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Abstract

Break-even analysis is a simple and useful tool in decisions and planning activities
though its use is somewhat limited to short-term analysis. The subject is discussed in the
fields of engineering economics, production management, cost and managerial accounting,
finance, marketing, and so on. Conventional break-even analysis suits the case of stable
price and low interest rate. In this paper, we try to overcome the limit by considering
following factors, namely, time value of money, depreciation, tax, and capital gains, Also,
considering learning effect, we increase applicability to a new project which raises certain
changes such as a replacement of production process, an employee turnover, etc. Thus, we
suggest a model which has a dynamic break-even quantity per period for the project.
Furthermore, we examine the effect of inflation in break-even analysis.

1. Introduction

When we undertake a sensitivity analysis of a project or look at alternative scenarios,
we ask how serious it would be if sales or costs turn out to be worse than we forcast,
Managers sometimes prefer to rephrase this question and ask how bad sales can be before
the project begins to lose money. This exercise is break-even analysis, often called as
cost-volume profit relationships. It is a very simple and important tool in decision of the
corporate, but has a number of inherent weaknesses [7]. First, it assumes that the company
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faces linear total revenue and total operating cost functions in many cases. The second
weakness of break-even analysis is the difficulty of classifying semivariable costs, which are
fixed over certain ranges of volume, but vary between others. Finally, the use of break-even
analysis is often limited to the short-term analysis.

Although, in this paper, all of these weaknesses are not overcome, the exquisiteness of
the break-even analysis may be improved by considering following factors. First, time value
of money is considered. This is a critical factor in the case when it has high interest rate,
huge investment, or a purpose of long-period analysis. Reinhardt [15] showed early that this
factor was important in the Lockheed’s Tri-Star case. He suggested that the break-even
quantity increased almost twice by including time value of money. Secondly, learning effect
is considered. MclIntyre [12] utilized the average-time model for learning, but he did not
present a general solution for the break-even quantity due to the exponential form. We
utilize a time-constant model for learning, which was first suggested by Towill [18], and
obtain a general solution. Finally, we consider the effect of inflation in a long-term break-
even analysis. Dhavale and Wilson [4] examined this effect in the break-even analysis and
Shashua and Goldschmidt [16] extended Dhavale and Wilson’s study by considering time
value of money.

Our study is to complement and extend Shashua and Goldschmidt’s study, and obtain
the break-even productivity level at any time t in production phase by considering above-
mentioned factors and others, such as tax, depreciation and capital gain.

In order to simplify the computations and to obtain an operative formula, the analysis
in this paper is based on the following assumptions:

1) All cash flows occur continuously.
2) All interests are compounded continuously.
3) The life of a project is equal to the life of the equipment and tool for the project.

The foliowing are the basic notations which are used in this paper.

P (t)=selling price per unit at time t.

V (t)=production cost per unit product at time t.

Q  =break-even guantity for the project.

a =inflation rate per unit time for initial investment.

b =inflation rate per unit time for production cost.

c =inflation rate per unit time for sales price.

p  =average inflation rate per unit time.

@  =rate of the salvage value to the initial investment’s value at the end of the project.

T =rate of interest under stable price state,
" =rate of interest under inflationary state.
tx  =corporate’s tax rate.

And the usit time is one year.

2. Learning Effect and Productivity



As an organization or work group gains familiarity with its task responsibility, the
output per unit time is increased. Besides direct labor improvements, efficiency improve-
ments in production may be due to other activities such as changes in production methods,
equipment changes, design improvements, and improved managzement of operation. Thus, at
the beginning of new production system, a company may produce less quantity than to
produce after labors are well acquainted with the system.If the break-even analysis is applied
to the system without the learning effect, a company ought to hold a level of production
uniformly during a production period to break-even at the end of the period. If, however,
the learning effect is confirmed, the break-even productivity may vary over the period.
Thus, in order to improve the applicability of the break-even analysis, it is necessary to
include the learning effect. '

There are two models which represent an improvement in task performance, namely
learning effect. One is a time constant model and the other is an average time model. We
use the former. Specifically, ‘years’ might be the units on the X-axis and production output
in ‘units per year’ on the Y-axis, and this model is formulated as

Y(t):Yc-‘-Yf (l-e_“”) ............................................................................... (1)

where Y(t) is a production function, which indicates productivity at time t; Y, denotes the
productivity at time 1=0; Y; is a degree of productivity improvement by learning; (Y. 1Y)
represents the productivity at time t=2o° (the productivity at steady state) ; and 7 is model
time to be constant by task, and it differs from task to task (Kaloo and Towill [10} ).

