansive.

Theorem 3.1. Let X be a uniformly convex Banach space, C
be a bounded closed nonempty convex subset of X I T:C—X
is a lipschitzian mapping with lipschitzian constant k, then there
exists a y el dependent on n>2 such that for all xeC and A20
, i=12,...,n with E A=1,

Y I TCE M= AT DS max (s |~ T T ) 9)
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Proof. We shall prove the assertion by induction. We begin by
setting v,=vy. Supposing that the assertion is true for any k elements

im C and with some yel, k<n, we shall prove (4) by induction
on n. We put

= (1At + At
w=(1-AJTx+ A Tx,,

and mzfﬂ for j=12,...,#-1. Then ugC, n=>0 for j=12...,n-1,

-1

b

=1

-1
=1, EII: A= Mk, and E: Ay = nZ_ZI u,. We lay out the com-
< e =

pnmations as. follews -

TNTCE = EATnl =20 TCE o)~ s

=1
<IN TCE g~ 2 uTw |
=% T( J.E'lusul) ,=;“’ U,

n-l
EE Tl )

-1

] a-1
?,,_,(Ell T ])=:I )~ Tl )Slsjrg&sn‘l I 220

=1

—31;11 Tu-Tue ). ®)

bt | =20 Tt T < W o= |~ o+

T |+ Tog I @
1 ) 1
Y2(¥ﬁ Turr 1)< e "gﬂ T T |l ®)

lutpan | =8 o < W | =l T T ©)
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Put * t=max | e | —5 |l To- T Il 3 1<i<k<n).
Then by (8)

“11;“ Tu,—u S'y:(t),
which combined with (9) and used in (7) yields

et )| 5 ) T Toa ) S W | = o )+
i~ Ty ||+ 1 T |
<a—mll ~E1 T Te )+, @)
+y, ()
St+2y, 1), (10)
When used in (6) this yields
1 n-1 n-1 -1 -1
?H T(ng W’)—;Ez wlu, | <y_(t+2y ). ay
Finally, when (11) is used with (5) we get
HITE an— & AT N SHITE w2 wTi
=1 =1 =1 =1
1 vl
+f1§1 u il Tz |l
= e
<y (20, ©.

We define v, )=y, (t+2 v, )+, (). Hence

1 n n 1
Y..(fll 7 E}Lx, )— z ATzl <  max ( H e, X | Txi— Tx ).



ZARANTONELLO TYPE INEQUALITIES FOR
LIPSCHITZIAN MAPPINGS IN BANACH SPACES 205

We give another proof of the following corollary which was proved
by Hirano [3].

Corollary 3.1. Let C be a bounded closed convex subset of X

and T:C>C be a nonexpansive mapping. Let xeC, feF(T). and 0

<a<B<l. Then for each &£>0, there exists N>0 such that for all
n=N,

| T AT+ (-~ T+ (1P 1| <s
for all 2>0 and A a<A<B.

Proof Since T*:(C—>C is a nonexpansive mapping, by Theorem
3.1, there exists yel' such that

ATy +(1-)T 2~ Ty +(1-M)2) |l
Syilly—z = TY9—-T%1)

for y2eC, 0<A<1. Therefore taking y=T"x and 2=f, we have

| AT *T >+ (1-2)f— T*QAT %+ (1-3)P |
Sy Tre—F1 - i Tore—£1).

Since the sequence {lj T°¢—f1 L is decreasing, lim i Tox—£Hi
exists and for any £>0 there exists a positive integers N such that
for any integer n=N,

T 72—l — I T"%—fl <e.
It follows

AT =P+ -~ THAT "+ (-0 | <y'(e).

This completes the proof.
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Theorem 3.2. Let X be a Banach space, C be a bounded closed
nonempty convex subset of X. If T:C—>X is of lipschitzian strong
type (y) with lipschitzian constant k for some ysI, then there exists
a yel' dependent on n22 such that for all xeC and A20, i=1
2, ...n, with ‘g‘k=1,

Yl T(EAm)— EATe 1)

<z a(ln—zl —%ﬂ To—Tx ) (12)

T 15,5,

Proof. We shall prove the assertion by induction. The assumption
of T being of lipschitzian strong type (y) shows that (12) is true
for #—2. We now here note that the y in Theorem 2.1 amd the
Y. constructed later inductively starting with y are two times differentia-
ble. Thus we may assume for convience of caculation that any function
of I' is two times differentiable. Supposing that the assertion is true
for any k elements in Cand with some vzl k<n, we shall prove

(12) by induction on n. Since there exists at least one L<é we
may assume 05&5%. We define u,=(I-At,FAczn 4= (1-0) T, +AT1a
and pB=i/1-A for j=12...,m-1. Then ueC, n=0 for j=12,...,
n-1 n 0 n n-i
n-I, Zp=1 and Q}uxF)jp,u,, Z ATx%= X pu,. Now we have
1=1 =1 =1 =7 =1
127 rm)— EATe) = IR - % wd
k =1 b =1 ' k ;=1’1‘u’ J=1M
<HETCE ) — B uTu) b+ 310 1 T —atl
< l—iﬂ‘(jglp,u.) !,E.Iu, @) i Zps i Tw—y

=]+1I,

1 n-1 n-1 ot
where [=IS(TYEpu)— X pTw)ll and O=2 owll Tu—ull .
K= =1 =1k



ZARANTONELLO TYPE INEQUALITIES FOR
LIPSCHITZIAN MAPPINGS IN BANACH SPACES 27

Puttint t= I A il 22 1} "%ll Tx-Tx, 1l ), and using the properties

15;%9

of y and v.,, we get
YIS E el Tu—1a 1)

n-i
<STHIn(I5=al ~Ly 71
j=

<t

r

hence II<y (1), the inverse function of y. On the other hand, by
the assumption of induction we obtain

v, O Z _lp.p,(ifu:—u,u kl' Toe—Tu, 1} )

12.5,<y

<z w2, =2, 1l —%Il W —ull} +%l| wi—Tu %ii w—Tull )

15:2;<p~1

<G Uamgl = Te-To 2

15:1€,8a—1

<attzy',
hence ISy, (2t+2y'(5). Thus
TS - EATn 1 <y, @rrzy ) +ro.

We define v ()= (2+2y'(H)+y'(t) inductively for 723 with v,

=v. Then as easily checked from the propemes of functions y.el,

k<n, we have v el Hence ‘y(kllT( ZM)-ZA.TJ:. 1)<t. This comp-
letes the proof.

Corollary 3.2. Let X be a uniformly convex Banach space, C
be a bounded closed nonempty convex subset of X. If T:!C—X
is a hpschitzian mapping with lipschitzian constant k, then for all
2eC, A=0, =12 ...,n with Zj})f’—l there exists a )LneI‘ such
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that

VN TE A EATLINS 5 | Mdlizal = TeTs ).
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