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ON CERTAIN SUBCLASS OF STARLIKE 
FUNCTIONS OF ORDER « • AND TYPE”

M. K. Aouf

Abstract.
oc

Let S\(&, p-) denote the class of functions /⑵=qz—WarW analytic

in the unit disc U={z | z\<l} and satisfying the condition

zf(z)

z7 I 、Qf zf'(z) ( zf\z)
(I七”)尸(-日、 —a) —( —1)

/(z丿 T(z)

for some 产(。三产三 1) and for all zeU And

it is the purpose of 나}is paper to show a necessary and sufficient condition 

for the class S*o(q, Q, some results for the Hadamard products

of two functions f⑵ and g(z) in the class S%(&,伉 #), the distortion 

theorem and the distortion theorems for the fractional calculus.

1. Introduction

Let A denote the class of functions f(z)=z+£ 아讶" analytic in 

the unit disc U={z \z\<l}, 宀

A function f(z) g A is said to be starlike of order in the

unit disc U if

Re{ 지/2 }〉* (1.1)
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for zeU. And the above condition(l.l) is equivalent to

述.(n) t 

f(z)

W ⑵ zf(z)
2F FT f⑵ T)

In 1978, Juneja and Mogra [2] gave the following definition.

Deflnition 1. Let a function f(z)=z+竟 be in the class A. 
n=2

Then f( z) is said to be starlike of order a and type B if the condition

矿(z) _]

 札z)_______________ (12) 
M’z厂⑵_____./矿⑵ .___________________ ■
2"F厂 FT"矿-1)

is satisfied for some a(OSYl),，3(OVJ3W1) and all zeU The class 

of starlike functions of order a and type B is denoted by S*(a, 0).

The aim of the present paper is to introduce a subclass of 

S*(Q, B、)、which we denote it by S*(q, 8, A

Definition 2. Let a function f(z)= 거-〉: be in the class A.

Then f(z) is in the class S*(a, B,间 it the condition

苛，⑵

___________ ，의______________ 7__________ <1 (1.3)

"七"並3 - a) -(毛쯔 -1) 

八z丿 1\^)

is satisfied for some a(0<a<7^, 리 卩(0三卩三 1、) and for all

zeU.

Remark The special classes S*(电 1), S* (a,少幺 1), S^(of 

쓰L, 1) ©>均,甘(는9，£乒, 7) (o<y<l) and % 1) 

J. 1 Y N
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were studied by Juneja and Mogra [2]. McCarty [3], Singh [11], 

[12], Padmanabhan [8] and Eenigenburg [1], respectively.

Furthermore, let 伉 “)(0Wy〔1, o〈住丄 0三女三 1) denote 

the class of functions

f(z)=a«—为 «n2n (at>0,如20) (1.4)

analytic in U and satisfying the condition (1.3) for some a, P, a and 
for all zcU We note that S%(a, 6, 1) is studied by 0wa[7].

2. A necessary and sufficient condition for the class
S%(”，/?,心

Theorem L Let 0<a<J, 0<^<—；一 and Then a fun-
1+六

ction f⑵ defined by (1.4) is in the class S\(a, j3, a) if and only if

文;{[2— (J+少小一 (l+a)如}아巨 (7+产)”(】一匕)如
n=2

Proof. Assume that

文:{ [2—• (一너-岡/珥"一 (】+n)a句아巨 — 匕)。1
n=2'

and let | 기=1 Then we have

I zf' (z) -f(z) \ -\ (1+少3(거" (z) T对⑵)-zf (z)+f(해

싀言; (1一疵糾 一| (】+，"([一a)q-[(]+，"一皿W

+ [1 —(7+a)如]5hnp|n

v [g{[2—(l+Q/3]〃一 (I+〃)a/3}%—

<0.



38 M K Aouf

Consequently, by the maximum modulus theorem, the function 

f⑵ belongs to the class 伉戶).
Conversely, assume that

zf'⑵ 1
―声T_______________

5号 FT기쬲 T)

=---------------------------- -- ----- «-------------------------宓——<1.
(1 十兴)尸(1—Q)QE一口+兴)/3—1] 如2户一口一(1+闻如]Wab

n=2 n=2

Since \Re(z) j | |for any z, we have

f ^Xn—l)an^ '
I n=2

Re ] zjo " v，7 / o 1 \

I (1 七〃)/3(1 — a)%z一文(A+I —(1+糸力明一(一너/)叫9)阪讶叩 * '
I n=2

Choose values of z on the real axi응 so that zff(z) is real. Upon clearing

the denominator in (2.1) and letting z-*_Z~ through real values,

文:(几一1)如三(1+卩)/3(1—”)。1一 W(7z+1 — (1+r)伽一以+兴)必)°口 
e=2 n=2

This inequality gives the required condition. 

Furthermore, the function

f(z\ =az_______(7 + ")/30—a)%______z2
/(z丿一％z 2[2-(7+少幻一(7+么)"

is an extremal function for the theorem.

