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ON CERTAIN SUBCLASSES OF ANALYTIC 
P-VALENT FUNCTIONS WITH 

NEGATIVE COEFFICIENTS

M. K. Aouf*

Abstract

Let Sp*(a//) denote the class of functions 仃矽=才一fcg+n z머“ n=l
pwN) analytic and p—valent in the unit disc U={m*L시<j} 

and satisfy the condition
가'⑵

”*商-- l-Q—Q+zg

where <p, 空 1 and Further f(z) is said to belong
to the class if zf (z)/p e .

In this paper we obtain for these classes sharp results concerning 
coefficient estimates, disortion theorems, closure theorems, Hadamard 
products and some distortion theorems for the fractional calculus.

1. Introduction.

Let Sp denote the class of functions

f(z) =W+文a^n 2머n (peN)

analytic and p—valent in the unit disc U={z: z <1}
We say 나lat f(z) belongs to 난曲 class Sp(이3, 卩) if f(z)cSp satisfies 
the condition
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zf'（z）
~1W~P

-----------------------------V/3 （ze U） 
卩스泯 +夕一（】+小

/⑵

for o三oVJ3W1 and o<a<J. Further f（z） is said to belong to 
the class Cp（aJ3jT）if，거" （z）SeSp（A刀必）

In particular, SP（Ofl,l） and Sp（a,],]） are respectively the classes 
of p—valent starlike functions and p—valent sta이ike functions of order 
a, &（0,1,0）, Si（仇£[） and S】（S&々）are respectively the
classes of functions studied by Singh [15], Padmanabhan [11] and 
Lakshminarasimhan [5].

Let -TP denote the subclass of SP consisting of functions analytic 
and p—valent which can expressed in the form

/（矽=才一文야2时口 （%w三。P^N）. 
n=!

We denote by and 나classer obtained by taking
intersections of the classes &（次/九”）and （為（％/3,产）with TP, respectively.

It is easy to see that

Sp소（cyjWQuSp수（弓/膈） if ax<a2,

Sp수（四用/）USp*（“，2/） if
and

c£WbB,euc<（9\,bq tW% 
C『（％”i,QuCp*（“，2/） if 脆ML

In 1976, Gupta and Jain [3] studied the class S：（aJ3,T）. Moreover 
Silverman [12], Silverman and Silvia [13], [14], Ahuja and Jain 
[1], Owa [7] and Owa and Aouf [9], [10] have studied certain subclasses 
of univalent functions with negative coefficients. For other classes of 
analytic p—valent functions with negative, Goel and Sohi [2], Srivastava 
and Owa [16] and Owa [8] showed some results.

2. Coefficient estimates.

Theorem I. A function
f（z）=zp~^aP+n z머n（如H三o, pcN）
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is in the class 待心 if and only if

貫:{金+胃[彻+(1+Q(p—a)]}%%冬(】+必以3(%，一々).
n=2

This result is sharp.

Proof. Let \z\ =1. Then we get

I zf (z) -pf(z)\-j3 \ uzf^(z)+[p-(l +，以)a]/⑵ I

= |£—几 Qp+n Z마n| —이(】+“) (p—a)zp

一文[彻+以+")(p—a)]ap+nz^n I
n=] *

文{金+尸[彻+(7+a)(p—”)]}ap+n —— 
n—I

Hence, by the maximum modulus theorem, f(z) is in the class

On the other hand, assume that

f⑵
——------------------------ </3 (zcU)
"斗흑 +P~(1+^)a

/(Z丿

Since |Re(z)| < |z | for any z, we have

r 芝％ aP+n尹小 ]
------------------------ -- -------------------------------------------- (2 1)
. (】+」") (p—a^)zp —52[/zn+ (2+/z) (p—a)」Qp뉘"pfJ

n=I

r// \

Choose values of z on the real axis so that 一—— is real. Upon clearing 
f(z)

the denominator in (2J) and letting z—>1" through 호eal values, we 
get

如/三(p—电)一文:[，"서-(I+Q (p~^)] 如사
n=l n=7
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which implies that

X(p—a)]}아如・n：V(J+")”(0—以 n=l

The function

/•⑵"_______ Q.±£f)〃(p-a)______/

n+0\_f^n+(l+p') (p—a)]
(n>l)

is an extremal function.

