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1. Introduction.

Throughout this paper X denotes a uniformly convex Banach space 
and C is_ a-bounded closed convex nonempty k曲电 of X. A 屛a即i能 

T : CtX is called a lips산litzian mapping if there exists a positive 
number k such that

II Tx^Ty II <k II x—y II for every xjeC,

and especially nonexpansive in the case of k=L

Zarantonello*  s inequality [1] is valid in Hibert spaces as fallows : Let 
H be a real Hilbert space and C be a bounded closed nonempty 
convex subset of H. If T is a contractive selt-mapping of C, then 
for 지 1 xzC and 入2Q i=l,2, … n with

i=i

IS T（£杼）一E入』為 I! 2< S 入源 IIx~x} II2— II Tx^Txt II2） t=l iww

Miyazaki[2] provided an analogue of Zarantonello, s inequality in 
uniformly convex Banach spaces with nonexpansive mapping.

The purpose of this paper is to provide an analogue of Zaranotonello, s 
inequality in uniformly convex Banach spaces with lipschitzian mapping.
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First we introduce the definition of lipschitzian mappings of strong 
type(y) and give a condition of lipschitzian mappin흥 of strong type(y) 
and second we prove an analogue of Zarantonello, s inequality in 
Banach spaces with lipschitzian mappings.

2. Lipschitzian mappings of strong type(y)

We denote by r the set of strictly increasing convex, hence continuous 
functions y : with y(0)—0. In [21, a mappin흥 T : C~승X is
said to be strong type(y) if yeT and for all in C and any c, 
0<c<lt

Y( II cTx~^(l—c)Ty—T(cx+(l—c)y) II) 
^c(l—cX^x—y II — II Tx~ly II).

Obviously, every mappings of strong type(y) is both a mapping of 
type(Y) and a contraction. But, not every contraction is of strong 
type(Y).

Definition. Let X be a Banach space, C be a bounded closed 
convex subset of X. A mapping T: CfX is said to be lipschitzian 
strong type(y) with lipschitzian constant k if yeT and for all x,y 
in C and any X，

丫白I m+(l-A.)7>-TOx+(7-X.)y) II)

K人(1一人)세：r—yll 一』Tx~Ty II )

Theorem 2.1. If X is a uniformly convex Banach space and C 
be a bounded closed convex subset of X, then there exists a yd? 
such that every lipschitzian mapping T - CfX is of lipschitzian strong 
type(y) with lipschitzian constant k.
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Proof. Let 8 be the modulus of uniform convexity of X:

的=Z•硏" H므专꽤 llwli <1, ||P II <1, >o.

Then 8 : [(22卜수 [0,1] is continuous, increasing, &(0)~0t and 的〉0 
for t>0, while

2 min(^l —X)8( II u—v II )<1~ II 利一(7—入肋 II (2)

whenever O<X<1 and II u !l <1,

Now we put

di(t)="猊陥 ds

■ d!(2)^&(2)(t~2)

and

di(s) ds,

then it is shown that di(t)eTt
0^t<2 and d«t) is two times

lid! <1

for 0<t<2

for t>2,

d/t)或,and d^t)<d^t)<b(t) for 
differentiable and』펴？ is inc

reasing for From (2) we have

2X(7—X) &( II 物一시I )KI—II 入化+(7—入加 II (3)

whenever 0<k<l and I! u II <lf II v II <L Since it is sufficient to
Ptove (1) for 0<X<l and x^y, taking 北=t&一:g+“ 一為四}

Hx~J II L ^={7YAx+(7 II x—y 11}, we have from
⑶

2"入）必（
II 尤&+（LA）Ty-T（入써寸-人力새
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IlTx-TjII 
k II x-j II ,

Henc%羿 M 양悶te the diameter of C and noting that 頑可 k || x- 
y II —and —을 is increasing, we get

争瑞II kTx+(l-^Ty-TOx+(l-k)y) II)

MML犹 II 时 II-0| 7为-7抑).