In order to apply the learning effect to the break-even analysis, a company ought to
estimate three parameters, Y., Y; and 7. However it seems to be more practical to
estimate the ratio of Y; to Y, rather than separate estimation of Y. and Y. The ratio can
be simply calculated from a proportion of expected quantity at the beginning of the produc-
tion period to the one at the steady state. If we let ¥ =Y;/Y,, then equation (1) can be
written as

Y(t)=Yc [1.|.y 11—exp (_t;f)g ]’ _f0r0<t<N. .......................................... (2)
3. Break-even Analysis Under Stable State

We are interested in a following project which is often realized in a production system.
We let ‘present’ be the time when a corporate finishes to invest to the facilities and tools
related to the project and begin to produce the products (t=0). Thus, we divide entire
project perios into two phases, initial investment phase and production phase, as shown in
figure 1.

Present
ke—Initial investment phase %‘ Production phase ————————™
] ] ]
| | { o
-n 0 N time

Figure 1. The Life of a Project
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Initial investment phase relates to the period when the corporate invests to the facilities
and tools for the project, production phase relates to the period when the corporate pro-

duces the products, and at the end of the project the corporate disposes the facilities and
tools for the project. Here, —n is the beginning point of this project and cash flows occur;
N is the end of the project and cash flows; and 0 represents the end of initial investment
phase and the beginning of production phase as well.

In order {o evaluate a project, we use the net present value criterion which is widely used
as proper evaluation method [2]. As cash flows are continuous and continuously compound-
ing interest rate is applied over the life of a project, this criterion is

NPV(r)=—J"in I(t) e " dt+J': [R(D) —C{t) e~ ™ dt
=—J‘° I(t) e dt+ j“ R(t) ¢~ dt— J’” C() e " dt, for —n < t< N, (3)
—-n ] 0

where NPV(1r) is the net present value of project, discounted at the project’s effective
annual cost of capital, r; I(t) is the stream of investment to the facilities and tools at time
t; R{t) and C(1) denote the stream of revenues and disbursements at time t respectively.

In equation (3), the first term is the present value of the initial investment. The second
term is the present value of revenues of the project, and the third term is that of disburse-
ments of the project. Also, the first term relates to an initial investment phase and the
second and third terms are linked to a production phase.

3.1 The Stream of Investments

The disbursements related to the initial investment phase cover the construction of
appropriate production facilities and the manufacture or procurement of the machine tools,
assembly jigs, etc., required during the production phase. As it doesn’t alter our conclusions
significantly, we assume that the disbursements in initial investment phase occur uniformly.
Then the initial cost term can be expressed as

IC= S‘in () € T dE=T (F/A, T, M), -orerresesrmsmmrmmeemsmsmem s ns s @)

where (F/A,r,n)=(e™—1)/r and the capital letter, I, denotes the uniform rate of invest-
ments to production facilities and tools over the time interval, —n < t.< 0.

3.2 The Stream of Cash Revenunes

The stream of cash revenues related to the project consists of three distinct streams
through the production phase: 1) the revenue associated with the sales of the products; 2)
tax shields of depreciation; and 3) the revenue related te the disposal of assets invested
during the initial investment phase.

