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ON CERTAIN SUBCLASS OF STARLIKE
FUNCTIONS OF ORDER « -AND TYPE 3

M. K. Aouf

Abstract.

Let S"(a, B, p)denote the class of functions f(z)=a,z— Z anz" analytic
in the umt disc U={z {z|<I} and satisfying the condmon

#flz)
fz) <1
(4w L@ gy (A G

f(z) f(z)

for some a(0=a<1), BO0<B=<1), #(0<p<1) and for all ze U And
it is the purpose of this paper to show a necessary and sufficient condition
for the class S'y(@, 5. x), some results for the Hadamard products
of two functions f(z) and g(z) in the class S%(a, B, &), the distortion
theorem and the distortion theorems for the fractional calculus,

1. Intreduction

Let A denotc the class of functions f(z)—z—i-z anz" analyiic in
the unit disc U={z {z|<1}.

A function f(z)€ A 15 said to be starlike of order a(0<a<I) in the
unit disc U if

Re[ZLE) o, (L.1)
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for ze U, And the above condition(1.1) is equivalent to
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In 1978, Juneja and Mogra [2] gave the following definition,

Definition 1. Let a function f(z)=z+2 apz” be in the class A,
Then f( z) is said to be starlike of order « and type £ if the condition
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@
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is satisfied for some a(0<a<1), B(0<A<1) and all ze U The class
of starlike functions of order « and type 8 is denoted by S'(a, ).

The aim of the present paper is to introduce a subclass of
S*(a, B), which we denote it by S'(a, 5, ).

Definition 2. Let a function f(z)=z+:2 an?” be in the class A,
Then f(z) is in the class S*(a, 8, z) it the condition
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)

7 7 <1 (L.3)
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is satisfied for some a(0<a<1), B(0<A<I), {0<x=1) and for all
ze U,

Remark 'The special classes S* (o, 8, 1), S* (o, %, 1), S(o,

20—1
20

1) (6>%), s*(—i%,f—’;l’—,n (0<y=<1) and S*(I—a, %, I)
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were studied by Juneja and Mogra [2]. McCarty {3], Singh [11],
[12], Padmanabhan {8} and Eenigenburg [1], respectively.

Furthermore, let S'y(a, B, ©) (0<a<l, o<B<1, 0=54=1) denote
the class of functions

f(=az—3, a" (>0, anZ0) (14)

analytic in U and satisfying the condition (1.3) for some «, £, ¢ and
for all ze U We note that S%(«, 3, 1) is studied by Owa[7].

2. A necessary and sufficient condition for the class
S*O «@, ﬁ» #)'

Theerem 1. Let 0<a <1, 0<A< Ii# and 0=<x<<1 Then a fun-
ction f(z) defined by (1.4) is in the class S(a, 5, #) 1If and only if

g{[?f—(1+#)/5]n—(1+#)a/3}a,.5(1+;z)ﬁ(z—a‘)al.
Proof. Assume that
S[2— (1+mBln—(I+waBlan< (I+m)B(1—a)a,
and let| z|=1 Then we have
|2f" @)= 1) = | (14+mBGf (2)—af(z)) —f (2)+f(2)]
=3, (1=maw|~| (1w ~aje—[(1+w8—1] 3] nae"
—[1—(14+w)aB]3; ac2"

< ;(n—l)anlz

n_(1+#)/j(1——-a)a1'z!+[1—(1+/‘)ﬁ] ,g anlzln

+[ 1= (1+)aB] S

zl“
< [SA[2-G+mBIn—(1+maBlan— (1+mA(1—a)a]| 2|

<0
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Consequently, by the maximum modulus theorem, the function
fiz) belongs to the class S%(a, A, #),

Conversely, assume that

zf,(z) _1

f(z)

2z A @
Py 0 Oy

Z(I—n)anz"
(14+m)B(1—a)az—[1+p)B—1] XnanZ" [i— (1+#)d/3]20n2“

|
=
|

Since |Re(z)| <|z|for any z, we have

{ i( n—1)anz"
VU mB(I—a)az— 3 nt 1~ (1+m)n—(1+r)af and"

<1.{(2.1)

Choose values of z on the real axis so that zf'(2) is real, Upon clearing
the denominator in (2.1) and letting z—1 through reai values,

g(ﬂ“I)an_<..(1’1‘#)[3(1—“)(1‘—2(;3—}—1—(1+#)ﬁn_(1+#)aﬁ)an

This inequality gives the required condition,
Furthermore, the function

o (1+p)B(1—a)ay
N oy (It B~ (1+7)aB

15 an extremal function for the theorem.