Corollary 1. Let a function

/⑵M21나■念如頌 2마ngQ), P^N)

be in the class 时(으J3#). Then we have

v (1+Q B (pF
g一서"[回+(】+“)(Q—&)]

for any n>l. The equality holds for 나le function

价\_尹 (7+问 B (p—a)_____
n+DS+Q+Q (p—a)] '

Theorem 2. A function

六2)=术一支。p+r0>m(0p+n2o, peN) 
n=l

is in the class CP*(a^/z) if and 이ily if

p4~n) {n+/?[//n+ (1 +^) (p—nf)]}ap+n<(J+/z)/?(p—a)p. n=l

This result is sharp.

Proof. The function f(z) is in the class G〉*("3必)if and only if
기'(z)jpe Sp*(aj3/). Now, since

曰以가" =才一定(卫土쓰)apg gn, 

P n=i p
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by replacing a^n by (—-----) ap+n in Theorem 1, we have the theorem,
P

Corollary 2. Let a function

六2)=2尸一支如(如mNo, peN) 
n=l

be in the class(y(aJ3,p» Then we have

<________ (l+06(p-a)p________
매(p+n) 十(Z十a)(己一q)]}

for a효y n>l. The equality holds for the function

f()=状____________QW)J3(p—a)p_________ 才寸

(〃+兄血+如必+(1七“)(Q—“)]}

3. Distortion theorems.

Theorem 3. Let a function

f(z) =ZP — '力 ap+n zP+n (如坦 >0, p E N)
n= 1

be in the class 时(aJ3心 Then we have

f(7\ |> |7|P I I〃끼顼기 Tl瓦航[鬲 (pF] I시

and

I f(끼 勻기+口曲써響E「夕 一汀1 z
I I 1 1 丿+尸1/+(丿+必)(p—a)J 1

for U. Further

f/(z) > cLJpt 0+Q/3优一a) (p+J)
/( 丿 一 피 I j+问/+以+Q (p—a)]

and

W) < 이히 PJ (1+已) £ (p—a)。서-1) 
7+아〕서-(】+，")
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for z^U. These estimations are sharp.

Proof. By using Theorem 1, we obtain

{1七아/+(1+芹) (力一Q)]} 實:如知
n=l

三文:{서"[/s+(7+") (p—a)]}aP+n^(l+^)fi(p—<x)

which implies that

V (1+奶(p—a)
KF 마n— l+/3[“+(I+g) (p—a)]

Consequently we have

牌)| 치기卩-备아n| 기머m

싀기 J 同* 冬파n

> I ip_________(I+%)/3(p—a) _ |2 I p+1

1 1+^+(!+^) (p-a)} 1 1

and

치 U|z|P+W村가n| 히머n

三 同어-用메 辱아 n

V I zl p_|________(1+小(p—a) I I &
-l ' 十 [+问/+(I+Q (p—a)] I 기

for z^U.
In order to show the second half of the theorem, by using

QW(p-a)言冲丑)如+n' 1+E户+(m (p—a))]'

we obtain

\ fI — 끼—习①+儿)以p+n I기머" '
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M이 0AL니 宦：(p+〃) 知Hl
n=l

> n|,l p-i_ (l+，"(p—a) (p+1) I ip

— I十尸[，〃+(]+，“)(0—a)]

and

"(히 < 이 히 卜+測서5)ap+n|z| 머"

< 이z|P +|z|* 書如+n

V ”IzI PT i (l+，a)/*p—a) (p+I) I |p

- 끼 I 十 1+阳+0危) (p一口)] I I

for z£ U The bounds are sharp and are attained for the function

f(7\ _________ (7+，")/3(p—a) 卢t
/(Z丿 —z ■너"汨“+("“)⑦一的] 艾

Corollary 3. Under the hypotheses of Theorem 3, f(z) is included 
in te disc with center at the origin and radius

Fu호thew fz(z) is included m 난逾 disc with center at 난姑 origin a효d 
radius

p(7+/如)+(1+闻魚力一次)(纫+1) 
1+冏/+以+〃)S—“)j

Theorem 4. Let a function

/‘⑵=勿>—：丸圮+25(如+日0, p£N)
n=7

be in the class (指(”//) Then we have

\f(2)\> |2|P_____________QS 里、P-a)p__________  I z 11수
" 시 T 1 (p+】){J+仞/+"+#) (p—a]} 1 '
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and