First, we examine revenues from the sales of products. The flow of revenues from
selling at time t can be expressed as



Rs ()=P(t) Y(£), for 0 < £ < N, rerrrraroosssitneninstotitsttt ittt (5)

where P(t} denotes the selling price per unit products at time t and Y(t) is the production
function and a subscript, S, represents the relationship with sale. Under stable price state,
P(t) is constant during production phase, that is, P(1)=P for 0 <t<N. Considering
learning effect, equation (2) substitutes for the production function, Y (t). Then, Rg(t)
can be written as )

Rs()=P Y, [1+ Y ]l—exp (—tit) }], for D <t < N, sreerrtetrrarmrrariairia, 6)

Second, we consider tax shields of depreciation. The depreciation, which is a means to
account for the cost of a capital asset in determining taxable income, provides tax shields.
A part of the original investment to the capital asset, such as facilities and tools, is sub-
tracted from the income each vear. This allowance, or depreciation, is calculated in a
number of different ways depending on the regulations for a particular item. The tax shield
from depreciation equals to the product of depreciation and a corporate’s income tax rate.
Thus, the tax shield at the end of year t can be written as

Ro()=tx, D(f), for t=1,2, ... N, oot N

where a subscript, T, relates to tax saving and tx, denotes the corporate’s effective income
tfax rate; and D (1) denotes the depreciation for the t-th year.

Finally, the revenue from disposal of facilitics and tools at the end of the project is
defined as the following equation.

Rp(f)=8V fOr 135N, «rverererssmrmrmm sttt (8)

where a subscript, D, represents disposal and salvage value (SV) is the fraction of the initial
investment, that is, SV=anl.

3.3 The Stream of Cash Disbursements

The stream of cash disbursements consists of two distinct streams through production
phase; 1) costs of manufacture and assembly of products; and 2) tax for the capital
gains at the end of the project.

First, the production cost at time t in the production phase is

Cp(t)=V(t) Y(t) fﬂl’ U < t < N’ ................................................................... (9)
where Cp(t) represents the disbursement at time t from production itself; and V(t) denotes
the production cost per unit at time t. Under stable price state, V(t) is constant during the

production phase. Then, the production cost at time t can be written as

Co()=V Y [1+7 f1—exp (—t/T){], for 0 <t <TN. oo (10}
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Next, at the end of the project, we dispose the facilities and tools for the project. If an
asset is sold for more than a book value, the difference is a capital gain and the gain is
taxed at capital gain tax rate (tx,). Otherwise, the difference is a capital loss and the loss
may be deducted from ordinary income - tax saving occurs at coporate’s effective income tax
rate (tx.). Thus, this stream at the end of the project is

Cr(t)=tx (SV—BV) at t=N, ----rrmomeereeeees B L e LRI (1)
where tx=tx, if (SV—BV) >0 and tx=tx, if (SY—BV) <0.
3.4 The Combination of Three Cash Flows

The disbursements and revenues can be combined into overall net present value of the
project;

NPV(r)= —IC+ (1 —tx.) _{: (P—V) Y(1) e~ dt+§l tx, D{t) (P/F,1,t)
+SV (P/F, 1, N)~tx (SV—BV) (P/F,1,N), for —n < £ < N, ---ooeome 12)

In equation (12), the first term is the present value of costs on the initial investment phase.
Other terms are related to the production phase. The second term is the present value of
the after-tax cash flows of contribution margins(sales price — production cost); the third term
is the present value of the tax shields originated from depreciation; the fourth term is the
present value of salvage value at time N; and the last term is the present value of the tax
levied on the capital gain (or loss). By equation (2), equation (12) can be expressed as

NPV(D)= —1 (F/A,1,n)+(1—tx) (P—V) Y. {1+ 7) (P/A,LN)— 7 (P/A,
1
r+—, N} |

+3 &, D(t) (P/F,5,)+SV (P/F,,N)=tx (SV=BV) (P/F.r.N),
fol- —n < t < N, .......................................................................... (13)

where (P/A,r, N)=(~—1)/1¢™ and (P/F,r,N)=e¢~™. To estimate the break-even pro-
duction function, let NPV (r)=0 and solve this equation for Y. Then, Y, is

1 | I(F/A,r,n)—SV (P/F,1,N)
Y. = i
-, MG
2 tx, D(t) (P/F, 1, t)—tx (SV~BV) (P/F,,N)
MG

b e (14)
where MG=(P—V) (1+7) (P/R, 1, N)— 7(Pf’i_\= H‘ri, N) |

In (14), first term’s numerator within the large brackets is the present value of the
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facilities and tools for the project, and the second term’s numerator in the brackets is the
present value of the tax shields from depreciation and tax for the capital gain or loss. Thus,
the break-even production fuction is materialized as (14) substitutes for Y. in (2). Unlike
the conventional break-even analysis, the break-even productivity varies over the production
period because of the learning effect.