3. The Hadamard products.

Let f*g(z) denote the Hadamard product of two functions

f⑵=%2—'五z法' (&〉0, an^0)
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and

g(z)=hz一如nZ：n 〈b\〉0, bn>0)
n=2

that is,

f*g<2)=사)1 Z—五赫法1
n~2

Theorem 2. Let 0三电〈丄 -—, 0<fi2—
1 +兴

—4—and 0三卩W丄 Let the functions

1 +P

/*(2)=緜一五W1 (0i〉Q dn—0)
rp=2 ，

g(z)=biZ—S如n (&〉0, bn>0)
n=2

be in the classes S%(气 Z?b Q and SLS 原心、respectively. Then 

the Hadamard product f*g(z) belongs to the class 甘()(七 B, n), where 

a~Min(a^ a2) and 6=Mc成(6, Z?2)

Proof. Since f(z) e S"0(av f3x)Q and g(z) e S"Q(^ 岛必)，by using 

Theorem 1, we have

文:{[2—(】七匕)缶忸—(1+闻心我}如爲(I—%)%
n~2

and

文:{[2—(l+Q/幻〃一 (1七”)姒아4巨 (1*卩)ZLQ—gb\
n=2

Hance,

爲 <______ %)肉
스"— 2[2-(1+六)句 — (J+Q 次1

and

v_____ (ITy)尸2(] 一"&)机_____  .
宀 n 2[2 — (1 +a)Z?2] ~(i ~\~p}a2^2 1
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Therefore, for a—Min(oc^ a2) and 0=Max(JL,

言* [2— (J+戸)创几一(I+戶)叫3}@01

冬 Max( b W：{ [2— (1 노 EB ]n—(1+戸)必}如 
n=2

% ±{[2- (1 +A)Z?]n- (1 +P)a/3}bn} 
n=2

冬(1 +月以3 (1 -~a)(耻

Consequently, the Hadamard product 检g(z) is in the class S*0(a, 8, 

p) by Theorem 1.

Qw^arv 1. Let Ov/U―E— and Q三/Y丄

Let the functions

f⑵=a^—五砂n (%〉Q an^0)
n~2

and

g⑵=陳—W或 (丄>0, bnN0)

be in the same 이ass S%(匕 B, 闻. Then the Hadamard product 

f*g(z) belongs to the class S%(&,伉兴).

4. Distortion theorem.

Theorem 3. Let the function f(z) defined by (1.4) be in the class 

S%( a, B, a), where 0<Z?<—— and 0<^<I Then we

have

\f(z)\ >a,|z I------0+必)，3以--々)％___________
1/()\ - i| I 2[2-(l+^)/3]-(l+^)a/3 I 지，

(l+M)6(l—a)a\______ |2
2[2 — Q+Q/3] —以+/以诺 I 이，
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F'(z)如 2(1十£以3(、1 一 a)a，\ j ,
2[2—("%)&] —Q+伺a/3 I 이，

and

I f〈시v/ I 2(1+产)6(1 — a)处 , I
V(이_ i+2[2_QT/)Z3]_(J+a)y& I끼,

for ze U. The equalities hold for the function

f(”=n ,_______ (1+，")“([—a)%
/(기一%z 戏2—(7+“)仞一0+"以3 r

Proof Since f(z) e S*0(a,伉卩〉、we have

yv V 0+兴)/3仃一匕0
n=2 n 2[2一(1七“)”]—(7+#)叫3 (4.1) 

by using Theorem 1. Furthermore,

損万 {2[2-(1七“)尸]一(。十女)必}아1

—^{-^[2— (l+Q/3 ] — (1+冲址}心 
n=2

<(l+^)/3(l-a)ai, (4.2)

that is,

”=2 n~ 2[2—(7+Q/3] 一以+产)如

Hence,

I 倒 2 어지—I 기唇n

>a, |2I______(서二纱四4二으2쓰_____廉2
一 니 I 2[2—(7+兴)”]—(】+")以1지 '

卩⑵] 三쩌즤 +|츼 2£*站
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〈서 z| H_______ _____________________  12
一이이 十 2[2— (1七“)刃一。+*)妃 I이，

1厂 ⑵I 沒「一| 기 客四

>______ 2(J+闵乃(Is)% I I
— 1 2[2—(1七以珥 — 以+〃) ” I 이

and

卩"(2) |三勿+何春％

Vf、 I 2(l+#)/?(If)& I I
一'十 2[2— (1+六)但—(1+Q必丨 1

for ze U

Corollary 2. Under the hypotheses of Theorem 3, f(z) and f (z) 

are included in the discs with center at the origin and radii

[4—(I-%)/?—纽七小”]% J [4 一3(1+六>/?]%

4—2(I+/z)尸一(l」"£)al3 4一2(1+戶)6— '

respectively.

5. The distortion theorems for the fractional calculus.

There are many definitions of the fractional calculus. In 1978, Owa 
[6] gave the following definitions for the fractional calculus.