Thus, defining «t)= 씋d«&t), we get (1). This completes the proof

3. Zarantonello type inequalities for lipschitzian mappings

We state here an analogue of Zarantonello*  s inequality proved by 
Bruck.

Lemma(BruckC4]). Let X be a uniformly convex Banach space, 
C be a bounded closed convex subset of X. If T • C~^X is a contraction, 
then for all x^C,入2Q i=lf2,...，算 with 象 K~1 there exists a st- 
rictly increasing convex, continuous function 丫 ： R+~^R+ which is depen
dent of n and y(Q)=Q such that

Y( II T(S 入*)一  S KTx. II )< max (II为一为\\ - II Tx—Tx^ II ). i=l i=l 1 in

Following Bruck^ way, we now show a variant of this lemma for 
mappings which are not necessarily nonexpansive.

Theorem 3,1. Let X be a uniformly convex Banach space, C 
be a bounded closed nonempty convex sub않et of X. If T ： C—X 
is a lipschitzian mapping with lipschitzian constant k, then there 
exists a yn£T dependent on n>2 such that for all x^C and K>0 
,i=lr2,. ..,n with E A»—7,

T(슬I 入佑)— 号 XTxt II )弓弍팡芝 ( II XrXj II —II TXi-Tkj II ) (4)
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Proof. We shall prove the assertion by induction. We begin by 
setting 丫2=匕 Supposing that the assertion is true for any k elements 
in C and with some ykd3 k<n, we shall prove (4) by induction 
on il We put

偽=（7■阳羽+人危

入Jand 两=亍元 for j=lr2r.,. Then ufiC, i^>0 for j=lt2f..

n-l n n-1 n n-1
슬、N=L m 사l= ¥ 邮，and 专入专 [•脚 We lay out 난le com- 

pHElfeHS. ^2S follows :

吾篁夺沪咨為H 7磚网）一矗相

스 II 7、（新叫） 一 案凹7初 II 

+f 与凹 II Tuj~u（II.

羸申 戏 W 邮）一얼] 以'跖!! ）弓廣衆-] II uruk li 

-jl TurTuk II）.

(5)

(6)

II II —pll TurTuk II J II u—uk II 一」TI u^ui II +*』ut 
K K K

-Tuk II +£』uj-Tuj II ・ (7)

侦£』7uru；ll )< II xrxn II -^11 TxrTxa II (8)

II urUk II —^11 Uj-uL II < II XpXk li 一知I TxrTxk !l (9) 
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Put: t=max{ II XrXk II —§11 7x,-7xk II ； l<i<k<n}.

Then by (8)

yll Tu-u；\\

which combined with (9) and used in (7) yields

II UfUk II II TurTut II < 11 urUk II —§11 絹-说 II +£ll 

Uk—7uk II +§|| UrTUj II 

《느 II Xj—Xk II 一§11 Tx^Txk II +丫； (t)

F捉)

"或(t). (10)

When used in (6) this yields

』T隼i陋)噹 两7、佑II 初. (ID

Finally, when (11) is used with (5) we get

-t-IITXS U.)- s KTx. II <T；II 7XS 尚阳)一吳 laTuj II 
)—1 K j=l j—1

+* •吾凹 H Turu{ II 

五物+死柄)■峠y；G).

We define Y：(，)=《#+2 Y；。)+£匕'°)・ Hence

T(苕？5)一 含 XTxx II < jmx (II xrXj II -*  II Txi — 7尤 ||).
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We give another proof of the following corollary which was proved 
by Hirano" t3L

Corollary 3.1. Let C be a bounded closed convex subset of X 
준nd T: C—*C  be a nonexpansive mapping. Let x&C, feF(T). and 0 
<a<P<I. Then for each e>0, there exists N〉0 such that for all 
n>Nj

11 7依7以+(1-入於-"이I <£

for all k>0 and X : a<X<p.