The break-even production quantity for the project is obtained by the integral of this
equation over the interval, 0 <t <N, as

Q:j: Y() dt=Y, {(1+7)N=7 (p;;’%’ L DR (15)

If we don’t consider leamning effect, Y{(t}=Y, because Y;=0 in (2). Then the break-
even productivity is
1 I(F/A,t,n)—SV (P/F,1,N
Y= o P e DSV EIRLT)
X (P—V) (P/A,1,N)

N

_ Z . D(t) (P/F, 1,)—tx (SV-BY) (B/F,1,N),
(P—V) (P/A,1,N) "

And the break-even production quantity is the product of the production period, N, and the
constant productivity, Y(t). That is, Q=N Y(t). And, in equation (16), the first term
within the brackets coincides with the concept of Shashua and Goldschmidt’s model. But,
tneir break-even productivity may be underestimated or overestimated without including
income tax, tax shields from depreciation and so on. Furthermore, if we don’t consider tax,
depreciation and time value of money, then break-even quantity can be written as Q=nI (1
— @)/ (P—V). This tesult coincides with conventional break-even analysis.

4. Break-even Analysis Under Inflationary State

Under inflationary condition, all the items related to the cash flows rise continuously,
so that these items are functions of time. The cost of capital for a project also rises, mainly
to compensate for the decline in the purchasing power of money. In this section we consid-
er the break-even production function under inflationary state.

The cost of capital for a project under inflation, r*, may be different from the one
under stable state. We assume that the initial investment cost, the cost of production and
the selling price increase at constant rate 100a %, 100b %, and 100c % respectively. As we
examined in section 3, we can analyze related terms with inflationary state.

4.1 The Stream of Investments

The initial cost under inflation is

0

I_C*= S I(t) e-r't di= 50 Ie* e—r*t di=I (FJ‘rI_\, 1.* —a, Il). ....................... (17)

This relation is different from the one under stable price state. But, if inflation is fully
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anticipated as r* =1+p and the rate of increase in initial investment equal to the average
inflation rate, that is, a=p, then this equals to the one under stable price state,

4.2 The Stream of Cash Revenues

Under inflationary condition, the streams of cash revenues related to the project are
directly and indirectly influenced by inflation because of the changeability of the cost of
capital. '

First, the sales price per unit products at time t is

P(t)=P ect’ FOT 1) € 1< N, scevstrsramsesnr ettt sl (18)
Then, the revenue from selling products at time t is expressed as

Re(t)=P €® Y, [1+7 {l—exp (—t/z)} ], for 0 <t <N, soomrmeseermrmsermreenenss (19)

Next, under inflationary state, tax shields of depreciation at the end of year t are
unchangeable as

RT(t)=txe D(t), for t-_—1,2, ,N, ............................................................... (‘2[])

Finally, we consider revenues from salvage value with inflation. We note that values of
the facilities and tools will continuously rise 100a% per unit time. Then, the revenue from
disposal of facilities and tools at the end of the project is defined as

RD(t)ZSV* AU LN, oorere e n e (21
where SV* = anle®™.

4.3 The Stream of Cash Disbursements

Similar to the procedure of section 3, the production cost per unit product at time t
can be represented as

V(t)=V ebt, FOT (0 €0 £ < I rremersmmmsmrm sttt bt e s st (22)

where V(t) denotes the production-cost per unit at time t. By (2) and (22), the disburse-
ment related to production at time t is

Co(t)= Ve? Y [1+7 —exp (—t/7)} ], for 0Tt TN, roomemerevemmmmsmemenenees (23)
Also, tax linked to capital gain (or loss) with inflation is

C'r(t)z tx (SV*—BV) At E="IN ., sormrrerere o s (24)
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4.4 The Combination of Three Cash Flows

Under inflationary condition, the cash flows related to the project can be combined
into

NPV (r*)= —IC*+(1—tx,) [j: P et Y 47 (1—e Y7)} 7"t dt
- S” Ve Y, [+ 7 (1—e ") le~ "t dt] +3 tx, D(t) (P/F,r*,1)
0 1=1
+SV*(P/F,r*,N)—tx (SV*—BV) (P/F,r*,N), for —n <t <N. - (25)

