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Abstract

Replacement demand plays an important role to forecast the total demand of durable
goods, while most of the diffusion models deal with only adoption data, namely initial
purchase demand. This paper presents replacement demand forecasting models incorporating
repurchase rate, multi-ownership, and dynamic product life to complement the existing
diffusion models. The performance of replacement demand forecasting models are analyzed
and practical guidelines for the application of the models are suggested when life distribu-
tion data or adoption data are not available.
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Diffusion models have been widely used in the demand forecasting of durable goods,
which can be justified for adoption data (initial purchase data). Directly applying the diffu-
sion models to total demand data causes conceptual difficulties due to diffusion property.
To be conceptually meaningful, replacement demand forecasting model needs to be sup-
plemented to the diffusion models.

Dodson and Muller (1978), Lilien et al (1981), and Harrell and Taylor (1981) suggested
replacement rate method to forecast replacement demand. Brown (1965) presented the
method of using death rate by product age. Spencer et al (1961), Lawrence and Lowton
(1981), Olson and Choi (1985), Kamakura and Balasubramanian (1987) suggested the
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method based on product life distribution. The limitations of the existing replacement de-
mand forecasting models can be attributed to their assumptions about perfect repurchase
rate, single-ownership, and static product life. Some owners do not repurchase when the
products-in-use are scrapped. Repurchase rate will change for the non-necessity goods. For
some consurner durable goods (e.g. automobiles, television sets, radios, refrigerators, etc.)
and nondurable goods, household often owns more than one unit. The life of product can
be changed by technological advance and change of habit, etc.

Actual life distribution of product is often not available and hence Spencer et al (1961)
and Lawrence and Lowton (1981) assumed normal distribution and single point distribution,
respectively. Olson and Choi (1985) estimated the parameters of life distribution by assum-
ing Rayleigh distribution and combining the replacement demand forecasting model with
diffusion model. Kamakura and Balasubramanian {1987) complemented Olson and Choi’s
research for the case of unknown adoption data by assuming h-type distribution. Even
though these  models combine replacement demand forecasting with diffusion model, they
are static and assumed single ownership.

A model incorporating repurchase rate, multi-ownership, and dynamic product life, is
presented in this paper. Accuracies by each replacement demand forecasting model and life
distribution type are analyzed, '

Replacement Demand Forecasting Model

The procedure to forecast total demand by diffusion model which accomodates replace-
ment demand is as follows.

ﬁ:)tzlﬁ)t"‘lﬁ)t JASTAL, TH2, ... veeeeeeemmmrme et e (1)
ND":Ft—-—F't_1 . t=T+1, T+2, B R T L TR TR TSP (2]
where

TD, : total demand at period t

ND, : new demand or initial purchase demand at period t

RD, : replacement demand at period t

13: : cumulative initial purchasers or number of adopters at the end of period t,
which is forecasted by diffusion models. F,_, is the observed value at t=T+
1

T  :present period

Most diffusion models and replacement demand forecasting models assume explicitly or
implicitly that the consumer always repurchases the new one when the product-in-use is
obsolete, i.e., repurchase rate is 1. This implies that number of adopters F, becomes the
number of owners. They also assume that the consumer owns only one unit, which in turn
means that the number of owners becomes the amount of stock §,.

In such case,

St=F|: .......................................................................................................... (3)
where §;:amount of stock at the end of period t.
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Stock data S, is often available relative to F, and used to estimate diffusion models.

Replacement Rate Method

A portion of total stock at the end of period (t—1) is scrapped during the period t, and
some of the owners who have scrapped the product repurchase a new one.

RD St . “t ST A1, T2, (. serererer e (4)
where
R,=P, - K, : replacement rate at period t
P, : scrappage rate at period t
K, : repurchase rate among the owners who have scrapped the product at period t,
0<K, <1

If the value of repurchase rate K, equals to 1, the number of adopters F, becomes
stock S,. The diffusion model forecasts future stock S,, which is used in turn to forecast new
demand and replacement demand.

The scrappage rate P, is usually estimated from the average life M, (see appendix A).

i:}t=i:\vt . ﬁt:fnt:mﬁt JA=TAT, T2, o vererrsmssrm st (5)
If K, is not equal to I, we forecast stock S, as follows.

§:=81+ND,—§,—, P, (1K)
_S! 1 (1 P (1 Kt))+ND‘ ,t T+1 T+2 ............................................ (6)
where & ( is the observed value at t= T+1

Repurchase rate K, can be estimated from market research and replacement rate R, can
be derived from P, and K,.