岡 K기*石+巩葺荀京富争S꺼｝ 团머'

for zcU. Further

0+/少3(p-a)P 

1+句/+以+闵 (p-a)] I 기

and

"(해 < 끼기1T (l+gp—a)p
J+炕々+以+产) (p-a)] I기

for zeU If peN-{l}, then we have

”(Z)|N 기기，T

(1+，心(0-叫«서-1) j 丿 z 

7+/3[，"+(1+产)(p-s)]' '

I f〃(z)| V 1)1 z| 戸2一_以+*)"(?一앗0(P±4)_ I ] X
卩 (키 —P(P 小기 】+问/+(7七“)(0_口)] I기

for ze U. The estimates for f(z) and f (z) are sharp and are attained 
for the faction

(l+*)6(p—a)pf (z\ ― __________ 1丄―厂户t〃丿 W ___________  P+1

(P+1) {l+/3[，“+(1+六)(0—口)]}

Proof. The proofs for \f(z)\ an이/are obtained by using the same 
technique as in the proof of Theorem 3 with the aid of Theorem 2. 
Further, for peN—{l} and zeU, we have

헤 > 廁7—1)|기1一言義서_兀)«서_几__1)아引刃머，1-2

2p(pT)| 히 h2_|z|PT 言冲+几)2아>皿 

6기』輩絲*끠穹끴产广 
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and

俨(히 U 川一7)|纣2+冬9+〃)⑦+几—为마有이마心

U p(p — J)|z|X +|z|PT 文:(h+〃)2 %+n
n=l

1)시 I + 芒抨聳、시拜+ W ] I 研…1 + /아/ + (I + 同 (刀 一 a)」

by using Theorem 2.

Corollary 4. Under the hypotheses of Theorem 4, f(z) is included 
in the disc with center at the origin and radius

(p+J) (1+仞£) + 0+〃 B (p—a) (2q+I)

(P+1) {l+/3[，“+(7+，")(p—a)]}

and f ⑵ is m이uded in the disc with center at the origin and radius

p(5g2(f”(p—&)p 
l+m+(l+Q d)]

Further f(z) is included in the disc with center at the origin and 
radius

夕(？一{)(1+仞£)+2(1+必)/3(?一^)计

】+8 L〃+(1+，") (p—%) J

4. Closure theorems.

Theorem 5. Let

/⑵ =2흐一'(5三0, peN)n— I

and

g (z) =2^—X fip+n Z^n (aP+n > O, pEN)n=l

be in the class
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Proof. Since f(z) and g(z) are in 소we have from Theorem 1

文:｛서"[彻+(1+Q (p—a)]｝aP+n^(4.1) 
n=l

and

£ ｛財"函z+(l+，〃)(Q—三(一너/)/3(p—时 (4.2)

From (4.1) and (4.2) we get

场名｛〃七可彻+ (】+同(Q—Q)]｝(如巾+如一口)三0十j”3(q—

which implies that h(z) e Sp*(a,/? Q).

The analogus of Theorem 5 for the class Cp우(电is :

Theorem 6. Let

/⑵=术一文CtpE까冲gnZo, peN)fl— f

and

g(Z)=zP —文:4>+nZ마n(3p+n2o, P^N)
n~i

be in the 어ass Cp소(时幻”). Then the function

龙⑵=术一％文;(如皿+如+企严
n=l

is also in the class Cg(아3,“).

Theorem 7. Let

/(2)=zP —W如m P^N)
n=!

and

g(2)=zP-舟:如+n (弗mN。，P N)
n — 1

be in the classes SS(아却) and Cp*(。,凡闻, respectively. Then the function
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狀 Z)=^— ( 卷브) £(a마 n+hn)z어 n

is in the class

Proof. Since f(z) e Sp*(&j3‘)and g⑵ e Cp義(”/3/), by using Theorem
1 and Theorem 2, we get

X(n+Z?[^n+(/+A)(p—a) ]jap+n^ (1+^)^ (p—a)

and

文:{m+/3[/〃i+(7+“) (p—a) ] (E普오訐a)R_
n=1 (Q十I丿

Therefore we have

( 告서]'7 荒{/너"[側 + (1 +，") (Q—”)]}(0p+n+bp+n) 三 (IT-Q/3(Q—Q) 
Zp十丄心=次

which implies that 戚z) £&〉*(&//).