By definition, Y. is rearranged as

_ 1 J(F/A,r*—a,n)—anl (P/F,r*—a,N)
1—tx, MG*

2 tx, D() (P/F,1*,1)—tx (SV*—BV) (P/F,1*,N)
- MG* }

,for 0 < t < N, =+ (26)
where MG*=[(1+7) [P(P/A, r*—¢,N)~V(PIA,1*~b,N) | =7IP (/ A,r* ~ct+ - N)
-V (P;'R,r*—b+n1—, N} -

Also, the break-even production function can be easily obtained as (26} substitutes for Y. in
(2).

In equation (26),the first term within the large brackets reduces as the first term under
stable price condition (equation (14), when the foliowing conditions hold: 1) the cost of
capital for the project follows the Fisher rule when inflation is fully anticipated; that is, the
project’s cost of capital is r* =r+p, 2) the rates of increase in disbursements related to
initial investment, production costs and sales prices are the same as the average inflation
rate; that is, a=b=c=p. This result coincides with the one of Shashua and Goldschmidt’s
'model. But the second term in the brackets does not agree with the one in equation (14)
because tax shields from depreciation charges and capital gain (or loss) are inflated. Thus
the equation is different from equation(14),even if the above two conditions are actualized.
Therefore, inflation is not neutral and can’t be disregarded in break-even analysis.

5. Numerical Example

In previous sections, most of the equations seemed to have complicated relationships,
but their computations were trivial. We consider a following case. A car company has
uniformly invested $ 50 million for one year to execute an electric car project. The company
plans to produce electric cars for five years ahead. The cost of the capital for the project is
10%. After five years, at the end of the electric car project, this company shall dispose
facilities and tools related to the project with salvage values of 10% of the initial costs. This
company uses straight-line depreciation method.
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The car is expected to be sold for $ 5,750 and production cost per unit may be $ 5,000.
The effective income tax rate for this company is 50% and tax rate of capital gains is 30%.
The parameters of the learning effect for this production process are assumed as 7 =0.2
and ¥ =0.5 from past experiences. The parameters linked to inflation are anticipated as p=
a=b=c=5% and 1*=15%.

Break-even productivities and quantities in three states are computed respectively as
shown in table 1. In row (2), the break-even productivity at time t varies because of the
learning effect. If a learning effect is confirmed, the break-even quantity is underestimated
under the stable price state. By Shashua & Goldschmidt’s suggestion inflation must be a
neutral factor in this example, because inflation is fully anticipated and the rates of increase
in costs and prices are the same as the average inflation rate. Nevertheless, inflation is not
neutral by row (2) and (3) as we mentioned previously. Even if changing the variables
generates other solutions, we nevertheless note that break-even productivities are not con-
stant because of a learning effect and inflation is not neutral because of inflated tax shields.

Y& 1) 2)
Nature Q Break-even Productivity Break-even Quanty
of State Y (1) Q
(1)
Stable Price State 22,174 110,868
(2) 15,032 {14+0.5 (1—e ™9 | 111,237

Stable Price State
w/ Learning Effect
(3) 15,141 14+0.5 1 —e ™9 | 112,046
Inflationary State
w / Learning Effect

Table 1. Results of the Numerical Example {unit: a car)

6. Conclusions

Break-even analysis is a simple and powerful method in financial analysis. But its use
is limited to short-term period and it is not adaptable for the new project. In this paper we
tried to overcome this weakness by considering following factors, such as time value of
money, depreciation, tax, and capital gains. And using Towill’s learning effect model [18],
we describe a production system with learning effect and suggest a model which has diffe-
rent break-even quantities per period for the system. Also we showed that the break-even
quantity fluctuates according to several factors. With consideration of the learning effect,
the break-even analysis can suggest proper break-even productivity and overall quantity in
new production system.

Shashua and Goldschmidt [16] suggested that inflation was a neutral factor when infla-
tion was fully anticipated and factors such as interest, value of the original investment,
selling price, and production cost, increased at the same rate. Although these conditions are
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given, we show that inflation is not a neutral factor because tax shields from depreciation
charges and capital gain (or loss) are inflated.
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