Life Distribution Method

Product introduced to market in a specific period would be scrapped with passage of
time, namely life. If we get the scrappage probability by life, life distribution, replacement
demand forecasting model by life distribution can be given as follows. We assume that there
are no scrappage at introduction period.

R'j) —[2' TD,—; ?;’ . ﬁ: JE=TAL, T2, ..o coeeerermmrris i (7)

where
f;:the scrappage probability of product at life j
p :estimation period
p=t—j, if life distribution is predicted at introduction period (t—j) (use
appendix A}
p=t , if life distribution is estimated at forecasting period t.
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Death Rate Method

A portion of total stock at the end of period (t—1) is scrapped during the period t, but
the scrappage probability of each product depends on its age. If we divide these scrapped
products into their age group, we can get the death rate by age.

RAD‘=I_§1 ey (=1) = dj K, t=T 1, T2, Lo, sooresssmssen s (8)
where
Q,—: (j—1) : number whose age is (j—1) at the end of period (t—1)
d; : death rate at age ]

Death rate method can be viewed as segmenting the replacement rate method by
product age group.

S:—:::g Qs G—1 et eeseeeeeeeeerererereeieietitentrevaveeserereseseserenaneeseiantetirabbnannans ©)

To compare life distribution method and death rate method, we can see from definition
Of d] and Qt_l (j_l),

= Pml,)r((:il étﬁ;:elgeanl;soj‘?e = _E_j, T (10)
Q-1 G—1)=TD,—; (l_g T an
From eq. 8,

KD~3 D, (1-5 9+ 5 0% 00 K,
CE DL B Ry (T T2, a2

From equations 7 and 12, it is shown that two methods are basically identical. The
defect of death rate method is that its forecasting lead time is restricted to only one period,
while diffusion model is intended for long term forecasting.

For multi-ownership forecasting, two situations can be expected: one is that a consumer
buys one unmit per purchase as for most consumer durable goods; the other is that a
consumer buys more than one unit per purchase as for nondurable goods for which growth
curves are sometimes used. For the former case, the multi-ownership problem can be solved
only by rearranging the saturation level in diffusion models if we change the concept of F,
from the number of adopter to the number of penetration. For example, the saturation
level for télevision sets can be changed from one unit to two or three units per household.
For the latter case, initial purchase demand, replacement demand, total demand, and stock
are multiplied by multiple buying except number of adopter F,. That is

ND, = (F,—Fy_p) - E (N}, t=TH1, T2, ... sroeroreeseesmmsmmmsiss s (13)
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St=Ft -E (N) ............................................................................................. (14)
where E (N) : expected number of units bought per purchase.

Analysis of Replacement Demand Forecasts

The forecasting results by life distribution method and replacement rate method are
presented to show the forecasting accuracies of replacement demand forecasting models with
respect to different demand patterns. Four typical demand patterns which cover the periods
from introduction to growth stages of the most product life cycle (Cox, 1967; Rink and
Swan, 1979; Tellis and Crawford, 1981) are used in this paper as shown in Exhibit 1.
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(a): TD=a
(b} : TDy=bt
(c}: TD,=bt?

(d) : TD,=—b (t—a)*+ba’

Exhibit 1. Four demand patterns from PLC
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If life distribution is known, replacement demand and corresponding replacement rate
can be derived from total demand patterns by the following equations which are continuous
forms of the former descrete type equations.

RD,= f(; F(t=T) r TDp - AT, t<CL eooreesrsmsssemssiomssinnrsss s e (15)
= L f(t—=T) - TDg-dT,t>
where f (1) : life distribution
K,=1, single-ownership, and static life distribution are assumed
R,=RD/ $;=RDy [§ ND, dt
=RDY [ (TDy—RID,) di rovesermermmrsisnsitiiiasr b (16)

For life distribution, three symmetric types {uniform distribution, curtailed normal dis-
tribution, and single point distribution) and one nonsymmetric type (Rayleigh distribution)
are used as shown in Exhibit 2,
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A : UNIFORM DISTRIBUTION
B : NORMAL DISTRIBUTION
€ : SINGLE POINT DISTRIBUTION

D : RAYLEIGH DISTRIBUTION

Exhibit 2. Four product life distribution types
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For uniform and single point distributions, mathematical derivation is possible using
equations 15 and 16. For symmetric distributions like normal distribution, it is shown that
the replacement demand forecasts lie between those of uniform and single point distribution
(appendix B). For normal and Rayleigh distributions, discretized probability is applied to
eq. 7. The resulting replacement demand and replacement rate by each distribution are
illustrated in Exhibits 3 and 4, respectively.

