
Pusan Kyongnam Mathematical Journal 
VoL5, No2 pp.135—150 1989 135

CERTAIN CLASSES OF UNIVALENT 
FUNCTIONS WITH NEGATIVE 

COEFFICIENTS

Sang Keun Lee

In this paper, we define new classes S*(a,P ，y^ and C*fctfty)  of 

Tt the class of analytic and univalent functions with negative coefficients. 

We have sharp results concerning coefficients, distortion of functions 

belonging to the욥© classy wk坦g w主百 a w评e变nE코hi 血:
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Education
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the function in S*(a,p,y)  and C*(a# ，Y)*  Furthermore, we improve the 

results of Libera for the class of starlike functions having negative 

coefficients.

1. Introduction.

Let S denote the class of functions of the form

(1.1) 例=z+ S finZ11
n=2

which analytic and univalent in the unit disk U—{z : I z I <1}. A 

function f(z) in the class S is said to be starlike of order 6(0<8 

<1), denoted by f(z)GS(6)r if Re {苛仞么2)}><5 이 zl <1) and it is 

said to be convex of order 3, denoted by/GCfS), if Re {1+，次C游(아>8 

이 z I <1).

Let S(히折) denote the class of the functions defined by (1.1) 

that are analytic in the unit disk U and
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(12) 
为⑵/f(z)—1 |s

四/夜初+(7—시 卩 시 2 丨 V)

for some a(Q&r으), ^(0<^<l), y(Q<Y<I)-

We note that S(afify) is a subclass of S(0) and also a subclass of 

S

Furthennore, f(z)&C(a,P,y) if and only if 寸(z)CS(a,附.In particular, 

the classes S(1，P，O) and S(0,1>0) are studied Padamanabhan C9] and 

Singh [11, 12J, respectively.

Let T denote the class of functions which are analytic and univalent 

in U with the form

(1.3) f(z)=z- S I fln I

We denote that

S^(8)=S(8)uTf 甘(a，B，V)=S(aB分(、T and (冲蹄=如&洲工

In particular S* (邛，少 and C* (邛刀分 (P</3<1, 0分으/2) are stu

died by Gupta and Jain [2], Juneja and Mogra [4]. Also Silverman 

C10] determined the coefficient inequalities, distortion and covering 

theorems for 한｝e classes S*(QLS)=S*($)・

In this paper, the sharp results concemii电 coeffidents and distortion 

theorems for the classes S*(a# ，V)and C*(a ，&分 are determined.

Furthermore we improve the results of Libera for the class of 

starlike functions having negative coefficients. It is shown that the 

class is closed under **convex linear combination".

2. Coefficients theorems

Theorem 2.L The function f(z) defined by (1.3) is in the class 

S* (히折) if and only if
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(2.1) S {(n—1)+P((m+1 — y) I aa I <p(a+l — yX 
n—2

The result is sharp.

Proof. Let I z I =1. Then we have

I 寸(z)-f(z)I 一b I 时⑵노⑵ I

—I S (n~~l) I an ! zn ! —j3 I (a+1— 也 
n~2

一 S ((m+l~y) I 缶 丨 z피 
n—2

Ki Y 伍一1)+坏圳+1—丁사 丨 % I 2효T 一仪+1—刃 InI
n=2

K X {0—刃+次成+】一}사 1 ! 一8(a+l — z)
n-2

<0.

Hence, by the maximum modulus theorem, f is in the dass S*(a ，&겨衣

I S+l —沈一 £ (an+l~Y)I %」n미 
n=2

From (22), we have

f (n-l)\an\^

(23) Re{----- 七1_飞---------------<A

(a+I —yte— S (aw—I —/J \ an\ 2^ 
n—2

For the converse, assume that

(羽) 矶M(z)—1
t 7 3杉0+(1二刀

! S (n—l) I an I Z11 
n=2 c

=--------------------------------  얘，
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Choose values of z on the real axis so that rf(z)/f(z) is real. Upon 

clearing the denominator in (2.3) and letting z------>1 through real

values, we obtain

S (n~~l) I an I </3{(a+l — y)z~~ S 伽+1 —/)—an I }. 
”그2 n-2

This completes the proof of the theorem. 

Finally, the function

(2.4) f(z)=z一曲％>?
l-rp(l — y+2a)

is an extremal hinddon.

