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INTEGRAL REPRESENTATION OF GENERALIZED INVARIANT
REFLECTION POSITIVE MATRIX KERNEL

By A.M. Zabel

Abstract: Using the method of eigenfunction expantion of self adjoint oper-

ators, $.e establish the necessary and sufficient conditions for a reflection positive

generallzed matrix kernel to be represented in an integral form. This integral
converges in the cosidered spaces.

1. Introduction

It is shown that every positive definite invariant matrix on a Hilbert space

has a certain integral form (see[7,8]). In this paper, we show that the

reflection positivity is a necessary and sufficient condition for the invariant

matrix K=(K;p)i, *=o' K 
12e 

(s'(n'))'=' hu, an integral form.

Reflection positivity rvas introduced in quantum field theory by K. Osterrvalder

and R. Schrailer [13]. They shorved that it is the necessary and sufficient

conditions for the tlistribution G eS'(R-) (Green's functions) to be a Fourier

Laplace transform of a positive measure of not too fast increase (see[12, l3]).
The rnethod used here is the eigenfunction expansion of a system of self adjoint

operators [r]. Ju.M. Berezanskii and others used this method for obtainiDg the

integral representation of positive definite functions and kernels [1,2]. I.M' Gali

and others used the same method for representing the positive definite invariant

matrix kernel K: (K ,)1, o=s and Wightman functional in integral form [7,8,9] .

Consider the rigged Hilbert spaces

H _2Ho=H , (1)

with the involution apd defined in I/_ and also in I/o and ff*. Construct a

sequence of chains of a separable Hilbert spaces with the involution

6,=...=&1_o=,'=uto=...=ut =,..=6t e)

where -I{'=.Ff8...@11 stands for the tensor product j copies of the Hilbert space

H(I=O, l,2.'., for j:0, I/o:C', where C' is thecomplex field, ancl
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<o'>t = ]ou',=<o'>'

is the space of generalized ve-ctrr:s. "d/ _s:tr/; (see [1, U]).
Let IT be the set of all finite seouences

a=(ue t y ...)(ur e /r).

A generalized matrix kernel tr is the matrix Il: (triJf p=6 consisting of all
generalized vectors K 

roe 
(Q)i+'.

A generalized marix kernel k=6pi,o=o is said to be reflection positive

(R. P, ) if for any finite sqrence (a)io@re|t)

,FoG u, a,@o*f;)ni-h>o

where. + is the involution defined by

nf {", ,r, ,.', xr)=u(ro, ro-r, ..., xr)

and the reflection d given by

?ar(ru r, -,, rr)=ur(-rr,.,., -r).
Let G be a locally compact commutative Lie group ornd g--U 

" 
bea repres€nt-

ation of a group G in l. The matrix kernel tt:(frpir_o is sai<l to be invariant
relative to this representation if

@2;*{)Ku=*" (4>

where g.-+U, is the adjont r€lresentation. If this representation is irreducible
then the kernel Ii is said to be elementary [2, E].

LEMMA., 
.In oriler that the R. P, generalized matrir hernet It=6 ,)i, ,=0,

K if(6')' 
-, be ;nt)ariant (ifl the sense of 14), it ds rrecessar! and s fficient to

haae the foll owitzg retresentatiort

x,u=[*o,o<o; t)dee), (i, r=o 1, ...) (5)

7=(7r, ..., 7,) eR', uhere h@: I)=(o r{ot l))i, *e aro(o; t) e(Q)i+h, b" o

system of eleme*targ R. P. natlir h*nels, d o(7) a nofl-fregatioe fi*ite measune,

ond the integral co,rre/ges weahly Cotutersely, ewry i*tegral in the form (5)

is R.P. and tlotslation inoariart.

(3)
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"nf :r::r{, frtlr *i*riattt 

Ref t ecti ofl

OUTLINE OF PROOF, Define the convergence 4n -+A in the topology of II by

/^=O tor m)N and uf,--*uin 6u, G=0, 1,'.., lV).

Analogous to (1), we construct

Il',=rlotlI (6)

Then, the R. P. kernel .ll€II'@Ir', and is invariant relative to the representation

g-'U c of the group G in II' by the formula

0 rt:(oo, U 

"ur, 
(U 

,rEU )*r, ...)

The system of R.P. matrix kernels 0(0; i) form a farnily of elementary R.