Line E in Exhibit 4 corresponds to the value of replacement rate method. I life
distribution can be assumed, the replacement demand, stock, and replacement rate can be
obtained from total demand. The replacement demand forecasts by replacement rate
method can be calculated from stock as follows,

RDt‘E:St B Rt,E=(RDJ Rt) . Rt,E=RDt . (RI‘E"‘ Rt) ......................................... (l?)
where .
RD, g, R, estimated values by replacement rate method
R.g=1/M:line E in Exhibit 4

Exhibits 3 shows that the forecasts for replacement demand by uniform distribution (A)
and single point distribution (C) composed of upper and lower bounds for the region where
the forecasts by each life distribution type lie on. The replacement demand and the stock
would probably lie between those by type A and C. The region where RD,  lies on is
shown by the shaded area (see appendix C).

The region of the forecasts by replacement rate method is far from the area between
curves A and C. This figure shows that forecasting errors of any types of life distribution
are much smaller than those of replacement rate method and that the forecasting results of
life distribution method are robust to the distribution type, which is also discussed by
Kamakura and Balasubramanian {1987) for various degrees of nonsymmetry. However, the
results are sensitive to the change of average hife M which plays the role of scale parameter
in Exhibits 3 and 4,

Exhibit 3 shows that the replacement demands by three distobution types (A,B,C)
become equal after period L under constant and linear demand patterns. Exhibit 4 demons-
trates that life distribution method (A,B,C) and replacement rate method (E) produce
similar results under linear demand patterns than under nonlinear demand patterns. It is
also shown that the value of replacement rate is small in the early periods and converges to
the asymptote 1/ M. This shows that replacement rate method overforecasts especially in the
early periods.

Based on the observations, practical guidelines of applying replacement demand fore-
casting models can be given as follows. If life distribution is available, apply life distribution
method directly. Death rate by age, which is sometimes available especially in reliability
analysis, can be used to estimate life distribution by eq. 10 if life distribution is static. Even
though life distribution is unavailable, however, life distribution method with simple assump-
tion is preffered. With parameter M,, and disiribution type by educated guess can be
applied as in Olson and Choi (1985) and Kamakura and Balasubramanian (1987). Single
point distribution and uniform distribution can also be applied for combined forecasts.

If adoption data to fit diffusion model are not available, they can be estimated from
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Exhibit 3. Replacement demand (RD;) by each method
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REPLACEMENT RATE FUNCTIONS
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Exhibit 4. Replacement rate {R,) by each method
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total demand. Replacement demand can be obtained from total demand, and new demand
is driven by subtracting replacement demand from total demand. Integrating new demand
produces adoption data,

Conclusion

A general replacement demand forecasting model which incorporates repurchase rate,
mutti-ownership, and dynamic product life is proposed in this paper. The performance by
each replacement demand forecasting model and life distribution type are analized. The
forecasts by the models which use the life distribution of product are robust to the distribu-
tion type applied but sensitive to the estimated value of average product life. Replacement
rate method overestimates the replacement demand especiaily in the early periods of pro-
duct life cycle.

Though actual life distribution data are often not available, life distribution method
with guessed distribution type is preferrable to replacement rate method because of the
small forecasting errors and robustness with respect to distribution types. If adoption data
which are necessary to fit the diffusion models are not available, they can be estimated
from total demand data by applying life distribution method.

This paper provides the analysis of replacement demand forecasting models and their
forecasting results, by which it extends the applicability of diffusion models and replacement
demand forecasting models in practical situations.
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Appendix A. Average Life M
If life distribution is known, average life M can be simply estimated as follows.
Let f {x) or f; be the p.d.f. of product life distribution.

fx)>00<x<Lorf>0, i=12,...,L
where [§ f (x)+dx=1 or 2 =1

M= rl(-)' X f (x) . dx or M==§1 1 . fi ............................................................... (]9)
For symmetric life distribution,
M=FE (X):U 2 ar M:E (i):(L-{—l)‘f 2. ......................................................... (20)

If life distribution data are not given directly, two alternative estimations can be possi-
ble. One is estimation by market survey, by reliability test, or quality characteristics aimed
at design stage. The other is statistical estimation from past total demand and replacement
demand data. If life distribution is static with time, the value of M which has the least sum
of error or squared error is selected as the estimate. The former criterion is selected
because of property that the sum of input into the market (total demand) must be equal to
the sum of output from the market (replacement demand) and replacement demand fore-
casts by life distribution method are exhaustive for total demand.