Definition 3. The fractional integral of order k is defined by

D/f(z)=—L- P一座域一

where h〉0, f(z) is an analytic function in a simply connected region 

of the z-plane containing the origin and the multiplicity of (z—专并-】 

is removed by requiring log(z—£) to be real when (z—E)〉0
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Definition 4. The fractional derivative of order k is defined by

1場⑵=1〒&읍 K 뿂*，

where O^k<l, f(z) is an analytic function in a simply connected 

region of the z-plane containing the origin and the multiplicity of 

(z—f厂* is removed by requiring log(z—f) to be real 'when (z—^)>0.

Definition 5. Under the hypotheses of Definition 4, the fractional 

derivative of order (n+k) is defined by

班*Rz)=^z對(z),

for 0^k<l and ne7VU{0}

For other definitions of the fractional calculus, see Nishimoto [4], 

Osler [5], Ross [9] and Saigo [10].

Theorem 4. Let 난function f(z) defined by (1.4) be in the class

S；(시3#)，7— and。三屿L Then we have 
1+p

IDf(z)\ >'지배'% {;--------2(1+芹)如一贝)--------- -
1 '/I 시一 厂(2+&) 1 (2+8){2[2—以+的/3]一 以卩 仃

and

I £)呈 f⑵I v I긔版으 (7+________ 2(1+少3以匚g)----- - 1 I }
1 八 시一厂(2+&) 1 十(2+以2[2—(I+少3] 一以+闵"}I |； 

for 0<k<l and zeU, The result is sharp.

Proof. Let

F(z)=「(2+k)z* D^f(z)

—寸 厂（，너T）「（2+幻 
새1' n=2 一r（n+l+k）一
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where

硕口뿌%쬬쁘 U2).
I (n+1+k)

Since

9
。〈厶3)三厶(2)=看富,

we have, with the help of Theorem 1,

⑵I 2이z|—厶⑵If 春n

2(1-느产 )/3(]—%)&>n 1,1_____________勺广厂巧，〃卩—％，四__________  , ,2
— 11 1 (2+k) (2[_2-(1+M - (1+^/3} I 기

and

1X2)I <adz| + A(2)|z|' E 缶 
n=2

2( 1 + ") £ (I 一 a) %V I I _|________________ 41 丄 T 人〃 Q \ 丄 ——tv U1_______________  I I

_ 如 十(2 十 初 [2 [2 — (I + 一 (Z + g 1 기

which prove the inequalities of Theorem 4. Further, equalities are 

attained for the function

20+小(I—a)D~k 1 ( 1____________ 거-#丿시U—u丿______________  2 )
z r(2+k) 1 (2+&){2[2 — —(l+Q 如}'

or

(■7七“)”(】一 q)%
KU顼技芾房二苗方歹宀

Thus we complete the proof of Theorem 4.

Corollary 3. Under the conditions of Theorem 4, D* f⑵ is included 

in the disc with center at the origin and radius
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Qi （ 2（2+&）[2—（一7+必）/3]+，2（1+」以）$—（1+，"）"/3（4+论））
r（2+k）~1 /財 "丄八”丄，，'，、，/” 〕（어*） {2[2— （一Z+#）/3] — （7+Qc伊}

theorem 5. Let the function f（z） defined by （1.4） be in the 

class S%（a, 0}住）,J, and OW/Wl Then we have

2（1十啊1 一 a）I ＞丄기卜% ”____________火丄十㈡___________I 什
• zl{ ）^r（2~k） 1 （2一论）{2[2—（1+内£]一以+QQ} 1 11

and

2（、1+产、）区1 一a）I £）k f（ }\ v [Zlf { __________，’十巧〃 U 二如_________ I』）

for 0<^<7 and z &U. The result is sharp.

Proof Let

G（z）=r（2-k）^ Dg

=2 碧%쯥쓰 中
2 r（n+l~k）

=a^z—» B（n） a^n3
n~2

where

p/„\__ r（n）r（2~k） 為少
B㈤一 gif （n~2）-

Noting

0<B（n）^B（2）=-^-r,

N一K

with （4.2）, we have

\G（z）\ 目에z| —B（2）\z\2 並。n

君 I I_______ 2（】+Q即一小____________
一'시기 一（2—如）{2[2 — （•너/）/3] — （1+丿”）以3}
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and

|G(이 冬이z|+B(2)|z|2 Mgn

2(1七”)/6(1—Ma」시 시__________ i시丄 一y八"_______________ I I 2
一以기 广「（2—幻｛2[2—（7+兴）创一（1+六）如卩이

which give the inequalities of Theorem 5. Since equalities are attained 

for the function f(z) defined by

2以+沪）魚1 一“））= 2너七虹 ]_____________十巧시屮一지‘丿_______________挡
必 ‘ r（2-k） 1 （2—Q｛2[2—0+Q创一"+Q切｝ '

that is, by

(1+#)"(1—“応
f(z)=a& 2[2—(1+闵们 — Q 누卩)源 *

we complete the assertion of Theorem 5.

Under the hypotheses of Theorem 5,〔脂⑵ is included

in

Corollary 4.
the disc with center at the origin and radius

% [ 2(2- -- --------------------------------  I
r(2-k) 1 e—顷一”丄〃"丄，，'Lm f(2-k){ 2[2- (1+p)^ - (l+^\
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