Corollary 2.2. If the function f(z) defined by (1.3) belongs to 

the class S*(a,p,y) t then

(2.5) (k=23・. - )•
a I <―如+D 

n ~(n-l)+^an+l~Y)

Corollary 2.3. [8, 10] If the function f(z) defined by (1.3) belongs

to the class S*(8) t then

(2.6) I an ) <---- - (n-2r3f...).
n~o

Proof. We note that

The following theorem 2.4 imediately follows by appealing to theorem 

2.1.

Theorem 2.4・ The function f(z) defined by (L3) is in 산}e class 

C총(耶⑦ if and only if

(2.7) S 서 丿+坏圳+】 —X)} I an I <j3fa+l —x).
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Corollary 2.5. If the function f(z) defined by (1.3) belongs to 

the class C*(a,^ fy)f then

(2.8)
I V 的广卜1一刃

n J 시:仞一1丿+$伽+1—刃］
(n=2,3,…).

3. Distortion Theorems

Theorem 3.1. If the function f(z) defined by (13) belon麥 to the 

class S\atp，Y)t then for \ z \ ~ r

(3.1) 그額브끕在顷이

弓器吉끕户•

and

(32) 誓器哉 心〃시

V 1+邵S+1—刃 
~ 1+P(2a+1-Y)T'

The equalities are attained for the functions

f(z)=z-
/3(a+l 刃

Proof. From (2.1), we note that

(3.3) 1+E I an I K£(a+1 —/).
n—2
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This gives us

(3-4) 客 E 離브為
Therefore

(3.5) \f(z)\<\z\ + S |fln| |zln
n=2

一 l + 00(z+f

and

I f(2)I > I z \ — S I an I I z I n 
n=2

>r__区으늬二2“ 

~ l+p(.a+l-Y)

Thus (3.1) follows. Furthermore, by Theorem (2.1) we have

(3.6)
co
S n II < 
n-2

2^a+l-y) 

1+P(^a+1~Y)

Hence

(3.7) \f(z)\ <1+ in\an\ \z\a

n=2

^1+r S n I an I
n—2

< 1+ 2fl(a+l-y)

~ 1 + P^a+l-y)

and



CERTAIN CLASSES OF UNIVALENT FUNCTIONS
• WITH NEGATIVE COEFFICIENTS 141

(3.8) \f(z) I >1-Zn\an\\z\n
n=2

> l~r n \ an\ 
n=2

-20(a+l—y)

一 l+^+l-Y).

Using same technique as in the proof of Theorem 3.1, we obtain

the followings from Theorem 22

Theorem 3.2. If the function f(z) defined by (1.3) is in the class 

then then for \ z \ ~r

(3.9) 仞

<,+ —으느二
_ 2(2a+l~r)

and

(3.10) 爵그心肋

"■爲근，

The equalities are ettained for the functions

(3.11) f(z)=z~2(2a+l~Y)^

From Theorem 3.1 and Theorem 32, we get the Corollary 33. 

and Corollary 3.4.
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Corollary 3.3. If the function f(z) is in the class S*(이幻久 then

the disk \ z \ <1 is mapped onto a domain that containes the disk

I w I <(7 + 이3)/{1+障a+1—丫)} under f. The result is sharp with

(3.12)
—垄02 T 

l+p(3-2a)

Corollary 3.4» Of the function f(z) is in the class C* (끼幻d, then 

the I z I <1 is mapped onto a domain that contains the disk I w I <(3 

a+1 — r)/2(2a^-l— y) under £ The result is sharp with the exremal 

function

(3.13)
f(z)=z一一a 打-J 

2(2a+l~y)

4. Extreme points for and C* (。弱V).

In view of Theorem 2.1, the class S^(a,p,y) and is closed

under convex linear combinations.

In [11, Brickman, MacGregor and Wilkin found the extrem points 

of a closed convex hull for convex, starlike, dose-to-convex, and typically 

real functions. Since then, the extreme points for many additional 

classes have been determined. We shall now determine the extreme 

points of S*(a,&Y).

Theorem 4.1, Let f(z)=z and

(4.1) Mz)=z-化_以器例+'■少事 化=23,...)