3. The Hadamard products.
Let f«g(z) denote the Hadamard product of two functions

f(2)=a.2~ 30" (@,>0. an=0)
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and

g(z)=biz—3pn" (6,0, 8.20)
that is,

fog(2)=aby 2= 3 pabos”

1
1 ~+pu

Theorem 2. Let 0=<a,<], 0=<a,<1, 0<B < , 0<B,<

L and 0<u=<1. Let the functions
I +p
(=023 (>0, a=0)
g(z)=b,z—§,7>nz“ (5,>0, bp=0)
be in the classes S8"(a, B, ©) and S (a, B8, #), respectively, Then
the Hadamard product f+g(z} belongs to the class S'y(a, /3, #), where
a=Min(a,, a,) and B=Max(53, £,)

Proof. Since f(z) € 8'y(ay, B, x) and g(z) € S*{a,, B, w), by using
Theorem 1, we have

S{(2—(I+0A In— (I+mafYan< (14 m) B —a)a,

and

2= (14w n— (I+pablbas (140 1—a)b,
Hance,
and

2 o (ItmB(I—ab

ngb“— 2[2—(1HwB,1— (1+p)a,f3, <b
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Therefore, for a—=Mn(e, a;) and B=Max(5,. 5,),
g{[z—(1+;z)ﬂ]n-(1+p)aﬁ}anbn
< Max(b3{[2— (1+4)81n—(1-+)aB}an,
@ 3{(2— (1+98)n—(1-+)aB}ba}
S(I+pB(1—a)ab,

Consequently, the Hadamard product feg(z) is in the class S%(«, 5,
#) by Theorem 1.

Corollary 1. Let 0<a<l, 0<f<—t and 0<u<l

Itp
Let the functions

[=az=3p (>0, :m=0)
and

f@=ba—3p  (5>0, b,>0)

be in the same class S%(a, £, x). Then the Hadamard product
f+g(z) belongs to the class Sy(a, B, ).

4. Distortion theorem.

Theorem 3. Let the function f(z) defined by (1.4) be in the class
S*( a, B, p), where 0<a<1, 0<fA< and 0=<ux=<1 Then we

have

_ (+p)B(1—a)a, 2
|72 Zalz | 22— (1481 —(14)aB |21

I+mB(1—a)a,
@ =ale o= (a1 — (1t 11
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ol 2(1+-m)B(1—a)ay
@l 2[2—(1+#)/3]—(1+!‘)aﬁ|2!’

and

, 2(1+mB(1—a)a,
<
| @t 22— (14+mB)~ (1+wap 2],

for z€ U. The equalities hold for the function

Utmbi—ema,
22— (1+wBl—(1+mwaB =

fz)=az—

Proof Since f(z) € S'y(a, B, p), we have

= (14mBli—aa,
A0S G5 (4B (1 s

by usmng Theorem 1. Furthermore,

g_;- {2{2’“ (-z+ﬁ‘)ﬁ]—(]+ﬂ)a'ﬂ}an

SZ{Z[Z-(1+/1)ﬁ]—(1+#)aﬁ}an
=(1+)3(1—a)a,,

that is,

$pap < 2EmB(I—a,

= 2(2~(1+mB - (1+waB

Hence,
|12)] Za)2| —| 2| *Sm

(I+mB(1—-a)a,
22— U+pBl-(1+waB

|1(2)] <aul| +| 2| "Sn

>af - -

(4.1

(4.2)
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(I+m)B(1—a)a, |z] 2
2[2—(1+wR]—(1+4maB 1”1’

=a)|z|+

f' @] Za—|z| 3pan

_ 201481 —a)a, 14
V22— (I4wB]-(1Hu) aB

Za

and
' @] <ort]z| 3pan
2(1+m)B(1—a)g,
<
Set 2[2—(14mB)—(1+paB l z[
for ze U

Corollary 2. Under the hypotheses of Theorem 3, f(z) and f'(2)
are included in the dises with center at the origin and radii

[4—OU+pB—20+waBle ,  [4—3(+wmab]a
4=2(1+u)B—(1+)al 4—2(1+p)B—(1+p)a3’

respectively,

5. The distortion theorems for the fractional calculus.

There are many definitions of the fractional calculus, In 1978, Owa
[6] gave the following definitions for the fractional calculus,

Definition 3. The fractional integral of order k is defined by

I = f(§)d
k) Jg (z—=8)1-%"

D} f(z)=

where k>0, f(z) is an analytic function in a simply connected region
of the z-plane containing the origin and the multiplicity of (z—£&)k?
is removed by requiring log(z—&) to be real when (z—§)>0
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Definition 4. The fractional derivative of order k is defined by

1 d (= f&) &
T(1=k) dz Jo (z—6)%"

Dif(z)=

where 0<k<1, f(2) is an analytic function in a simply connected
region of the z-plane containing the origin and the multiplicity of
(z—£)™ is removed by requiring log(z—&) to be real when (z—£)>0.