Theorem 8. Let

/p(z)=2：p (peN)

and

/p+n(2)=zP (E沖(p—a)--------^+n, £ N)
卫+尸[衍2+(1+六)(Q—Q)]

for n=l,2,3,.......   Then f(z) belongs to the class 九以)if and only
if it can be expressed in the form

/-⑵=52 ^-p+n/p+n (Z), 
n = l

where XP+n^o and，:사5=1.n= 1

Proof. Assume that
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f(Z)=W 사)+n fgn(Z) n~ I

_必__흐'____ (1+兴)6(p—Q)g______  j -p+n

n+fi[^n+ (1 +ju (p~a)] 머'' '

Then we obtain

^rA 几+创彻+(거-#) (p—a)]

冬' 아" (l+gp—a)
（1 七％以Q-S） ）

〃+闰彻+（1+芹）（Q—为］'

= 文 사〉+n=7 — 차〉：=
«=■/

This 아lows that f(z) e Sp*(”，/) by Theorem 1.

On the otter i画id, iet

/⑵ =2^—如Zp+n 2머%an* P^N) 
n= /

be in the class Sp*(a/3”〃). Then, by using Corollary 1, we get

a v____________

마" 刀+尸［戶以+（j+q （p~a）~\

for any n>7. On putting

) _ n+fi[/Jtn+(l+^) (p一a)j 
ap+i— S=L23,……)(7+^(p-a)] 。마 n

and

자“=7 - W； "마 n，

we have the expression

f⑵=Z人pm fpm⑵ n=l

This completes the proof of 나le theroem.

Theorem 9. Let
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命(z)=zP (peN)

and

r z x n_____________ (1 十 HMXpSP ___ 7P+n /n 6 n\
"" ~ (p+n)(n+^[^n+(l +Q (p—a)])

for .......   Then f(z) belongs to the class if and only
if can be expressed in the form

/(2)=W 人p+n fp+n(z), n=l
8

where A,p+n^o and Wp+n=L
n=7

The proof of Theorem 9 is given in much the same way as Theorem 
8.

5. Hadamard products.

Let f*g(z、) denote the Hadamard product of two fundctions

六2)=术一文如皿 (ap+n>Oj p&N)
n= 1

and

g(z)=，>一宦"p+n 2PF (0P+n2。，peN)
n=l

that is

/*^(Z)=ZP—'Efflp+n bp+n Z마nn =]

Theorem 10. Let the functions

f(N)=zP—冒:如+n，5(0*土0, PEN)
a= I

and

g(z)=^,—Y1bp+n z마n(0p+n2o, peN) 
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belong to the 시asses (旳and &수(&力 Ba 国、respectively. Then 
the Hadamard product f*g(z) belongs to the class G>*(a)刀o户)，where 
G)*(如 以)=(G)*(气 匡，a)A G>*& 炫，，").

Proof. The proof is similar to the proof of [4, Theoran 2].

Since f⑵ £ &冲摂3两 implies f⑵ cSp*(O,l,l), we have

竟(p+n)a^n^p. 
n — l

Therefore

(p+n)aj>+n^p, for all 几=丄2,…，peN (5.1)

Similarly we have

(p+n)6p+n<p, for all n~l,2,....... , peN (5.2)

In order to establish the required result we need to show that 
f*g ⑵ belongs to both C；(%J3g) and。『(吃缶".