P. matrix kernel i.e., for every i, we have

lla,nQ; 0)ll 
'_-1,,1C 

in1*
and

- t(,4X@r@."4/+... + r@/o.'.Oreef ore."oo > < x e, u(0 ; 7)
+i+l-l+ 

-i-l--' -t-_
=2o i*(1; 0)

t(r@...@tA/IAr@...8r+r+...+J@...8r@lX)o, rQ; D =7a. o(7' 0),

-h-r+ -i+l-1-
(t=1, 2, -., n)

According to theorems of Borchers and Araki(see [3] for references to the

original papers, see also [6J). lf the operators a] on II are restricted to self-

adjoint operators in.Ii arlrJ, in order to coDstruct the integral (5), we shall

give the decomposition of the spaces ..d/; into a continuous direct sum of Hilbert

egac6 {o<1i o)

&o= [,.eoq^.r1doQ)
wherc d o(7) is a probability non-negative finite measure defined uniquely bydo.

Let G be a group of translation in F_', 4=513t1 be the space of test functions

which are infinitely differentiable on Ro and together with all derivatives are

rapidly decreasing as lr l"-'oo.

Let the geaeralized matrix k=(K y)i r=0, ff;.e(s'+r(R')), be R.P. an<l in-

variant relative to the group of translations in Rt; then the liaear transfor-

mation
(rr, -., x )---'(x, 11, ..., fj-r)
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where r=,I-1(rr* ,,,-xr), €r=(rr-x), .,., t,-r=(xr_r-*r) maps

R. P. matrix and

(il0,$ry, ...,AF;:;Q, ...)..+(ao, ureD, ..., *,(r,-ly ...,

A=Qto, ...,*r(r, tr, ..., fr_r), ...)eII

In order to formulate the basic result of thij paper we need the concept of
non-negative matrix measure dR(i) with values in (Oi+o)', U, k=f,2, ,,.).

This is a matrix function of Bor€l sets y' ot f , RU)=@ ik(D); h=o@@(Ae1,,
Rooe(Q)h-L, R;or(6)i-'), It is R.P, matrix measure in thesense of (3) if with
the chain (2) we can find a sequence of Hilbert spaces

at"; ui; '.., ,ttt,,
such tiat

Rohu)er/k_,L,Rroe)e.{t_*r,n,;DeuJ_-.1.@tt\-),

F(4 i" R.p. f.or all r'eB(Rr) and countably additive (for r', t=0, 1, ..., we have
Rtr(AA)=E_rRioQt) if the sets r'reXf are disjoint The series being converg€nt

in the norm of (6i+')'.
Since C=S(n') is nuclear space then in the chain (2) we can find a sequence

of Hilbert spaces-,/j, , f/:; ..', Zt ,ltOl such that the corresponding kernel R r(r')
in the spaces i!12 nt the operators C r(t!) have a fiaite trace

ltr(A, ar)=tr or,'C.(A)=tr nu-z Rrn(r'), r'f,R'

We say \at the matrix f(Z) ir 
" 

tempered measure if the numerical measure

ur(r', mr) satisfies tle condition

[*o+lll\i-tuar,Q, n)<* for some ti>o
From aII the above we have the following result:

THEoREIvT. A R.P. gneralizeil matrir t=6r)7 r=, K 
,re(1S, <R'))i+r, i s

intariant lelatiae to the gro,r0 of tlanslat;ons in R' lf, and on$ if it odmits a
refrese ation

K u= I u"ix(' 
t-e'> dR.h(11,..., 6;_r, ?r, ..., rl L_1, A)

uhere hQ)=(R rnUD; ,=o is R.P, natrix tempered maos$re, the elenents Rp
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for i=g o, k=O are concentrated 6t the loint 7=0 and the neasare h(l) is
defineil uniquelt bt the matrir k.

COROLLARY(I). B! tsing the R. P. matrir kernel k=6 ,)i o-0, we constfuct

a ntotr;r L:(Li| r=n L,ous'<n\)i+h bv the relation

(L,h, il j@uf )=(K io, 
a,Aoil)

L,oGy xz, ""'j'!r""' t)=Kto(-rt, "" -rr'tr "', !)'
From translation i,tuariant and reflection posititit, of k=6 ,)i o=o the matrix

L=@i7 *=o is translatior irroeriant and positiae definite and then we can

fid the res*lt of l9l.

COROLLARY(2). By analytic cortinuation which replaces )' b1-i7 ue haoe the

Feyrnan-Kac form*la for general totentiat of the ner*el K=(K y)i=r,
tr n" {s'+r{x'))' (see a12l).
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