Proof. Since 7*  : (AC is a nonexpansive mapping, by TheeEem 
3.1, there exists yeT such that

Il 人 啊 7미玄一?¥頌+0 洌 II
가세 丿一시i-ht談一丁七||)

for 0<k<l. Therefore taking j—and z=£ we have

II XT br nx+T k(XT nx+(LW II
<Y\ l!Tnx-/ll 一 II rn+kx-/ll).

Since the sequence {JJ Tnx^f\\ }D£N is decreasing, lim^ I! Tnx ~f II 
exists and for any s>0 there exists a positive integers N such that 
for any integer 就NN,

II 广m - II Tn+kx-/!l <e.

It follows

II 人明一7이，(人:广#|j <yX8).

This completes the proof.
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Theorem 3・2. Let X be a Banach space, C be a bounded dosed 
nonempty convex subset of X. If T CTK is of lipschitzian strong 
type (y) with lipschitzian constant k for some yer, then there exists 
a YneT dependent on n>2 such that for all xteC and 人20, i=L 

with 吳入4=1,

k t=i t~i
< £ AM II x-x, II -打 Tx-Tx, II) (12)

Proof. We shall prove the assertion by induction. The assumption 
of T being of lipschitzian strong type (y) shows that (12) is true 
for 鈴=2. We-iraw here note that the y in Th筋koi 2.1 and tite 
Yn constructed later inductively starting with y are two times differentia- 
비e. Thus we may assume for convience of caculation that any function 
of r is two times differentiable. Supposing that the assertion is true 
for any k elements in C and with some YkeT, k<«, we shall prove 

(12) by induction on n. Since there exists at least one - we 

may assume 0公We define 的=(7人* j+如上 祷 =(L入포)為 +入& 

and 尚=馬/1■兀 for j=L2,…,n-L Then u咨C,卩2。for j=l,2r..
n-l n n-1 n n-1

n-1, S u=I and £ 入，的=£ 丄啊，S XTxi= S aup Now we have j=i t—i j-i j=r
屿7、(以 U.)~ f A,7x.) II = I由7、(罢邮)一 S 咕)II

K I貞7螺邮,)一爵卩'跖) ii +훌枷 II Tu,-u；\\

=I+H,

..7 n-1 n-1 „ n-1 7
where 1= I卜艮(7］住户跖) 一 E^Tuj) II and 11= 夸 好j H 7初厂F새 ・ 
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Puttint t= E 11 XrXj 1] —pH TxrTXi II ), and using the properties 
of y and we get

n-l 1
Y(II)V S hyG-II Tu-U, II )J—i K

<SAX(II x-x„ II ~|ll Tx-Tx. II )
]=1 K

<t,

-1
hence II<y (t), the inverse function of y. On the other hand, by 
the assumption of induction we obtain

7a l ①M 哋이"证一II gl 2赫tWI )

W*  < - J•나认 !l 絹一跖 II 一甘1 出一琦II Ux—Tut II +^ll u^—Tuj II)

- J島쓴总 (11 X'F II '늡" Tx-Txt II )+2U.

<2t+2yl(t),

hence Ky：】 (2£+2丫세(幼). Thus

I1t(T( f U,)- S HZ对 H <y\ &+2/(t))+Yx(t).
A t=l n-l

We define 丫'©=丫'(力+2广(切+丫华)inductively for 鈴23 with y

=y. Then as easily checked from the properties of functions ykET, 
k<n, we have y eR Hence y (r-II T( S 扃).S 為•為 il This compel n K t=l i~l 1
letes the proof.

Corollary 3.2. Let X be a uniformly convex Banach space, C 
be a bounded closed nonempty convex subset of X. If T - CtX 
is a lipschitzian mapping with n lipschitzian constant k, then for all 
x^C,入2Q i—1,2, ...,n with S there exists a X eT such i=l n
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that

匕金 II 丁(，汐it)：暮q %셔11 늬 17知為 II).
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