By using (5.2) we get

言"+?2)3+句所+(1+六)(Q—%)]}%사n bpm

三如松+胃1[冲+(1+闵(0—"}如皿

<U+zz)/?!(p—ajp, since f(z)£Sp*W")・

This shows that f*g⑵ e Cp소(%,”*)

Similarly, by using(5.1), we can show that

Hence f*g⑵ belongs to 勿次)•

Corollary 5. Let the functions

f(2)=2P--^ap+n 三Q peN)
n — 1

and
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g(z)=zP—宦:4사口 z마사口 NQ peP) 
n=l

be m the same class &須(으,Then the Hadamard product 广g(z) 
belongs to the class

Theorem 11. Let the functions

f(z)=  ̂— ^ap+n 2마n(0p+n2Q p 色 N) 
n=l

and

g(Z)=zP—'力缶*n zP+n(bp+n20, pWN) 
n — 1

be in thei cl^^s 셔心 超d(80%典由0, respe얀3눵又 Then the
Hadamard product f*g⑵ is in the class (搭(aj3*), where a= 

旳)and "=Max (用，爲).

Proof The proof is similar to the proof of [7, Theorem 1].

Since /⑵and g(z) G。『(亿瓦/), by using Theorem 2, 

丈：«서3)3+髙[刊+(1+芹) (〃一弓)]}如心

U0+，")/32(j)-a2)p.

and

E(p+n) \n+^2 [^n+(l +«) (p—a2)]! b>.+ n n=l

三(l+〃)认p— ag.

Hence we have

<________0+，“)/3i(p-ai)p________
스 마"一 (P+1){1+^+(1+m) (P—电)]} V

and

由 V________ (l+gJp-aQp________< 7
스。마n— 3+7){7+/32戻+(1+六) (p -«2)])
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Therefore,

X(p+n){n+/3[^n+(l+p) (p—a)]}ap+n &P+n n= I

三Max {支(p+〃) {서-/3函，+以+产) (p—々)]}ap+n， 
n= I

oo
X(p+n){n+/?[,«n+ (1 +/z； (p—a)]}^)n=l

<(J+zz)/?(p—

where(x=Min(a1,a2) and B=Max(JKJL) Consequently, the Hadamard 
product f*g(z) belongs to the class Cp수(&,/?/) by Theorem 2.

Cor이lary 6. Let the functions

佗)=2卩一文0나n zPF(0p+nNQ pCN) 
n—l

and

g⑵ =2? —文:bpm 2머n(Qp+nN0, P N) 
n = l

be in the same class C負a#*), then the Hadamard product f^g(z) 
is also in the class(**(七尸,)・

6. Fractional calculus.

There are many definitions of the fractional calculus, that is, the 
fractional derivative and the fractional integral. In 1978, Owa [6] 
gave the following definitions for the fractional calculus.

Deflnition 1. The fractional integral of order kis defined by

切⑵ =焉 p 羿쯩* r(k) Jo (z—C) k

where k>0, f(z) is an analytic function in a simply connected region 
of the z—plasne containing the origin and the multiplicity of 
(2—§冲녀 is removed by requiring log(z—C) to be real when (z—C)〉O.

Definition 2. The fractional derivative of order kis defined by
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度 f(z)=「' 으『 ~뽀을1 (l~~k) az Jo (z—&)

where OWkV丄 f(z) is an analytic function in al simply connected 
region of the z—plane containing the origin and the multiplicity of 
(z—C)~k is removed by requiring log (z—C) to be real when (z—C)>0

Definition 3. Under the hypotheses of Definition 2, the fractional 
derivative of order (n+k) is defined by

£舛例=으% f(z),

where 0^k< and n^N U {아

Theorem 12. Let a function

f⑵=z—兌如口 ^n(aP+n>0f peN)

be in the class Then we have

"이 f雅%느 기다处 x

u-北 (1+%아3(p-a)_____  , ,)
{1+/3^+(1+^ (p—a)]} I I」

and

h2k -員pH
I 八 시— r(p+i+k)

I긔어* x

(m)6(p—a){1+-P±1_____ _________________ I zl}
p+l+k {】+/3|/+(J+Q (p—a)]}，

for 0<k<l and z^U The result is sharp.

Proof. Let
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*)=쏨亲徉 水!)針(z)

= 才一 立m士서FLS也地_ s 2마n 
n=ir(p+n+i+k)r(p+i)

= 才一芸:A(0) 아어m 2머n,
n=J

where

3僵帶器描齐心).