Then f(z) is in the dass S*(a,&V) 迁 and only if

(4・2) f(z)= E 囱
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co
where rn>0 and £ rn=J.

n=2
00

Proof. Suppose f(z)= S rn fJz)
n=2

Then

co

#느2
■대 (n~l)+fi(an + l — y)

旅+1-刃
(43)

00

，淡 (n~l)+p(an+l — y)

Thus

(n ~1)+P(

P(a +]_丫)

f(z) is in the class S*(a ，&Y).

Conversely, suppose f(z) is in the class S*(a ，6，V)、Since

心、 I 1 < 旳+1F
(4.4) aD\ W仞_乃+故皿+]_刃 (惟一2,3,…

we may set

(4.5)
仞一1丿+係圳+ f

p(a+l~y)
二 2,3,...丿

and

(4.6)

Thenj©=§ 新n(Z).

Corollary 4.2. The extreme points 

£念)仞=23 …人 defined in Theorem 4.1.

functionsof 乎(a* ，Y)are the
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Corollaxy 4.3. Let f^z)—z and

(“)詢=F岛沼5十伍=2,3,…丿

Then f(z) is in 난}e class C춯(aBY) if and only if

(4-7) f(z)= E vafn(z),
n-1 

00
where r^O and S rn=l 

n—l

The extreme points of C* (偽are the above functions f^z).

5. Integral Operators

In〔5], Libera consider an integral operator and Livingston [6丄 
Kumer and Shukla [7] investigate the integral operator. In [3], Bernardi 

consider the generalized integral operator, and investigate the interesting 

results. The following theorems are the results for the generalized 

integral operator.

In order to prove our theorems in this chaper, we have to recall 

here the following results due to Silverman [10], McCarty [8丄

Lemma 5.1. If a function f(z) defined by (1.3) belongs to the 

class S*(3),  if and oly if

(5.1) S {(n-8)/(l-8)}\an \ <1
打두 N

for some

Theorem 5.2. Let c be a real number such that c>—l. If a 

function f(z) defined by (1.3) belong to the class S*(a,0,y) r then 

the function defined by
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(5.2) F(z)=号\广用)出

also belong to S*(a, 險.

Proof. From the representation or F(z)f we have

(5.3) F(Z)=Z- S I &nl zn=z— f -多4 I %】I，己
n~2 n~2 C 十鈴

Hence

(5.4) S L(n~ 1)+1 — y)] I bn I 
n=2

8 7
= 启血一1丿 + 0伽+1 — ?사云商1 시 .

C S 血+ Z너기%伽+ 1 一 )사 I I 
n—2

<p(a+l~Y),

Since f(z)ES*(a,P,y).  By Theorem 1.1, F(z) belongs to the class S*(a,&y).

Corollary 5.3. Let c be a real number such that c>—L If a 

function f(z) defined by (1.3) belongs to the dass then

the function defined by (5.2) also belongs to C毒(a,附.

Theorem 5.4. If a function f(z) defined by (1.3) belongs to the 

class then the function F(z) defined by (52) belong to

the class S*(S) r where

C+ZH1+能a+l—Y사一 — 刃 y 了
1 C+ZH1+能 a+1 一切｝一的+刀(h+J_ 刃

Proof. From Theorem 2.1, we note that
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(5.6)

From

云 伯諾警브二끄나 m I <L.

n=2 P（a±l-Y）

Lemma 5.1, if F(z)^S*(S),  then

(5.7)
n=2 1 — 0

The above inequality (5.7) is true if

w-5| h I (n-l)+P(an+l-y)., 
(5.8) bn I < - ^a+1-y)------ > % I

for each (n—1, 2 …丿，which is equivalent to

（59）砂：」서~沏佃一刃+的韓十/一?사一簿探어
' _ （Z+以 丿히+z 사—创汁 1 丿 S+"y）

=&•

It i옹 easy to verify that 8n is an increasing function of n. Therefore 

6= inf &=必 From this fact, we obtain

z510)e_ (서-幻{1+以2。+1 — 7사-2你:+如+[-" 
* (c+2){l+fi(2a+1~~ jj}'- fi(c+l)(a+ l—y)

The following corollary is the result of Libera [5, Theorem 1] 

for the class of starlike funtions having negative coefficients.