Definition 5. Under the hypotheses of Definition 4, the fractional
derivattve of order (n+%) is defined by

DI (@)= Difia),

for 0<k<1 and ne NU{0}

For other definitions of the fractional calculus, see Nishamoto [4],
Osler [5], Ross [9] and Saigo [10].

Theorem 4. Let the function f(z) defined by (1.4) be in the class
Se*(@B.p), 0=a<l, O0<B=< and 0<px<!. Then we have

1
I+u

-k Lz a, _ 2(14+mwB(1—a) I
|03 fa)| = I(2+k) {1 (24—&){2{2-—(1+m/3’]—(1+#)aﬂ}’2’ J
and

fz]'k @,

[(2+k)

2014 p) (1 —a) Izl}

X
|DX )] < (2+R){2(2—(1+mB]—(1+p)al}

{1+

for 0<k<1 and z€ U. The result is sharp.

Proof. 1let

F(z)=I(2+k)* DX f(z)

L s Inty 2t k) n
SO T g ik
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=a,z~§A(n) an2",

where
_I(n+1) N(21k)
A(n)= [ 14 (n=2).
Since
2
O<An)<A(2 =m.

we have, with the help of Theorem 1,

}F(z)l za,!zi ~A(2)|2f gan

201 +)B(1—a)a, |2|
@+r){2[2— (1+0)B]— (1+m)aB}

2

Za|2) -
and

| F2| <a.|z| + 4212 Zan

2

A1+ 1 (1 — a

=alzl Rl (1 + W8] - G T el

| 2|

which prove the inequalities of Theorem 4. Further, equalities are
attained for the function

g 2 a 2(1+m)B(1—a)
P fO=T i U™ Griize—(+wAI—(11 a8 ° )

or

(Itpm)h({l—a)ae,
22— (148 — (1+p)af

f(z)=az—
Thus we complete the proof of Theorem 4.

Corollary 3.  Under the conditions of Theorem 4, D7 f(z) is included
in the disc with center at the origin and radius
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@ {2(2+k)[2—(1+,u)ﬁ]+2(1+#)/3~(I+#)aﬂ(4+k) }
r(2+k) (2+k){2[2— (1+mB]— (1+m)al} :

Theorem 5. Let the function f(z) defined by (1.4} be in the
class S%(a, B, 1), 0<a<l1, 0<B and 0<u<] Then we have

It-p
o o L2 (o 2(1+mf(1—a)
‘DZf(Z)]zrfzmk) i @2—r{2[2—-(1+1)B])— (1+w)aB} 11}
and
k [z]"™q, 2(1+m)B(1—a)
|21 = 7=y Ut i ate—atmm— armea) | 1)

for 0<f<] and z € U. The result 1s sharp.
Proof Let

G(z)=I(2—k)2* DEf(z)

[N ~ [n+DI2—Fk)
e .._Z F(nt1—k) anz”

=gz~ "‘;nB( n)anz",

where
_rn) 2=k, -
B ="Trt1=m =%
Noting
0< B(n)éB(2)=-§£7; :

with (4.2), we have

6(2)| Zai|2] —B(2)]2|* Shan

2(I+F)ﬁ(1_a)al 12{2

Zaz] C2—R{2[2— (1+mB)— (1+aB}
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and
G(2)| <a,J2] +B(2) |el* 3pan

2(14p)B(1—a)a, | zl 2
(2—R){2[2— (1F)B}— (1+r)af}

Saz|+

which give the inequalities of Theorem 5. Since equalities are attained
for the function f(z) defined by

ko 2 %a 2(1+ B —a)
Daf@)="prg—py 11 2—m){2[2— (1+mB]—(1+r)aB) g
that is, by
o (+mBU-aa,
o= G T mB—(1 1R

we complete the assertion of Theorem 5.

Coroliary 4. Under the hypotheses of Theorem 5, D¥f(2) is included
in the disc with center at the origin and radius

a {2<2—k)£2—(1+;x)ﬁ]+2(1+;:)ﬁ—(1+ma/3(4—k) )
r—r) (C—Rk)2[2— (1+p)B]— (1+p)af}
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