Select M which satisfies
min | ZE,| or min (2 Ega)
where ~
E,=RD,—RD,

-

RD, is estimate by life distibution method.

If the mean and the variance of demand data is not stable with time, percentage error
(PE,) or weighted least square method may be preferrable.

Whether the life distribution is static or dynamic can be identified from the scatter
diagram of E, or PE, with time. If they show any increasing or decreasing trend, it reveals
that average life has been changing. These relations are illustrated in Exhibit 5. Under the
changing life distribution, the value m which cuts the horizontal axis can be the estimate of
average life M, at that cutting period. Three cases of Exhibit 5 is rearranged in Exhibit 6.
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Exhibit 5. |dentification of dynamic product life
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Exhibit 6. Estimation of dynamic
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Appendix B. Replacement Demand in Symmetric Life Distribution
Let £ (t) or f; be the p.d.f. of symmetric life distribution.

1. Under constant demand (TD,=TD=a)
From eq. 17,
= j& f—T) TD «dT=TD - F (t), t <L --rererroerereesmnmnnennininis (21)
= [l f(t—T)-TD-dT=TD, t »L
where F (t) : distribution function of life t.

2. Under linear demand (TD,=b -t or TD,,,=TD,+b - i)
From eq. 8,
if t<<L+1,

13 L+1,
RD=3 TD,-; "

Let i+j—L+1
E TDy -1+ fL1—i

=2 (TD,_ ., +bi) * £,

||M"

=TD1—L 1 E f +b- i'fi

=TD,—y—1+b* M

=TD;—amqtb "M

=TD1—M .......................................................................................... (23)

We can see that replacement demand follows total demand with time lag of M. There-
fore the result by any symmetric life distribution types becomes the same with that by single
point life distribation.

3. Under nonlinear demand. _
Let’s assume the concave function, TD,, as shown in following Exhibit 7.

Let f; (1) : tangent line to TD, on the point TDy.y
£, (1),f5(t):line segments connecting the point TDr—y, with the points TDy, TDy_ |

From Exhibit 7,
TD, > £,(t) for all t

RD‘]‘ > "I"DT M T e e L e (24)
where TD¢— ) is the replacement demand at T when f; (t) is the total demand.
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We can see that replacement demand by any symmetric life distribution for concave
demand pattern is greater than that by single point life distribution, TDt— .

D,

h,

i
t
1
]
]
|
I
1
I
:
!
i
!

T-L T—M T TIME

Exhibit 7. Replacement demand under nonlinear demand pattern

If life distribution is a uniform distribution,

RD;=VL [T_, TD, -dt

VL (J32 1 (1) dtt [T £ (1) dD)
=1L T f; (t) dt+M (b, +hy)2}
=TD,~p+(h,+h;)/4
=TDpopt {(TDr+TDy ) 2=TD_yyl /2.
SJRD: < (TD+2TD gy + TDp M4
The forecasts by symmetric life distribution ltke normal, which is more concentrated
around average than uniform distribution, would be closer to the lower limit TDy_,, than
that by uniform distribution. Therefore the forecasts by uniform distribution become the
upper limit. Replacement demand by ordinary symmetric life distribution under concave

demand patterns lies between both limits: those by uniform and single point distributions.
The results are opposite in case of convex demand pattern.
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Appendix C. Replacement Demand by Replacement Rate Method (RDyg)

KD, < RD, < RD,s
.ND, o < ND, < NDrc
8 <8 < Sie

From eq. 17,

S, A/ M<RD < S, /M
where
fi\Dm : replacement demand forecast by distribution type i
(i=A for uniform distribution and
i= C for single point distribution)
N,bt,i='I'D,—RDt‘i :new demand by distribution type i
S.;= J¢ ND,; dt : stock by distribution type i.

This is equivalent to mapping the ratio of lAZtE to true value R,, which is supposed to
lie between curves A and C in Exhibit 4, to replacement domain in Exhibit 3.
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