Since

K")E)=潘芸冰,

we have, with the help of Theorem 1,

何(끼启 I기，＞—4(7) ] 기마】£ap+n

> I Io (p+i) _______ (1 七必(pf)_______ I iPf-1
-，* (p+l+k) • {1+问"+Q+闻(0—")]} 11

and

M 成P[ (pF) . 3다W3〈p-a) 메
1 (p+l+k) {7+冏手서一(+“) (p—a)]} I지

which prove the inequalities of Theorem 12, Further, equalities are 
attained for the function

")=濫브느『 X
(一너*)0(p-Q)fj (p+1) . ur*)p\p—a) )

(&HT+4) {1+冏/+(+以)(p—Q)]}'
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or

f(7x 二K I (m)6〈p—a、)_____ 尸

7+徂#+(+产)(pF]

Thus we complete the proof of Theorem 12.

Co호시lary 7. Under the hypotheses of Theorem 12, D由⑵ is included 
in the disc with center at the origin and radius

厂(/서-1) ( (q+】+力) (J+"+Q)+ (l~h«)/Kj9—“) (2p+2+A) 1
r(p+i+k)1 (p+i+k)(p+a)}} >

Using Theorem 2, we have

Theorem 13. Let a function

/⑵ =zP-文:%가门 2Tn(aP+n>0, pcN)
n=l

be in the 이ass Cp*(。/九"). Then we have

I 財 f(씨 n 寫二¥)⑵土 x

(j _ 1 W(p—a、)p i n
1 (p+l+k) {l+/3["+(e)(p—a)]} 1 l；

and

聞1" 匕器끕尸宀

( 7_ 1 Q-H사3(p—a)p i n
1 (p+l+k) ' {1+^+( 1+m) S—a)]} I

for o<k<l and zeU The result is sharp for the function

%이 =尹__________ Q+Mp-血__________尹+i .
。서-1){】+”[兴+(1+女) (p—Q)]}
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Corollary 8. Under the conditions of Theorem 13,庆* f（z） is included 
in the disc with center at the origin and radius

（ （p+i+定）（1 十伽）+q+q魚p+电）（％+7+e））
r（p+i+k） （p+i+k）｛〕+同/+（】+戸）（p—“）］｝ '

Finally, we derive

Theorem 14. Let a function

f（2）=zP —竟%나n 2머“ （如+nNO, pCN） 
n=l

be in the 이ass Cp소 C,）. Then we have

I Wn丄 7',

旳끼 rg时기—

（2______1______ （LW（p—a、）P | |］
（p+l+k） ｛」〔+丿3戻+（1+六）（p—a）］｝ I I

and

网⑵E僵爲十—

［1+____ I_____.—一―〈旻灿）一应 _ 11）
I （p+1+k） 仃+S保+（1+"） （p-a）］） 1 l；

for OWkVl and zeU The result is sharp.

Proof. Let

必）=邛"占质⑵

= 7p_v 厂。서f+1）厂（p+1一幻 pm
為 r（p+n+i-k）r（p+i）어*''

=^—^（p+n） B（n） a^n 2마七
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where

W)= 「(ph) P(p+T—k) 
r(p+n+i-k)r(p+i)

Noting

(nWl).

with Theorem 2, we have

|G(이 싀기p—B(7)|기村 ± (p十n)a아n

.P_ 1 —为p 註
T 기 (p+l-k) "+闰六+(】+#) 8—a)]} I I

and

IG(헤 勻 기 %g) I 기 아1 宕 8+小아n

v| ®_______] . _______ (l~WV3(p—a)p —I 2|p+i

T 1 (p+l—k) {7+如"+(7+，“)(p-a)]} I

which give the inequalities of Theorem 14. Since equalities are attained 
for the function f⑵ defined by

爵⑵=X

1(j________ z . (IRf아3(p—a、)p
(p+l-k) {j+0[，서-(l+，“) (p~a)]} ’

that is, by

(l+"(p—a)pf(z、—^P_________________ k 丄 I F시卜'、、， 5*______________ ZP+1

(pF) h+”L서切 (力一 4)〕} ’

we complete the assertion of Theorem 14.

Corollary 9. Under the conditions of Theorem 14, Z)z f(z) is included 
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in the disc with center at the origin and radius

r(p+i)
r(p+i-k)

((p+D(】+伽)+(1+闻+(l+"3(p—Q (2p+IT)\
1 (p+l-k) {1 十问/+"+々)/?(p—尸)]} S
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