Corollary 5.5. If a function f(z) defined by (1.3) belongs to the 

class S*(0)=S*  then the function F(z) defined by (52) belongs to 

the class S*(l/2).  The result is sharp. The converse need not be 

true.
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Theorem 5.6. If a function f(z) defined by (1.3) belons to the 

class then the function F(z) defined by (52) belongs to

the class S*(8) } where

)§=2化+2){1+/3(2。+1 —刃}-2/%：+£)怎+1

, 2(서~2){1+£伽+1—俨)}—係:+以0+]_丫)

Theorem 5.7, Let F(z)—z— i \ an\ zn. If F(z) is in the 
n—2

class then the ftmction f(z) defined by (5・2) belongs to

the class S*(8)  in I z I <r(5 ； a,p,y), where

1一 8 n 

n~8
”6； 이以沪二

* «>2

（仙一1丿+伐&筋— }

飾尸M-一y） J

The result is sharp.

Proof. Since F(z)~z— S \ an \ it follows from (6.1) that 
n-2

(5.12) f(z)^z~ S끄# me 

n~2 Z

In orther to establish the required result, it suffices to show 

that

(5.13) 紛-J <f

in I z I <r(8 ； c引%力.Now

(5.14)
苛'(z) 

f(z) 

^n(n+l) I I „
z— S- --o -■ \ an\ 2^

此드 2 ' ]

으耸+1 < < nz— S―5— I an I r1 

n=2 N
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^(n-l)(n+l) 
乙

n=2
1- Z-n+1

<

쯔/ T^n+1咅
1- *

n-2 2

<1-8

provided 

(5TI5)

But, for F(砂£ S*(a#,y),  Theorem 2.1 ensures that

(5.16)
n—2 P(a+l~y)

\ an \ <1

Hence, the inequality (515) holds if 

(5.17) 彳흐 으尹 I z I『】<
■£ O 厶

（孙+9+0伽+[_刃 
即z+1-乃

for each n=2, 3,..・，or if

即） ⑵서%刍企긃第 F
for each n=2, 3,…Hence, f(z)G S*(8)  in I I < r(8 ； Sharpness 

follows if we take the function F(z) given by
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£(0+1— 刃
(5.19) F(z)=z (n—l)-rp(an+1~y)器 n=2, 3,…

Corollary 5.8. Let F(z)=z— S \ an \ MF(z) is in the classC*(&  
n=2

then the function f(z) defined by (5.2) belongs to the class

S흐(6) in I z I <r(8» c비3,0, where

시* pl 丄) + 0(a算+] — 0七 E 

仪°+1-龙)

The result is sharp.

References

L L. Brickman, T. H. MacGregor and DR Wilken, Convex hulls of some classical 
families of univalent functions, Trns. Amer. Math. Soc., 156(1971), 91—107.

2. V. P. Gupta and P. K. Jam, Certain class of univalent function with negative 
coeffiaents, Bull. Austral Math. Soc. Vol. 14(1976). 409 ~ 416.

3. S. D. Bernardi, Convex and starlike univalent functions, Trans. Amer. Math 
Soc. 135(1969), 429-446 MR 38# 1243.

4. 0. P. Juneja and M. L. Mogra, On starlike functions of order a and type 

P，Notices Amer. Math. Soo, 22(1975), A~384 ； Abstrat No. 75T—B80.

5. R. J. Libera, Some classes of regular univalent functions, Proc. Amer. Math. 

Soc., 16(1965), 755 - 76&
6. A. E. Livingstone, On radius of univalence of certain analytic functions, Proc. 

Amer. Math. Soc. 17(1%6), 352- 257.
7. Vinod Kumar and S. L. Shukla, On a Libera intergral operator, Studia Univ. 

Babes-Bolyai, Mathematica, XXXI, 1(1986), 15—19.
8. C. P. MaCarty, Starlike functions, Proc. Amer. Math. Soc., 43(1974), 361—366.
9. K. S. Padmanabhan, On certain classes of starlike functions in the unit 

disc, J. Indian Math Soc. 32(1968), 89—103
10. H. Silverman, Univalent functions with negative coefficients, Proa Amer. Math 

Soc., VoL 51 No. 1(1975), 109-116.



150 Sang Keun Lee

11. R・ Sin曲，On a class of stariike functions, Composito Math., 19(1967), 103—110.
12. R. Singh, On a class of starlike functions J. Indian Math Soc. 32(1968), 

207-213.

Department of Mathematics

Gyeongsang National University

Chinju 660— 701, Korea


